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Preface 


The present monograph provides a systematic and basically self-contained introduction to a 
mathematical framework capable of incorporating those fundamental physical premises of 
general relativity and quantum mechanics which are not mutually inconsistent, and which 
can be therefore retained in the unification of these two fundamental areas of twentieth- 
century physics. Thus, its underlying thesis is that the equivalence principle of classical 
general relativity remains true at the quantum level, where it has to be reconciled, however, 
with the uncertainty principle. As will be discussed in the first as well as in the last chapter, 
conventional methods based on classical geometries and on single Hilbert, space frame¬ 
works for quantum mechanics have failed to achieve such a reconciliation. On the other 
hand, foundational arguments suggest that new types of geometries should be introduced. 

The geometries proposed and studied in this monograph are referred to as quantum 
geometries, since basic quantum principles are incorporated into their structure from the 
outset. The mathematical tools used in constructing these quantum geometries are drawn 
from functional analysis and fibre bundle theory, and in particular from Hilbert space the¬ 
ory, group representation theory, and modem formulations of differential geometry. The 
developed physical concepts have their roots in nonrelativistic and relativistic quantum me¬ 
chanics in Hilbert space, in classical general relativity and in quantum field theory for mas¬ 
sive and gauge fields. However, the principal aim of this monograph is to deal not with 
specific physical theories, beyond QED and quantum gravity, but rather with general math¬ 
ematical structures that can serve as frameworks within which such theories can be devel¬ 
oped in an epistemologically and mathematically sound manner. On the other hand, we 
shall demonstrate that the novel features of these frameworks not only clarify some long¬ 
standing questions of quantum field theory in curved spacetime and of quantum gravity, 
but also give rise to some new perspectives on the world of elementary particles. 

The essential ideas and techniques of the varied and rich disciplines treated in this 
monograph are explained in the appropriate sections of its text. In order to deepen the 
reader’s understanding of those more technical aspects which could not be included due to 
limitations on space, the reader is directed in a carefully guided manner to specific sections 
of a score of key references, singled out from the list of references provided at the end of 
this book. It is therefore hoped that despite the advanced nature of the presented material, 
this monograph will be accessible to most graduate students in physics and in mathematics. 
Thus, although it is desirable that a student already have some understanding of the 
mathematical foundations of classical general relativity (cf., e.g.. Chapters 1-5 of [W] from 
amongst the aforementioned key references) and of standard nonrelativistic quantum 
mechanics (cf., e.g.. Chapters 1-4 of [PQ]), that is not absolutely mandatory, since all the 
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basic concepts and results are explained in the text, and for the details which are not 
covered, instructions are given as to where to find them in the key references. For readers 
at a more advanced level, detailed references to conference proceedings, lecture notes and 
contemporary papers published in professional physics and mathematics journals are 
provided in the notes at the end of each chapter. Consequently, this book can be used also 
as a reference manual and guide to literature for research in the areas it covers. 

From the mathematical point of view, the quantum geometries presented in this 
monograph are infinite-dimensional fibre bundles associated with principal bundles [C,fl 
whose structure groups incorporate the Poincare group - or its covering group lbL(2,C)). 
The base manifolds of these fibre bundles are Lorentzian manifolds, or their appropriate 
frame-bundle extensions; whereas, their typical fibres are infinite-dimensional (pseudo-) 
Hilbert spaces or superspaces. The study of connections on such fibre bundles poses inter¬ 
esting mathematical problems, which appear to have received scant attention thus far. 

From the physics point of view, the principal areas of application of the present 
framework are to quantum field theory in curved spacetime and to quantum gravity. The 
ensuing methodology is distinct from that of other approaches to these disciplines m that it 
is derived from foundational measurement-theoretical considerations. These considerations 
have led to a formulation of nonrelativistic and special-relativistic quantum theory on phase 
space, whose pre-1984 results have been comprehensively summanzed m a preceding 
monograph [P], and whose subsequent developments can be found in some of the more 
recent works cited in the main text of the present monograph. These developments reflect 
the possibility of resolving long-standing quantum paradoxes by a careful analysis of old as 
well as of new quantum-measurement schemes and experimental procedures. 

From the point of view of the quantum mechanics on phase space presented in Part 1 
of [P], the present quantum geometries enable an extrapolation of their special-relativistic 
frameworks to the general-relativistic regime. In this context it should be noted that such an 
extrapolation had been attempted in Part U of [P], but that it ran into the same mam diffi¬ 
culty as the more conventional approaches to quantum field theory in curved spacetime 
namely, it did not succeed in properly adapting the equivalence principle of classical general 
relativity to the quantum regime. The present fibre-theoretical framework has, however, 
succeeded in that task. In fact, although this framework displays many novel features 
which are of independent mathematical interest, the achievement of that goal represents us 
major motivation from the point of view of physics. Consequently, abundant corroborative 
quotations of well-known authorities in the field are provided, not only as vouchers of the 
fundamental need for a radical revision of many of the conventional ideas in relativistic 
quantum theory, but also as a guide to further independent study, that might lead some 
readers to new ideas of their own. 

Central to the application of the present quantum geometry framework to quantum 
physics is the idea of geometro-stochastic propagation, developed by the present author as 
a mathematically and epistemologically sound extrapolation of the standard path-integral 
formalism. Fundamentally, this idea proposes a modification of the concept of quantum 
point particle (which according to the orthodox interpretation displays the behavior of either 
a wave or a particle) into that of geometro-stochastic exciton , whose microdynamics simul¬ 
taneously embodies the classical attributes of “waves” as well as of particles . Thus, 
geometro-stochastic excitons possess proper state vectors belonging to the fibres or t e 
quantum bundles constituting quantum geometries, and are localized in relation to quantum 
Lorentz frames, which take over in the geometro-stochastic framework the role playe y 


their classical counterparts in classical general relativity. These proper state vectors propa¬ 
gate externally (i.e., in the classical spacetimes which constitute the base manifolds of those 
quantum bundles) along stochastic paths in a manner which is formally analogous to that of 
classical particles in diffusion processes. On the other hand, they are superimposed at each 
location in the base manifold in the manner which in classical physics is associated only 
with the behavior of waves. Thus, the wave-particle dichotomy present in the orthodox ap¬ 
proach to quantum mechanics is replaced, at the micro- level, with a unified physical picture 
of quantum behavior, which has no counterpart in classical physics. It is only at the macro¬ 
level that, in complete accord with Bohr's ideas, geometro-stochastic exciton behavior 
manifests itself, in die context of certain experimental arrangements, as that of a “particle ; 
whereas, in the context of some other experimental arrangements, it manifests itself as that 
of a “wave”. Furthermore, in the nonrelativistic context, the mathematical apparatus of 
quantum geometry allows the transition to a sharp-point limit, which mathematically corre¬ 
sponds to the transition to proper wave functions which are 5-like. In that limit the con¬ 
ventional quantum mechanics of pointlike particles is recovered, thus demonstrating that 
geometro-stochastic dynamics is a natural outgrowth of conventional quantum theory (cf. 

Chapters 3 and 4). , 

Thus, when taken in conjunction with the idea of geometro-stochastic quantum prop¬ 
agation, the quantum geometry framework provides a viable blueprint for the consistent 
unification of general relativity and quantum theory, which does not give rise to conflicts 
with conventional theory in those areas where that theory has received unquestionable ex¬ 
perimental support. Moreover, as will be seen in the present monograph, quantum geo¬ 
metries can also incorporate many of the theoretical ideas which are in vogue at the present 
time. Hence, it can serve as a basic framework within which such ideas can be formulated 
with the mathematical clarity and rigor required for the understanding of their multifaceted 
physical implications. It is, therefore, primarily as a framework of ideas, rather than as a 
finished theory, that the results on quantum geometries are presented in this monograph. 

In the course of the four decades which followed after the early numerical successes 
of renormalization theory in quantum electrodynamics, the world of elementary particle 
physics has witnessed a great variety of constantly changing fashions: in turn, there were 
vigorous promotions of dispersion relations, Regge poles, current algebras, quark models 
and QCD, supersymmetry, grand-unification, superstrings (the “Theory Of Everything”) - 
and new fashions are constantly emerging. On the other hand, as will be seen from the nu¬ 
merous quotations provided in the present text, during that same period, the still living 
grand masters of twentieth century physics repeatedly urged the pursuit of deeper mathe¬ 
matical as well as epistemological analyses. Although their pleas remained mostly unheeded 
in the world of very rapidly changing fashions in quantum theoretical physics, they kept 
warning against the prevailing professional complacency in some of the most relevant 
areas. Most steadfast in his refusal to accept fashionable but fundamentally flawed develop¬ 
ments in those areas of quantum theory which he had founded* was P. A. M. Dirac. 

* A fitting eulogy was provided by Abdus Salam in a recent volume commemorating Dirac's life and work: 
"Paul Adrien Maurice Dirac was undoubtedly one of the greatest physicists of this or any other century. In 
three decisive years - 1925,1926 and 1927-with three papers, he laid the foundations, first, of quantum 
physics, second, of the quantum theory of fields, and, third, of the theory of elementary particles, with his 
famous equation of the electron. No man except Einstein has had such a decisive influence, in so snort a 
time, on the course of physics in this century. For me, personally, Dirac represented the highest reaches of 
personal integrity of anyone I have ever known." (Salam, 1990), p. 262. 
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When I was a graduate student, I had the privilege of seeing Dirac, and of listening to 
him, as I attended seminars at which he was present during an extended visit which he 
made to the Institute of Advanced Studies in Princeton in the early 1960s. By that time he 
was, of course, already a legendary figure - one of the revered, great physicists of this cen¬ 
tury, whose professional stature overshadowed that of all the other distinguished physicists 
who were in regular attendance at those weekly seminars. However, while many of those 
well-known luminaries liked to impress the audience with comments which confirmed their 
intellectual brilliance, as a rule Dirac kept his counsel, and limited himself to only an occa¬ 
sional question, which would be pertinent but .always unprepossessing. It was only many 
years later, after I began to read his critical assessments (cf., e.g., pp. 8, 190, 244, 289, 
481) of the very foundations of some of the theories presented at those seminars, that I 
came to appreciate the understated greatness of his genius, and the depth of his commitment 
to an ideal of truth in physical theories, which manifested itself in mathematical beauty - a 
beauty totally at odds with the ungainliness inherent in the ad hoc “working rules” of con¬ 
ventional renormalization theory. Indeed, some of his characteristic comments, such as the 
one that “people are ... too complacent in accepting a theory which contains basic imper¬ 
fections” (Dirac, 1978a, p. 20), reveal that, already by that time, he was all too painfully 
aware that his goals and ideals had become decidedly “unfashionable” in the world of per¬ 
petually changing fashions in elementary particle physics. 

Considering that Dirac is the universally acknowledged founder of quantum field the¬ 
ory, the very title of his last paper (“The Inadequacies of Quantum Field Theory” - cf. p. 
190), bespeaks of lofty professional ideals and ethical standards, maintained throughout his 
entire life with a steadfastness and uncompromising integrity that has almost no parallel in 
this century. Although his critical comments might not have reached the fashion-conscious 
amongst the theoretical and the mathematical physicists, his words and deeds have inspired 
and provided moral support to me, as I trust it did to many other researchers who share his 
ideals and basic values with regard to the principles and aims of theoretical physics. It is 
therefore with genuine reverence and overwhelming spiritual gratitude that I dedicate this 
work to the memory of Paul A. M. Dirac - a great physicist, as well as a truly great man. 

I would like to express my thanks to all those colleagues who have contributed useful 
comments and information in the course of more than two decades, during which the pro¬ 
gramme recounted in this and my two preceding monographs ([PQ] and [P]) was gradually 
developed. Professors James A. Brooke and Wolfgang Drechsler had the opportunity to 
examine the first draft of many of the chapters in the present monograph, and I hereby 
thank them for their valuable comments. Special thanks are due to Scott Warlow for his 
very careful proofreading of the entire first draft, and for his many insightful comments and 
suggestions. I also wish to thank the editor of the Fundamental Theories of Physics series, 
Professor Alwyn van der Merwe, for enabling me, for a second time in eight years, to ex¬ 
pound the outcome of my research into the foundations of relativity and quantum theory in 
the cogent form of a basically self-contained monograph published in this series. Last, but 
certainly not least, I wish to express my gratitude to my wife, Margaret R. Prugovecki, for 
her assistance with the preparation of the manuscript, and her moral support during what 
proved to be a protracted and arduous journey into uncharted territories. 

EDUARD PRUGOVECKI 

Toronto, October 1991 


Chapter 1 


Principles and Physical Interpretation of 
Quantum Geometries 


The principal aim of this monograph is to present, in a systematic and self-contained man¬ 
ner, geometric frameworks into which the essential features of general relativity as well as 
of quantum theory can be incorporated in a consistent fashion. Philosophers of science use 
the term physical geometry (Reichenbach, 1957; Pap, 1962; Lorenzen, 1987) to designate 
those geometric frameworks that are viewed not only as abstract mathematical disciplines, 
but also as structures meant to depict the physical world around us. In fact, this type of 
attitude towards geometry coincides with that adopted by Riemann (1854), Einstein (1916), 
Weyl (1923, 1949), and others. We therefore find that the geometric frameworks in this 
monograph are described most aptly by the generic term quantum geometry 1 . 

The quantum geometries presented in this monograph could be described more spe¬ 
cifically as being geometro-stochastic frameworks. As such, they are based on the physical 
and mathematical ideas of a geometro-stochastic (GS) formulation of quantum theory pre¬ 
sented in a series of recent papers (Prugovecki, 1985-91, Prugovecki and Warlow, 1989), 
in which geometric techniques meant to reflect the equivalence principle [M,W] at the 
quantum level were combined with the methods and results of the special relativistic formu¬ 
lation of the stochastic quantum mechanics 2 presented in [P] 3 . The outcome of this combi¬ 
nation is an extrapolation of the conventional single-Hilbert space framework for quantum 
theory, which forms the basis of conventional treatments of quantum mechanics (cf., e.g., 
[PQ]), into a multi-Hilbert space framework, which has the general structure of a (pseudo-) 
Hilbert or super-Hilbert bundle over a pseudo-Riemannian manifold or supermanifold. 

The motivation and most basic features of the quantum geometries resulting from this 
extrapolation are described in nontechnical language in Sec. 1.3 of this chapter. They are 
then developed in a mathematically systematic manner in the subsequent chapters by using 
- and when necessary generalizing - the concepts and techniques of the standard fibre 
bundle theory that can be found in various textbooks aimed at mathematicians [SC] or at 
physicists (cf., e.g., [C], [I], or [NT] ). 

On the level of physics, the GS approach relies on a formulation of quantum propa¬ 
gation in terms of a geometro-stochastic parallel transport in the aforementioned quantum 
fibre bundles. The most basic features of GS propagation are described in Sec. 1.4. Their 
examination will reveal that this concept has its roots in the standard path-integral approach 
to quantum mechanics (cf. [F] or [ST]). However, in the GS approach the fundamental 
idea of “sum over paths” has been geometrized as well as generalized, so as to be in accord 
with the basic principles of general relativity. 
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Chapter 1 


In this chapter we shall discuss the physical origins of quantum geometries and 
examine their generic aspects, with particular emphasis on their epistemoiogical aspect 
Those readers primarily interested in their mathematical aspects can proceed directiy to 
Chapti 2 oreven to Chapter 3 in case they are already familiar with the fibre bundle 
formulation of the basic aspects of Lorentzian geometries. 

1.1. The Historical Background of Physical Geometries 

At the purely epistemological level, the general idea of physical geor^try whkh novates 
the considerations in this monograph can be traced back to Greek 

evident when it is recalled that ancient Greek geometry had its roots in the culture of ancien 
Babylonia and Egypt, where it arose in response to practical problems encounteredi 
surveying (Lorenzen, 1987) - as reflected by the original Greek meaning of the termgeo 
mX”(fe., “earth-measurement”)- In keeping with this fact, in the later course of hismiy 
some of the ancient Greek philosophers, most notably Aristotle, regarded the concepts of 

geometry as rooted in the physical world. However, others, most .Tlg^ConZaZnt- 
them as a reflection of a world of pure ideas (Maziarz and Greenwood, 1968)., C ®® q “ e , n 
lv after Euclid compiled (c. 300 B.C.) in his Elements the very rich body of theorems, de¬ 
duced from a few basic definitions and axioms, that was eventually named after him, many 
came to regard that body of knowledge primarily as an abstract discipline whose value an 
validity totally transcended the realm of experience. This attitude was epitomized 
in his Critique of Pure Reason, first published in 1781, where he claimed that Euclidean 
geometry enjoyed an a priori status (Kant, 1961). That claim appeared to emerge from a 
philosophy which provided many deep insights into ancient problems concern ng the re 
tionship of mind to matter, and eventually established Kant as ^ ^ 
philosophers” (Russell, 1945, p. 704), but theunderlying reason for ** 
that, in the words of a contemporary historian of mathematics nab J to conceive 

of another geometry convinced him that there could be no other (Kline, 1980, p. lt>). 

The arguments underlying the claim that Euclidean geometry enjoys an a pnon states 
were not seriously questioned by Kant's contemporaries. On the other h^d, towards ti _ 
end of the eighteenth century, Gauss had already discovered non-E 
but never published his results fearing the disapproval of his peers (Kline 1980) 
However, he became involved in geodetic goniometry and related rSTio^) For 
that clearly reflected his empirical approach to geometry (Jammer, 1969, Reic , ). 

example, he attempted to establish the deviations from 180° in the angles of large mangles 
formed by the light rays travelling between observational towers on teree^mounttenpeak ^ 
but the measured 15" discrepancy was within the observational error bounds^Neverth 
less in 1830 he overcame his qualms and announced his conviction that geometry is no 
a priori science. However, neither the prestige of Gauss, nor the mdepen^ 
non-Euclidean geometries by Bolyai and Lobachevski aroused among^^ oHn^he reTated 
dans and physirists of the last century great interest in this subject matter, or in the related 
question as to whether Euclidean geometry is indeed the physical geometry of space . 

During the middle of the last centmy one notable exception to this prevalent lack of 

interest about the foundations of geometry was provided by 

expressed his belief in treating geometry as an empirical science. Thus, in his famous 185 

inaugural lecture (attended by Gauss) he stated that “the theorems of geometry cannot be 
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deduced from general notions of quantity, but that those properties which distinguish Space 
from other conceivably triply extended quantities can only be deduced from experience 
(cf rsci p. 135). He went even further with this thesis, and asserted that all data 
supporting a choice of physical geometry “are - like all data - not logically necessary, but 
only of empirical certainty, [i.e.] they are hypotheses; one can therefore investigate their 
likelihood which is [for Euclidean geometry] certainly very great within the bounds of 
observation, and afterwards decide upon the legitimacy of extending them beyond the 
bounds of observation, both in the direction of the immeasurably large, and in the direction 

of the immeasurably small” (cf. [SC], p. 136). . . 

The last part of the above quotation is very pertinent to the fundamental thesis 
underlying the developments in the present monograph, namely that, whereas classical 
general relativity denies the legitimacy of extending the bounds of validity of Euclidean 
geometry “in the direction of the immeasurably large”, and requires instead the adoption of 
Lorentzian geometries, the existence of intrinsic quantum fluctuations at the microlevel 
removes the bounds of validity not only of Euclidean but also of Lorentzian geometries as 
we move “in the direction of the immeasurably small” - with all contemporary evidence 
indicating that the role of “immeasurably small” is played by the Planck length, i.e., that it 
occurs at approximately 10- 33 cm (cf., e.g., DeWitt, 1962). We shall therefore argue in 
favor of replacing, at the microlevel, Lorentzian geometries - which are ciassical in the 
sense that their empirical interpretation, as provided by Einstein (1905 1916), was in 
deterministic terms - with geometries which are “quantum” in the sense that they allow a 
probabilistic interpretation which embodies, from the outset, Heisenberg s uncertainty 
principle for position-momentum and time-energy measurements, as well as the limitations 
imposed on spatio-temporal relationships by Planck's length regarded a ^ sol ^ te ]Pf / ^ x 
limit for the operational distinguishability of spacetime points (DeWitt, 1962; Mead, 1764). 

Although the replacement of classical with quantum geometries represents a natural 
step when viewed from such a perspective, it does not represent the only logically accept¬ 
able one, any more than the replacement by Einstein of Euclidean with Lorentzian geome¬ 
tries represented the only acceptable alternative. In fact, exactly half a century after 
Riemann made the earlier quoted statements, H. Poincard examined at great length in his 
monograph Science and Hypothesis the possibility of adopting non-Euclidean geometries 
in the description of physical space, only to conclude that “experience ... tells us not 
which is the truest geometry, but which is the most convenient ” (cf. Feigle, 1953, p. 18 U). 
As the, by general consensus, most outstanding mathematician and mathematical physicist 
of his age, Poincare eventually decreed that Euclidean geometry fulfilled such a “conve¬ 
nience criterion”-cf. (Jammer, 1969), pp. 165 and 209. , . 

It is interesting to note that at the very same time when Poincare arrived at this 
conclusion, he was also working on the dynamics of the electron. That work led hun to the 
independent discovery of many important results in special relativity (Pais, 1784), 
including some of the key properties of the inhomogeneous Lorentz group, that was to be 
later named after him. Hence, with a different outlook he might have made the intellectual 
leap that eventually led Einstein, via the equivalence principle, to the general theory ol 
relativity. However, whereas Einstein developed the special theory of relativity from 
operational considerations based on light signals, which provided an interpretation of 
Lorentz transformations as part of a theory of the (later to be named) Minkowski space, 
Poincare's treatment was restricted to the electromagnetic phenomena themselves. Thus, it 
was left to Einstein to eventually reject totally and decisively Poincare's conventionalism; 
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point of view, by stating that “the question whether the structure of [the spacetime] 
continuum is Euclidean, or in accordance with Riemann's general scheme, or otherwise, is 
... a physical question which must be answered by experience, and not a question of mere 
convention to be selected on practical grounds” - cf. (Feigle, 1953), p. 193. 

It has been, however, pointed out by philosophers of science that Poincare's conven¬ 
tionalism cannot be rejected on either logical or empirical grounds alone since the “propo¬ 
sitions of a physical geometry cannot be tested until a method of measurement has been 
chosen” (Pap, 1962, p. 112). In other words, the tests of the validity of a given choice of 
physical geometry depend crucially on the underlying theory of measurement 7 - in 
particular on the choice of test bodies, reference frames, measuring devices and signals, as 
well as on the assumed properties and behavior of all these physical entities. For example, 
although in his key papers on relativity theory Einstein did not spell out all these details, it 
is clear from his writings (Einstein, 1905, 1916) that he considered his test particles to be 
pointlike massive objects, that he viewed his measuring devices to be macroscopic “rigid 
rods” and “standard clocks”, that light signals provided the fundamental means of commu¬ 
nication within his measurement-theoretical scheme, and that he envisaged all these objects 
as behaving in a strictly deterministic manner. Later systematic studies (Kronheimer and 
Penrose, 1967; Ehlers et al., 1972-73; Woodhouse, 1973) confirmed the feasibility of 
deriving the geometric structure of general relativity from a consistent set of axioms about 
the behavior of these physical objects viewed as classical objects. In particular, these stud¬ 
ies eliminated the assumption about the existence of rigid rods (Marzke and Wheeler, 
1964), whose postulated “rigidity” clearly contradicted the relativity principle (Stachel, 
1980), and proved not to be required by the operational interpretation of general relativity. 

That still left open, however, the question of whether there indeed exist in nature ob¬ 
jects which display, either in a strict sense, or at least in an arbitrarily close approximation, 
the features and behavior postulated by Einstein. Indeed, in the well-known collection of 
essays honoring Einstein's seventieth birthday, H. Margenau voiced the criticism 8 that 
“particles may not be regarded as points but as structures of finite size ..., which threatens 
the validity of [relativistic] causal description” (cf. Schilpp, 1949, p. 259). In the same 
publication, K. Menger pointed out that all our empirical knowledge is statistical in nature, 
so that a thorough geometrization of physics might require “the introduction of probability 
into the foundations of geometry” (cf. Schilpp, 1949, p. 472). It was, however, M. Bom 
who, after many years of extensive correspondence with Einstein (Born, 1971), categori¬ 
cally stated that “the mathematical concept of a point in a continuum has no direct physical 
significance” (Born, 1955, p. 3), and arrived at the following two key epistemological 
conclusions, which we emphasize by means of italics: 11 Statements like ‘A quantity x has 
a completely definite value’ (expressed by a real number and represented by a point in the 
physical continuum) seem to me to have no physical meaning. Modern physics has 
achieved its greatest successes by applying a principle of methodology that concepts whose 
application requires distinctions that cannot in principle be observed are meaningless and 
must be eliminated ” (Born, 1956, p.l67). 

In this monograph we shall adopt the two italicized passages in the preceding quota¬ 
tion as fundamental methodological principles. As such, we shall refer to them, respec¬ 
tively, as Born's first maxim and Born's second maxim. 

In the very same essay in which he implicitly criticized Poincare's conventionalism, 
Einstein admitted “that [his] proposed physical interpretation [of Lorentzian geometry] 
breaks down when applied immediately to spaces of sub-molecular order of magnitude” 


(cf. Feigl, 1953, p. 193). In view of this observation, if one tries to extend the domain of 
validity of relativity theory to the microscopic domain, one has the following clear-cut 
choices: 1) to consider the choice of geometry at the subatomic level from a conventionalis- 
tic point of view and claim, as Poincare did in the case of Euclidean geometry, that the 
adoption at the microscopic level of Minkowski and, more generally, Lorentzian geometries 
is a matter of convenience that transcends empirical verification; 2) to face the fact that, ac¬ 
cording to generally accepted quantum principles, the behavior of matter at the subatomic 
level is not in accordance with the deterministic behavior postulated by the operational 
interpretations of these geometries, and that therefore new types of geometric structures, 
which incorporate quantum principles, have to be introduced. 

If the same fundamental epistemic principles hold true in all of physics, it is only the 
second alternative that is epistemologically sound. This was, of course, realized by many 
physicists right after Bohr's old quantum mechanics transcended into the modem quantum 
mechanics of Heisenberg and Schrodinger, and Bom proposed his statistical interpretation 
for quantum states and observables. Indeed, soon after the publication of the papers by 
Heisenberg and Schrodinger that founded modern quantum mechanics, papers speculating 
on the atomistic structure of spacetime began appearing (Latzin, 1927; Pokrowski, 1928; 
Schames, 1933). Moreover, after the introduction by Heisenberg (1927) of the uncertainty 
principle, the idea of the quantization of spacetime began to be related to elementary space 
and time uncertainties (Ruark, 1928; Flint and Richardson, 1928; Fiirth, 1929; Landau and 
Peierls, 1931, Glaser and Sitte, 1934; Flint, 1937). The subsequent suggestion made by 
Heisenberg (1938,1943) that there is a fundamental length in nature led Bom (1938,1949) 
to the idea of a quantum metric operator, and also led other researchers (March, 1937; 
Markov, 1940) to a statistical concept of metric. The greatest temporary popularity was 
enjoyed, however, by a notion of discrete quantized spacetime proposed by Snyder (1947), 
which was for a while pursued by a host of researchers (Yang, 1947; Flint, 1948; Schild, 
1948; Hill, 1950; Das, 1960; Gol'fand, 1960, 1963; Kadyshevskii, 1962, 1963). 
However, that idea seems to have eventually sunk into rather deep oblivion. Indeed, during 
the last few years several researchers (Bombelli et al., 1987; Finkelstein, 1989; Gudder, 
1988a; Isham, 1990) have proposed discrete descriptions for spacetime, but without citing 
any of the aforementioned earlier work on this subject. 

From a foundational point of view, the common weak point of all the above propos¬ 
als for quantum spacetimes reside in their lack of a clear-cut theory of measurement, that 
could point the way to reliable and empirically well founded geometric ideas. Such ideas 
could have either enabled the injection of the fundamental principles of relativistic invari¬ 
ance, causality and locality into these frameworks, or might have alternatively produced 
compelling principles that would transcend into the aforementioned ones in the macroscopic 
regime, where classical special and general relativity have received most convincing 
experimental confirmation. But no such fundamentally new epistemic ideas emerged, since 
most of the above work on quantum spacetimes was of a formal mathematical nature. 
Consequently, after the numerical successes of renormalization theory in quantum electro¬ 
dynamics in the late forties, a conventionalistic attitude began to prevail in the physics 
community despite the fact that, as we shall see in Sec. 9.6, renormalization theory had 
removed neither the conceptual nor the technical difficulties encountered by conventional 
relativistic quantum mechanics and quantum field theory. In fact, as we shall illustrate in 
the next section with quotations from original sources, the principal founders of quantum 
mechanics and quantum field theory were very much aware of the source of these 
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fundamental difficulties - and some of them (Dirac 1973 '977'W8,Hd^nbc r gl976, 
Wiener 1976, 1981) often urged a deeper reconsideration of the foundations of these 
Sptiites^fortunately, however, their criticisms and 

caUy unheeded by the great majority of researchers working m these areas (cf. Chapt ). 


1.2. The Incompatibility of Quantum Theory with Classical Relativistic 
Geometries 

It is universally acknowledged that conventional methods of quantization have not 
produced an acceptable theory of quantum gravity, and have not 

unifying quantum mechanics with general relativity (cf., e.g., the key articles in Mac 
Slum 1987, or in Markov * al, 1988). However, it is still not usually recogmzoi m the 
contemporary physics literature that this failure extends to the special relativistic level. 

The principal difficulties stem from the imposition of the class: lC ^“ n ^K^?envis 
locality in the special relativistic quantum regime, whereby quantum particles iraen 
aired as being capable of “occupying” with “certainty” arbitrarily small regions m Mmkow 
ski space Indeed if one does not make such an assumption about the very smallest blocks 
matter there is no physical justification for adopting at the microlevel a Lorenfcian 
geometry as the physical geometry of spacetime in general, or of a 
Those particular cases where gravitational effects are deemed to be neghgible. 
in the summary of his review article “Interpretation of Quantum Mechanics , E P . 
clearly states^hat “every attempt to provide a precise defimtion of a pwonj coonh [f 

mentl Ttel' smtemen^byl^prindpaDpioneer of group iteoretioal method^in 

books on relativistic quantum mechanics and quantum field theory, where these fundame 
talinconsistencies are usually not mentioned - and if they are, they are glossed over wi h 
incorrect^solutions^For example, one of the earliest discovered inconsistenctes pertains to 

fte tadekSeness of the time-like componentof the ^ at 

supposed to provide the probability density for observing a relativistic spin zero particle at 

sZeToinTx in StowsM space In standard textbooks on relativistic quantum mechan- 
SSS asserted that only those solutions of the Klein-Gordon equation 
that correspond to positive energy are acceptable wave functions for single quantum point 
p “whemasLse corresponding to negative energy 

for single quantum point antiparticles. This assertion is sometime’>0 
the incorrect claim that, for such positive-energy wave functions, oachasj(x)>v 
everywhere in Minkowski space, so that therefore “a consistent 

Minkowski space] can be developed for a free [relativistic pamcle cf [S^p. 

56). On the other hand, as rigorously proved by Gerlach et al (^67) pp 

for any positive-energy solution of the Klein-Gordon equation there are points 

Minkowski space where P(x) < 0, in addition to those where f{x) >U. 

Cof3to cT^ms made in many standard textbooks, in the case of the Dirac current 
for spin particles, the original promise that historically motivated its introduction. 
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namelv that of supplying a relativistically covariant probability current for single quantum 
ndnt particles of spin 1/2, has not been fulfilled either: the Dirac current is positive-definite 
onlv because it is related to superpositions of positive and negative energy solutions (ct. 
Sec. 6.1), which therefore correspond to objects that would simultaneously manifest them- 
crlves as both particles and antiparticles (a feature commonly described in literature as 
7 itterbewegung). However, with regard to the issue of single particle (or single antiparti- 
rlel localization, “the Klein-Gordon equation is neither better nor worse than the Dirac 
eauation” (Wightman, 1972, p. 98). In fact, it has been rigorously proven in recent years 
(Thaller, 1984) that all positive-energy solutions of the Dirac equation are different from 
lero at all points in Minkowski space. Hence, none of these solutions can describe a state 
nf a spin-1/2 quantum point particle localized in any finite region in space or in spacetime, 
since the wave function for such a localized state would have to vanish outside that region. 

Although not that well-known, the history of the many attempts to bypass the above 
difficulties with the conventional notion of relativistic point particle localization is long and 
involved, and we refer the reader interested in it to a review article by Kalnay (1971), to 
Wigner’s aforementioned article ([WQ], pp. 260-314), to Secs. 2.1-2.2 of [P], and to a re¬ 
cent review paper by Hegeifeldt (1989) - all of which contain many additional references. 
It is interesting to mention, however, that the effort which for a while received most atten¬ 
tion was the one by Newton and Wigner (1949). However, it was later discovered (Wight¬ 
man and Schweber, 1955; Fleming, 1965) that the Newton-Wigner proposal conflicted 
with Einstein causality, since it led to superluminal relativistic particle propagation. Subse¬ 
quently, it was established by Hegerfeldt (1974) that this violation of relativistic causality 
occurs for any projector-valued measure that supposedly describes relativistic quantum 
point particles strictly localized in Minkowski space. Thus, Hegerfeldt showed with total 
mathematical rigor that, if it is assumed that a quantum state can be prepared in any given 
bounded region of Minkowski space, or in any bounded region of a spacelike hyperplane 
in Minkowski space, then it will instantaneously propagate to points outside the causal 
future of that region. This result was later extended to multi-particle relativistic systems 
(Perez and Wilde, 1977), to very general types of interactions (Hegerfeldt and RuijsenaaTs, 
1980), and finally even to the case of approximate localizations (Hegerfeldt, 1985J, 
whereby the choice of Minkowski geometry for spacetime is retained, but the wave packet 
is allowed to display “exponentially bounded tails” outside the chosen finite region. 

It is sometimes maintained (Eberhard and Ross, 1989) that conventional quantum 
field theory resolves the fundamental incompatibility between basic quantum principles and 
special relativity based on arbitrarily precise localization, on account of the claim that 
quantum fields can be measured in arbitrarily small regions of Minkowski space, but that 
such measurements cannot be treated within the context of single-particle or even multi- 
particle relativistic quantum mechanics due to the phenomenon of pair-creation. However, 
as pointed out on many occasions by the founders of quantum mechanics and quantum 
field theory, all fields, regardless of whether they are viewed as classical or quantum, 
require test bodies for their detection and localization, so that such suggestions merely lead 
to a vicious circle. Indeed, as Wigner emphasized in the aforementioned review article, the 
best known discussion of the measurement of field strengths, that given by Bohr and 
Rosenfeld (1933,1950), postulates an electric test charge with arbitrarily large charge and 
arbitrarily small size”, so that “it does not resolve our problems [with regard to quantum 
field localization]” (cf. [WQ], p. 313). This fact was actually acknowledged by Bohr and 
Rosenfeld themselves when they stated in their well-known 1933 article on the subject of 
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quantum field localization that “the fundamental difficulties which confront the consistent 
utilization of field theory in the atomic theory remain entirely untouched by the present in¬ 
vestigation” (cf. [WQ], p. 481), and when they very clearly pointed out that the “considera¬ 
tion of the atomistic constitution of all measuring instruments would be essential for an 
assessment of the connection between these difficulties and the well-known paradoxes of 
the measurement problem in relativistic quantum mechanics” (cf. [WQ], p. 482). 

Although the above statements by Bohr and Rosenfeld were made in 1933, their 
substance remained true even after the advent of renormalization theory in quantum electro¬ 
dynamics in the late 1940s. Indeed, despite the well-known numerical successes of renor¬ 
malization theory, the following was acknowledged by Schwinger in the preface to a well- 
known 1958 reprint collection on the subject: “The observational basis of quantum electro¬ 
dynamics is self-contradictory... . The localization of charge with indefinite precision 
requires for its realization a coupling with the electromagnetic field that can attain arbitrarily 
large magnitudes. The resulting appearance of divergences, and contradictions, serves to 
deny the basic measurement hypothesis. We conclude that a convergent theory cannot be 
formulated consistently within the framework of present space-time concepts .” (Schwinger, 
1958, pp. xv-xvi) - emphasis added. 

These statements by one of the main founders of renormalization theory are in total 
agreement with many statements by the acknowledged founder of relativistic quantum 
mechanics and quantum field theory, P.A.M. Dirac, who, on numerous occasions in the 
years following the advent of the renormalization programme, expressed his reservations 
about the very foundations on which that mathematically elaborate structure had been erect¬ 
ed (Dirac, 1951, 1962, 1965, 1973,1977, 1978, 1987). This is perhaps best illustrated by 
the following quotation: “Our present quantum theory is very good provided we do not try 
to push it too far - we do not try to apply it to particles with very high energies and we do 
not try to apply it to very small distances. When we try to push it in these directions, we get 
equations which do not have sensible solutions ... It is because of these difficulties that I 
feel that the foundations of quantum mechanics have not yet been correctly established. 
Working with the present foundations, people have done an awful lot of work in making 
applications in which they find rules for discarding the infinities. But these rules, even 
though they may lead to results in agreement with observations, are artificial rules, and I 
just cannot accept that the present foundations are correct.” (Dirac 1978a, p. 20). 

Indeed, although the question of mathematical consistency of a physical theory can be 
regarded as distinct from that of the physical validity of its underlying theory of measure¬ 
ment, the mathematical formalism of conventional quantum field theory in Minkowski 
space has defied all attempts at a mathematically rigorous and yet physically nontrivial for¬ 
mulation. For example, after more than two decades of protracted efforts by a large and 
mathematically very skilled group of researchers into the mathematical foundations of con¬ 
ventional quantum field theory, the two main initiators of that program had to acknowledge 
that “arguments favoring triviality [of and Yukawa quantum field theory as well as of 
quantum electrodynamics in 4-dimensional Minkowski space] seem to be stronger, but a 
definitive answer seems to be out of reach of available methods” (Glimm and Jaffe, 1987, 
p. 120). However, since in the case of quantum electrodynamics it is difficult to reconcile 
this “triviality” assessment with the wealth of experimental data indicating the opposite, 
Feynman's eventually reached conclusion that “it's also possible that [conventional quan¬ 
tum] electrodynamics is not a consistent theory” (Feynman, 1989, p. 199) represents a 
more likely possibility (cf. also Secs. 7.6, 9.6 and 12.3). 
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As is well-known, the inclusion of gravity into conventional quantum field theory 
greatly exacerbates all the fundamental difficulties encountered by that discipline in Min¬ 
kowski space. The underlying reasons for that, become obvious when it is recalled that the 
application of the Bohr-Rosenfeld methods to the analysis of measurements of quantum 
fields in the presence of gravity led B. S. DeWitt to the conclusion that “10‘ 32 cm constitutes 
the absolute limit on the applicability of classical concepts, even as modified by [Bohr’s] 
principle of complementarity” (DeWitt, 1962, p. 371). In Sec. 1.3 of a later review article 
DeWitt (1975) also listed a number of additional epistemic as well as technical difficulties 
encountered by conventional quantum field theory in curved spacetime (cf. also Sec. 7.2). 
The essence of these difficulties was very clearly and succinctly summarized in a recent 
monograph dealing with conventional quantum field theory in curved spacetime as follows 
(with the italics reproduced as in the original): “There does not exist a quantum field theory 
formalism in an arbitrary curved spacetime. This problem is deep rooted and arises from 
the fact that standard formalisms of field theory require a preferential slicing in spacetime. 
In other words, quantum field theory, as we know today, is Lorentz invariant, but is not 
generally covariant. This conceptual problem introduces a new level of observer depen¬ 
dence in quantum theory, the implications of which are not yet well understood.” (Narlikar 
and Padmanabhan, 1986, p. 277). 

In view of all these striking foundational difficulties, it is not surprising that much of 
the surge of interest in string theory in recent years was spurred by the conclusion that the 
“quantum field theory of point particles seems to be inconsistent in the presence of gravity” 
(Green et al., 1987, p. 54). However, the advocates of superstring theory have attempted 
to resolve the foundational difficulties encountered by the renormalization program by 
abandoning the concept of quantum point particle in favor of that of a superstring without 
basing their programme on foundational arguments in general, or on the quantum theory of 
measurement in particular. This fact is recognized by many of the leading researchers in the 
field 9 . Indeed, in the words of one of the original contributors to string theory, “for a the¬ 
ory [of superstrings] that makes the claim of providing a unifying framework for all physi¬ 
cal laws, it is the supreme irony that the theory itself appears so disunited” (Kaku, 1988, p. 
5). On the other hand, the same author points out that “by contrast, when Einstein first 
discovered general relativity, he started with physical principles, such as the equivalence 
principle, and formulated it in the language of general covariance” (Kaku, 1988, p. 6). 

The rejection of the concept of point particle in quantum relativity is shared by the 
geometro-stochastic (GS) approach to the unification of general relativity and quantum 
theory. However, by contrast with even the most recent developments (Ginsparg, 1989) in 
superstring theory, which leave “the fundamental physical and geometric principles that lie 
at [its] foundation . . . still unknown” (Kaku, 1988, p. viii), the basic strategy of the GS 
approach is to extrapolate from the outset the equivalence principle to the quantum regime, 
and to formulate such an extrapolation from the beginning in a language that reflects the 
principle of quantum general covariance. It turns out that quantum geometry provides such 
a language, and that it is the GS theory of measurement which, in turn, determines what 
those general features of such quantum geometries should be like. 

We therefore turn now to the examination of the fundamental epistemic principles un¬ 
derlying the proposed quantum geometries, emphasizing basic physical ideas rather than 
mathematical techniques. The mathematical techniques themselves will be presented in de¬ 
tail in Chapters 4-11. Those readers interested only in the latter can proceed right away to 
Chapter 2 - or to Chapter 3, in case that they are already familiar with fibre bundle theory. 
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1.3. Basic Principles of Quantum Geometry 

As demonstrated by the historical developments recounted in Sec. 1.1, the geometry of 
fnacetoIs not a priori given, but it rather depends on the fundamental operational and 
mathematical features of the adopted theory of measurement f 
ships. The fundamental premise underlying the development of the 3S the ®7 
ment is based on a thesis which in essence can be traced to von Neumann (1932), namely 
that an epistemologically satisfactory description of nature should not display a dichotomy 
Sfts^eaSof f‘‘system” and an>paratus”, such as the one in the orthodox approach 
to he quantum theory of measurement, whereby the former is treated as a quantum object 
whereas the latter is viewed as a classical entity. Hence, in the GS approach, test bodies 
are treated exclusively as quantum objects As such, they am subject 
to quantum localization laws, which incorporate from the outset the uncertainty relatl °" s - 
q Although the implications of this epistemic attitude are far-reaching there is actually 
no conflict on the operational level between the GS approach and the orthodox approach 
Indeed in the orthodox approach, the reason for advocating the treatment of any apparatus 
as a classical object despite its generally acknowledged atomic and subatomic structure, 
was rooted in a positivistic philosophy which asserted that “all non-analytic knowledge is 
based on experience”, and therefore “a sentence makes a cognitively meaningful assertion 
only if it is either (1) analytic or self-contradictory or (2) capable, at least in pnncip , 
nf experiential test” (Ayer 1966, p. 108). Hence, in keeping with such an outlook, Bohr 

IS" 

only to experimental observations, whereas on the other hand according to him by the 
word Experiment’ we refer to a situation where we can tell others what we have done and 
what we have learned and that, therefore, the account of the expenme^ 
of the results of observations must be expressed ™ “° us ^ uage Wlth b 

above quotations of the term “classical physics” with quantum physics Meed. the ter 
Sndoav of quantum theory can be made to be as “unambiguous” as that of class.cal thc- 
is exercised in defining its basic 

premises and deducing its principal results. This was exemplified in [PQ], y 

fating the basic axiomsof conventional nonrelativistic quantum mechanics in precise Hilbert 
spaf e SeLs andTen deducing the main body of the theory found in standard textbooks on 
quantum mechanics by mathematically rigorous methods, and without any appeal to the 
terminology of classical physics”, except where comparisons with classical mechant.is^ere 
drawn. Furthermore, although our perceptions of the reactI are more nnme- 
diate and therefore more easily describable in everyday language than *o^offlie micro 
scopic world, the wealth of experimental data on perceptual processes accumulated by psy 
SSs OTer recent decades indicates that even the most immediate perceptions of the 
world around us are based on constructs in which the data provided by our senses at 
grouped together into perceptual models for various “objects (including apparatuses.) by a 
compl^process of Locfations - cf. (Popper, 1976) P- 139 .Hence “ 
analvsis there is no sharp 10 conceptual demarcation line between those objects whic 
1 S™fly^rovided that we possess normal eyesight!), such as “pointers and 
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“dials”, and those other “objects” which we can observe only with the aid of instruments, 
such as “quasars” and “Brownian particles” - or, for that matter, “molecules”, “atoms , 
“hadrons” and “leptons”. Rather, the fundamental distinctions lie in the patterns of behavior 
of these various “objects”, which is radically different at the microlevel from that displayed 
at the macrolevel, to the extent that in the latter case, the totality of manifestations of that 
behavior cannot be faithfully and exhaustively described by means of classical concepts. 

The orthodox solution to this fundamental difficulty with using classical concepts in 
the quantum domain was to divide the part of the physical world under observation into 
“system” and “apparatus”, and to apply classical concepts and terminology to the latter part 
on account of its macroscopic nature at the level of “interfacing” between a human observer 
and the employed instrumentation. However, although in the nonrelativistic regime this 
leads to a mathematically consistent framework [PQ] as well as to an abundance of phe¬ 
nomenologically satisfactory models, it is seldom recognized that at a foundational level 
such a solution eventually proved to be unsatisfactory, due to a fundamental incompatibility 
between the language and the concepts of classical theories on one hand, and some of the 
observational features of quantum phenomena on the other. In fact, it can be argued that the 
genesis of the various paradoxes (cf. Tarrozzi and van der Merwe, 1988) that plague 
conventional quantum theory does not lie in the nature of quantum phenomena themselves, 
but rather in the unwarranted imposition of classical language and conceptualizations based 
on “yes-no” type of statements in a realm which de facto does not admit such statements. 

The most elementary illustration of this fact is provided by the conventional ‘up-or- 
down’ depictions of measurements of spin 1/2 components. Indeed, a theorem by Wigner 
(1952) shows that any categorical statement to the effect that, say, in the Stern-Gerlach ex¬ 
periment, a measured spin component is certainly “up” is, strictly speaking, invalid, and it 
suggests as more appropriate the idea of stochastic spin values (PrugoveCki, 1977b; 
Schroeck, 1982; Busch, 1986), in which a confidence function is attached to spin values 
even at the theoretical level - cf. (Schroeck, 1991) for a comprehensive review and discus¬ 
sion of stochastic spin measurements. In fact, in principle this observation extends to the 
measurement of any quantum observable. Indeed, Wigner's (1952) theorem was extended 
by Araki and Yanase (1960) (cf. also Yanase, 1961), who demonstrated that, in Wigner's 
words, “no precise measurement of any quantity is possible unless [it] commutes with all 
conserved additive quantities” ([WQ], p. 313). Consequently, as explicitly demonstrated 
by Busch (1985b), no arbitrarily accurate measurements of position are in principle feasible 
even at the nonrelativistic level — i.e., even if the theorem by Hegerfeldt, mentioned in the 
preceding section, is not applicable, since it pertains to relativistic quantum theory. As, in 
the ultimate analysis, any measurement involves evaluations of position coincidences and 
relationships, this conclusion can be said to possess general epistemological validity. 

Consequently, the first principle on which the GS approach to quantum theory is 
founded incorporates the first of Bom's maxims, cited in Sec. 1.1, in the following form. 

Principle 1 (The principle of irreducible indeterminacy). In GS quantum theory, the 
measurement outcome of any given physical quantity X is not represented, even in princi¬ 
ple 11 , by a single number* in the spectrum c(X) c; R 1 of that quantity, but rather it is de¬ 
scribed by a stochastic value (x,x x ); i.e., it has to be supplemented, even in the (imagined) 
infinite limit of progressively accurate measurements tending to optimal accuracy, by confi¬ 
dence functions Xx (y)> yea(X), which reflect irreducible indeterminacies by providing 
the probabilities of observing statistical fluctuations from any measured base^ value * un¬ 
der the most ideal repeatability conditions for any class of experimental arrangements. 
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Naturally, the above principle flatly contradicts one of the most deeply ingrained be¬ 
liefs in the perfect reproducibility of measurement results in the context of ideal measure¬ 
ments - i.e., of von Neumann (1932, 1955) measurements of the first kind. Yet, in the ul¬ 
timate analysis, all measurements involve estimates of position coincidences, and it is a 
most basic observational fact that no such estimates can be carried out with “absolute preci¬ 
sion”, even at the classical level. Hence, this belief in turn relies on the credo that abso¬ 
lutely accurate values of physical quantities are “possessed” by physical systems, and that, 
as such, they can be displayed by physical systems at least “in principle”, i.e., in the limit 
of empirically unrealizable infinite sequences of increasingly accurate measurements. Thus, 
this credo is rooted in a naive realism which surpasses any possibility whatsoever of direct 
empirical verification. Its roots are therefore ontological, and probably extend all the way to 
Plato's cosmogony and theory of ideas (Russell, 1945). Indeed, this ontological attitude 
was already reflected 1 ^ by Euclidean geometry, when it first emerged as an abstract math¬ 
ematical discipline from the science of measurement of geometric relationships. 

On the other hand, the naive physical realism based on the credo that absolutely accu¬ 
rate values of measurable quantities exist as intrinsic properties of all physical systems has 
underlined the entire development of classical physics. We shall therefore refer to it as the 
doctrine of existence of classical reality. It is this doctrine that underlies the Einstein- 
Podolsky-Rosen (EPR) criterion of physical reality, which was formulated as follows: “If, 
without in any way disturbing a system, we can predict with certainty (i.e., with proba¬ 
bility equal to unity) the value of a physical quantity, then there exists an element of 
physical reality corresponding to this physical quantity.” (Einstein et al., 1935, p. 777). 

With the advent of modem quantum mechanics, indeterminacies were introduced into 
the very interpretation of its theoretical framework, by irreducibly coupling those 
“uncertainties” which were found to be present, even in principle, in the measurement of 
pairs of “incompatible” observables - such as position and momentum. However, Bohr’s 
version of the orthodox approach to quantum theory did not postulate the existence of irre¬ 
ducible uncertainties for single observables. Therefore, Bohr, through his well-known 
complementarity principle, had to deny all meaning to the question of existence of values 
for such “observables” in the absence of actual “observations”, and to view them exclu¬ 
sively as representing the outcomes of those kinds of interactions between “system” and 
“apparatus” which, by postulation, constituted an act of measurement (Bohr, 1961). But 
this epistemic attitude left open the still debated question of whether measurement acts can 
be described by the quantum theory itself - cf. articles in (Lahti and Mittelstaedt, 1985), 
(Kostro et al, 1988), and (van der Merwe et al ., 1988). In fact, the very question as to 
what generically constitutes a measurement act was left open to interpretation, so that from 
the orthodox interpretation it is not even clear at exactly what stage of the “observational 
process” the famed “reduction of the wave packet” (von Neumann, 1932) takes place. 

In the approach to quantum theory advocated by Bohr, the doctrine of existence of 
classical reality was removed from the main body of physical theory, but it was neverthe¬ 
less implicitly retained as part of the theory of quantum measurement, which was treated as 
if it constituted a separate realm of its own. Thus, once a measurement was performed, its 
outcome was treated as if it were a classical measurement result, which as such could be, at 
least in principle, regarded as perfectly accurate, and which was only deterministically in¬ 
fluenced (if at all!) by any further acts of measurements of the same quantity, so that perfect 
repeatability could be ensured in principle, despite its infeasibility in practice. Indeed, it is a 
basic observational fact that statistical fluctuations are present in all measurement results on 
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quantum systems, but they are conventionally incorporated into “error margins” on the 
“observed values”, instead of being treated as integral parts of those values themselves. 

The imposition of such a dichotomy between the undisturbed dynamical evolution of 
the “quantum system” and the measurement of its “observables” by means of “classically 
behaving” apparatuses did not remove, however, all the conceptual difficulties and incon¬ 
sistencies (Cini and Serva, 1990; Stuart, 1991) from the orthodox approach - or for that 
matter from all the other approaches to the quantum theory of measurement that have 
adopted it. This point was graphically made by Bell in the context of his critical examina- 
—tion of Everett’s many-worlds interpretation of quantum mechanics (DeWitt and Graham, 
1973) as follows: “In dividing the world into pieces A and B Everett is indeed following an 
old convention of abstract quantum measurement theory, that the world does fall neatly into 
such pieces - instruments and systems. In my opinion this is an unfortunate convention. 
The real world is made of electrons and protons and so on, and as a result the boundaries 
of natural objects are fuzzy, and some particles in the boundary can only doubtfully be as¬ 
signed to either object or environment. I think that fundamental physical theory should be 
so formulated that such artificial divisions are manifestly inessential.” (Bell, 1987b, p. 96). 

The arbitrary division of the physical world into “system” and “apparatus” can be also 
viewed (Bell, 1987b) as the basic source of all the well-known paradoxes that plague the 
orthodox approach (Schroeck, 1991). However, its retainment, together with all its impli¬ 
cations for the quantum theory of measurement (Jammer, 1974; d'Espagnat, 1976), was 
not unconditionally advocated by some of the other main representatives of the Copenhagen 
school - such as Bom (1956) or Heisenberg (1958). Thus, as we mentioned in Sec. 1.1, 
Bom had questioned the physical meaning of the concept of “point in a continuum” (Bom, 
1955), and in fact had even introduced the idea of a quantum metric operator (Bom, 1938, 
1949). Similarly, Heisenberg had postulated the existence of a fundamental length in nature 
already in the developmental stages of quantum theory (Heisenberg, 1938), and, while dis¬ 
cussing the internal spatio-temporal structure of elementary particles, had pointed out a 
'‘possibility of which neither Kant nor the ancient philosophers could have thought: the 
word ‘dividing’ loses its meaning” (Heisenberg, 1976, p. 38). Since all measurements of 
physical quantities can be reduced, in the ultimate analysis, to measurements of spatio-tem¬ 
poral relationships, any conceptualization of spacetime which negates literal physical 
meaning to the mental procedure of indefinite subdivision of spacetime into smaller and 
smaller parts implies that there is a residual irreducible indeterminacy in the measurement of 
all physical quantities. Hence, within the ontology resulting from such an outlook, the 
doctrine of existence of classical reality can be maintained only as a convenient approxima¬ 
tion at a pragmatic macroscopic level - but not as a fundamental epistemic principle. 

At a deeper measurement-theoretical level, we have already seen that the doctrine of 
existence of classical reality, according to which classical concepts and classical physics are 
quite suitable for the faithful description of the outcome of spatio-temporal localization 
measurements of quantum particles, is implicitly contradicted (Busch, 1985) by the 
Wigner-Araki-Yanase theorem already at the nonrelativistic level - with the Hegerfeldt 
(1974) theorem merely adding new problems at the relativistic level. Its total removal from 
quantum theories could be therefore said to reflect the existence of an all-pervading quan¬ 
tum reality, which might be picturesquely described as being “unsharp” (Busch, et al, 
1989, 1990, 1991) in relation to the reality envisaged in classical physics - but which 
| simply exists when viewed on its own accord, and as being the truly fundamental reality. 

The issue of completeness of quantum mechanics, which lies at the basis of the still 



14 


Chapter 1 


ongoing debate over:to:EPRpip^C<^e^taa^^"^ 
closely associated with the pnnciple of iir existence of a classical reality (cf. 

of that paradox takes for panted *e docmne °M seK of observables in 
[WQ], P . 138). Onee that doctrine principle, the state of a 

quantum mechanics as a means for c ° m P ? eve/if that principle were adopted, a 

quantum system becomes t( ^ ta JJy unfea ® ' Q f the con cept of “complete set of ob- 

careful mathematical analysis (ftugovet , determination of the (liilbert space) 

servables” reveals its inapplicability ^ f “ com plete sets” of those kinds of ob- , 

state vector in the realistic context of “emems of ^ ^ Qr ^ 

servables which possess continuous spectra sue f rp™ Ch IV Sec. 5.1). 

momentum observables in nomelatoSbles has’to be then 
Therefore, the issue of informational completeness principle, uniquely 

raised (cf. Sec 3.7 of 

Singer^ 

position observables, or of momentum o se ™ a idealized situation of their mea- 

systems in the same quantum state, but even in^he^ t0 be in the same 

surementm an ensemble of obabilitv distributions for perfectly accurate position 

quantum state, and for which the P r ° ba whereas that of perfectly accurate momen- 

measurements axedeter^edon a subens ’ sube nsembk (so that the uncertainty 
turn measurement 8 me“ h 142) . even g if aU those measurements were carried 
principle is not violated - cf. also Lrl, p. ) would not be uniquely deter- 

L wither accuracy, surprisingly, any 

mined by such a measurement oUimultane _ 

quantum state of quantum particles c , P P • ^ thos e finite accuracies that are 
ous measurements of positions and mom P an d Prugovecki, 1977). Practically im- 
commensurate with the uncertainty pnncip e ( ms ^ by now known (Yamamoto 

P a!TC bl r9 d 86f BUSc” an“ec°“l989; Busch and Lahti, 1990. so that it is justified 
even at the technological level to adopt the following pnnciple. 

Principle 2 ( THe principle 0 / = 

as— uperfonHediuthevicinityof 

a base spacetime location (cf. Principle 3) ^ € M. ^ _ nlaved bv eeo- 

As we recall from Sec.1.1, ^^eedmcMs^neither a priori given, nor does its choice 
metry in physics, the geometry o sp phys i ca i geometry should incorporate all the 

represent a matter of convenience. Rathe , y P ? nrocedures namely all those limi- 
fundamental limitations on spauo-tempor meas J teraction between geometry and 

tations which reflect a dynamics ^ & m naturc can be 

matter. Since all limitations on such p mia ntnm probability amplitudes that em- 

traced to the presence of state vectors P5 0 ^ g fh ^Sai^*e geLLy of spacetime 

body irreducible measuremernmde™ b ouSbe basedon a nSon of “point” 

should be a quantum geometry , m the sense that it snou 


Principles of Quantum Geometry 


15 


that incorporates that of state vector. In view of the general phenomenon of “evanescence 
of the wave packet” under free (or free-fall) conditions, this necessitates the introduction of 
a privileged class of state vectors <I>, called 15 proper quantum state vectors\ Their presence 
in a quantum geometry insures that such a geometry obeys Bom's maxims (cited in Sec. 
1 1), by providing a physical interpretation of the emerging spatio-temporal relationships in 
which, to paraphrase Bom's second maxim, “all distinctions in spacetime localization that 
cannot even in principle be observed are meaningless, and have been therefore eliminated”. 

Naturally, the adoption of the above two basic principles of a quantum form of real¬ 
ism cannot determine the structure of these geometries in precise mathematical terms any 
m ore than the adoption of the doctrine of classical reality could, by itself, determine the 
mathematical structure of the geometries adopted in classical general relativity. Rather, 
Bom's maxims proved conducive to a chain of extrapolations that began with conventional 
nonrelativistic quantum theory [PQ], but in which the canonical quantization was replaced 
by a new method of quantization (Prugovecki, 1978d) that is based on such most funda¬ 
mental kinematical groups as the Galilei and the Poincare groups, so that it has a direct op¬ 
erational interpretation in terms of procedures carried out with quantum test bodies. 1 his 
quantization method led to the stochastic quantum mechanics (SQM) framework presented 
in [P] (and reviewed in Chapter 3 of this monograph), which deals effectively with the 
problems raised by the Hegerfeldt theorem in special relativistic quantum mechanics. 

However, SQM did not provide a correct formulation oi general relativistic quantum 
theory, since on its own it could not take into account the equivalence principle , namely 
the principle that in any local Lorentz frame all thenongravitational laws of physics should 
take on their special relativistic forms. The conclusion was eventually reached (Prugovebki, 
1985, 1987) that, in order to incorporate this most fundamental principle into the quantum 
geometries for external gravitational fields, such geometries had to be formulated in terms 


of fibre bundles, in a manner analogous to the way in which classical general relativity 
(CGR) can be reformulated in modern fibre-theoretical terms (cf. Chapter 2). Indeed, the 
equivalence principle requires that CGR should be a Lorentz gauge invariant theory. On the 
other hand, the basic features of quantum propagation, as well as Weyls (1924, 1952) 
interpretation of general covariance, require the incorporation into it of infinitesimal 
spacetime translations that give rise to a general relativity principle (cf., Treder et al., 1980, 
pp. 14 and 30), which de facto extends this Lorentz gauge invariance into Poincare gauge 
invariance. Thus, we arrive at the following conclusion (cf. the discussion in Sec. 1.5). 

Principle 3 (The GS quantum general relativity principle). In the absence of non- 
Abelian internal gauge degrees of freedom the mathematical structure of a quantum geome¬ 
try is that of a fibre bundle E, whose structure group G incorporates the Poincare group, 
whose base manifold is a Lorentzian manifold (M,g), with metric g and with elements x 
eM that represent base spacetime locations in accordance with Principle 1, and whose fi¬ 
bres F* are Hilbert spaces (or pseudo-Hilbert spaces, in case of photons) containing quan¬ 
tum inertial frames; those quantum frames are informationally complete in F* in accordance 
with Principle 2, and provide the transition amplitudes supplying the confidence functions 
^describing the fluctuations around those values, as stipulated by Principle 1. 

The presence of non-Abelian gauge degrees of freedom - that occur in the treatment 
of Yang-Mills fields and of quantum gravity - leads to additional technical difficulties, 
which in conventional quantum field theory are treated by means of Faddeev-Popov ghost 
fields and well-known BRST techniques [IQ]. The adaptation to the GS framework of geo- 
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metrizcd versions of those techniques has proved feasible (Prugovccki, 1988b), and has jj 
led to quantum geometries which are represented by superfibre bundles over appropriate | 

extensions of Lorentzian manifolds (Prugovebki, 1989b; Warlow, 1992). We shall post¬ 
pone the discussion of their mathematical structure until the last two chapters of this mono- ? 
graph, where we introduce the mathematical techniques required for their treatment. 

1.4. Physical Features of Geometro-Stochastic Propagation 

In any physical theory or model, the choice of dynamics follows the choice of geometry. 
This remains true even of classical general relativity (CGR), since the generic choice of 
Lorentzian geometries (as opposed to other non-Euclidean geometries) is dictated by the 
equivalence principle (Einstein, 1916, §4). Of course, in formulating the initial-value :j 
problem, there is a fundamental distinction between CGR and all other physical theories, ,| 
including special relativity: whereas the choice of geometry in all other physical theories is .j 
fixed from the beginning (i.e., before the initial problem is solved), in the case of CGR the 
specific Lorentzian geometry for a given set of initial data on a given three-dimensional 
manifold o 0 is generated as part of the solution of that problem - i.e., both the 4-dimen- 
sional manifold M and the Lorentz metric g on it, that constitute the resulting Lorentzian j| 
manifold (M,g), are obtained by solving Einstein's equation for those initial data [M,W]. 1 
This, of course, creates difficult conceptual as well as technical problems in quantum gen- 
eral relativity (QGR). The presentation of the solution of these problems within the GS ||| 
framework will be therefore postponed until Chapter 11. 

The remainder of this monograph will be devoted to the gradual and careful develop¬ 
ment of ideas and techniques necessary for understanding that solution. This program of \ 
gradual extrapolation will be initiated in Chapter 3, within the more familiar setting of non- | 
relativistic quantum theory. This setting will also provide the basic testing ground tor the | 
central idea of geometro-stochastic (GS) propagation. Such GS propagation will be subse¬ 
quently studied primarily within the context of various general relativistic external-field 
problems that deal with the propagation of the most standard non-gravitational quantum 
fields in a given Lorentzian manifold (M,g), i.e., as a GS alternative to conventional 
quantum field theory in curved spacetime [BDJ. Although in such studies the action cf 
these non-gravitational fields on the gravitational field itself is neglected, the insights :: 
achieved by undertaking them will nevertheless turn out to be of great value in quantizing 
the gravitational field in Chapter 11 - and thus, eventually, providing a framework capable 
of taking into account the kind of gravitational reaction whereby the distribution of matter j 

can, in turn, influence the quantum geometry of spacetime. 

The concept of GS propagation emerges from the following two fundamental 
physical ideas of CGR and of nonrelativistic quantum mechanics, respectively: 

(A) According to CGR, a massive point particle in free fall propagates from a point x 
e M to a point x" e M in its chronological future I + (x') by following a timelike geodesic 

in a given spacetime lorentzian manifold (M,g) fM,W]. 

(B) In the path-integral formulation (Feynman, 1948) of nonrelativistic quantum 
particle propagation, the Feynman propagator is obtained as a path integral 


2C(x(r");x(0) = Jexp[iS(x(t");x(r'))] fOx(t) , 


(4.1) 
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which is defined by a “sum” over all paths connecting the initial point x' = x(t) at time t' 
to the final point x” = x(t") at time t" > t' . This “summing” procedure is formulated 
(Feynman and Ilibbs, 1965, p. 33) by constructing all possible broken polygonal paths, 
obtained by slicing the section in Newtonian spacetime between <y(f) and <r(r") with 
hypcrplanes a(r„) corresponding to t' = t 0 < q < • • • < t N = t" and connecting pairs of 
points xta-i) and x(r„) on two neighboring slices o(t n ,) and a(f ft ) by straight lines, then 
carrying out an averaging procedure over all such paths, and in the end going to the type of 
limit encountered in Riemann integration, whereby £ = max (<„-?„.,) -> +0 . Alternatively, 
the same result can be arrived at by applying Trotter's product formula [PQJ to the above 
sequence of time slices, so that (cf. Chapter 1 in [ST]) 

K(x(t”y,x(t’)) = lim fx‘(x(f w );x(f w _ 1 )) n^( x ( ? «)i x (fn-i)) . (4.2) 

£ -> + ° J n±N -1 

The basic idea of GS propagation is to combine the essential features of (A) and (B) 
by foliating the chronological future / + (x')with spacelike hypersurfaces <7(0 depending on 
an abstract parameter 18 t , and to replace in (B) the straight line segments constituting poly¬ 
gonal paths by the geodesics connecting pairs of points x(t n .{) and x(t n ) on two neighboring 
slices oQn-\) and o(r n ), so that a broken worldline for free-fall would result (cf. Sec. 5.4). 
For strongly causal GS propagation (cf. Sec. 5.4) the equivalence principle is then reflected 
by the requirement that in the limit e -> +0 the quantum propagation is carried out for in¬ 
finitesimal durations along classically causal geodetic paths. Furthermore, whereas in the 
integral in (4.2) the nonrelativistic propagators AT(x(/„);x(r„_j)) are obtained from the time 
evolution governed by a Hamiltonian operator acting in a single Hilbert space Of, 

AT(x(f”);x( O) = K{x" ,t"\x' >t') = (x”|e' Wo(, " -,,) |x') 

= (m/2mt) V2 txp[i(m/2t)(x"-x') 2 ] , , (4.3) 

in the GS approach the Hilbert spaces change from point to point, exactly as in CGR the 
tangent spaces T X M carrying the 4-velocity vectors of free-fall motion change from point to 
point in M. Consequently, the definition of the corresponding free-fall GS propagators is 
rooted in the notion of parallel transport from Fx(f) to F*(r). Thus parallel transport plays 
as fundamental a role in the resulting framework for quantum general relativity (QGR) as it 
plays in CGR. Of course, whereas classical general relativistic propagation is deterministic, 
and takes place along a unique geodesic for each complete set of initial data (such as those 
supplied by the specification of a spacetime location x' € M and of a 4-vclocity v' e T x -M), 
strongly causal GS propagation takes place along all possible causal stochastic paths (cf. 
also Sec. 5.6), so that even if a complete set of initial data is prescribed in F x -, it can 
reach, with various degrees of probability, any of the base locations x" e / + (x'). 

In the absence of an external gravitational field, the CGR framework reduces to a 
special relativistic one upon the introduction of global Lorentz frames L , and of the con¬ 
comitant identification of all the tangent spaces T x M with a single Minkowski space - 
which can be itself identified with M, or which can be more generally deemed to contain 
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one, i.e., they cannot lead to practical certainty, due to upper bounds on measurement 
accuracies which are embedded into the GS framework from the outset. 

In the ultimate analysis, the GS approach gives rise to an all-encompassing quantum 
mechanical conceptualization of all parts of an experimental setup, including those macro¬ 
scopic parts which in the orthodox approach are treated by classical means. For example, 
from the GS perspective, the Feynman and Hibbs (1965) description of the two-slit exper¬ 
iment is viewed as an approximation of a realistic quantum description in which the screen 
S and the detector D are deemed to consist of a very large number of excitons. From such 
a microscopic point of view, an exciton E with proper state vector O propagates along all 
possible causal stochastic paths from its source O , situated at some base location x\ to the 
base spacetime locations where it encounters the excitons in the screen S ; upon interacting 
there with those screen excitons, it proceeds in the same manner towards the base locations 
of its eventual collisions with the excitons of the detector. Thus, in mathematical terms, the 
proper state vector O remains unaltered in relation to the local frames at each x along each 
stochastic path 7 , with the well-known “spreading of the wave packet” occurring only 
from the perspective of very massive macroscopic frames, which can be introduced in the 
role of global inertial frames if (and only if) the curvature of the base manifold is negligible 
(cf. Chapter 5). In fact, this stochastic propagation can be best depicted in quantum field 
theoretical terms, namely as a perpetual process of exciton annihilations at each x e 7 , and 
exciton recreation (i.e., local vacuum excitation) at a neighboring base location x + ox e 7 • 
In this GS process the interactions between the exciton E that was emitted by the source O, 
and the multitude of excitons which, from a fundamentally microscopic point of view 
constitute the screen or the detector, occur in geometrically local terms (Prugovecki, 
1990b). Thus, in the GS approach to quantum propagation, new excitons are produced in 
the Fock Fibres (cf. Chapter 7) 7x F x above each base location x + 8x under conditions 
that ensure the local conservation of energy-momentum, and which, moreover, are such 
that Bose and Fermi statistics are obeyed by bosons and fermions, respectively. 

A conceptualization of this GS quantum process, that is closer to the one envisaged 
by Feynman and Hibbs (1965), emerges under the simplifying assumption that the screen 
provides a totally impenetrable barrier except at its two slits, so that the source-excitons 
reaching the base locations of the screen-excitons are annihilated without trace. In that case 
the contributions to the geometro-stochastic propagator (cf. Chapters 4-6) of a source-exci- 
ton E from those stochastic paths which do not pass through those slits equal zero. But 
even under such simplifying assumptions, a fundamental distinction remains between the 
GS and the conventional conceptualization of this same quantum process, due to the fact 
that the GS framework is based on quantum rather than on classical geometries. Hence, in 
the GS framework the location of the points in the upper slit U cannot be operationally dis¬ 
tinguished with absolute certainty from the location of the points of the lower slit L . 
Indeed, although the base locations x' and x" of any two points (x‘,0') e U and (x”,<t>") 
g L are distinct, these points belong to GS quantum geometries, and as such they are not 
absolutely distinguishable in measurement-theoretical terms, due to the generally nonzero 
transition probability amplitudes between (the parallel transports to the same base location 
of) 0' and 0”. Of course, the ensuing probabilities are negligible for those base separa¬ 
tions of the two slits which are of macroscopic orders of magnitude. Hence, the conven¬ 
tional conceptualization is recovered as an approximation, which is sufficiently good for all 
practical purposes. However, from a theoretical point of view, those minuscule transition 
probabilities are significant since, as discussed in (Prugovedki, 1990b), as well as in 
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Chanters 5, 7 and 11, they drastically influence the conventional concept of locality and 
relativistic causality in general, and make inapplicable the “local (anti)commutativity axiom 

of conventional quantum field theory in particular. _ ., .. 

On the other hand, in complete accord with conventional ideas, as well as with well- 
known experimental results on neutron interferometry (Badurek etal., 1986; Rauch, 1987, 
1988), the propagation of the exciton E proceeds by stochastic parallel transport through 
both slits, until the excitons constituting the detector D are^countered There, * e 
tion process can be envisaged to take place in accordance with the Machida-Natmki (i980) 
multi-Hilbert-space theory of measurement (cf. also Murayama, 1990), with the Fock fi¬ 
bres occupied by the excitons in D providing the required Hilbert spaces. Since that theory 
is illustrated in some review articles (Namiki, 1988) in the context of the Stem-Gerlach ex¬ 
periment, we shall discuss its adaptation to the GS framework in that same context. 

A careful analysis (cf., e.g., Bohm, 1986, Sec. XIIL1) of the Stem-Gerlach exper¬ 
iment from the point of view of conventional nonrelativistic quantum theory, reveals that 
even if simplifying assumptions are made, the reduction of the wave packet resulting from 
position observations that are correlated to spin values along a vertical axis cannot be 
explained by the conventional quantum theory of measurement as part of the dynamics 
based on the Schrodinger equation for “system-plus-apparatus” Moreover, as the Wigner- 
Araki-Yanase (1952, 1960) theorem mentioned in Sec. 1.3 confirms such correlations 
cannot be 100% (cf. Busch and Schroeck, 1989, §3.1, or Schroeck 1991 Chapter 2), due 
to the fact that the supports of the component wave functions in that reduction are never 
totally disjoint in configuration space. The second of these two problems can be taken care 
of by introducing (Prugovecki, 1977b; Busch, 1986) the concept of stochastic spm values 
mentioned in Sec. 1.3, but the first problem cannot be solved in the context of unitary 
evolution in a single Hilbert space - as indicated by another theorem originally obtained by 
Wiener (1963), and later refined by Fine (1970) and Shimony (1974). Let us therefore first 
conceptualize this experiment in realistic terms within the GS quantum framework, which 
bypasses this last no-go theorem due to its multi-Hilbert-space mathematical structure. 

In such a realistic quantum GS depiction, an exciton E propagates geometro-stochas- 
tically to the region between the poles of the electromagnet constituting part ot the otern- 
Gerlach apparatus A, where it interacts with the excitons in the electromagnet through t e 
exchange of photons. After further GS propagation, it eventually collides with the excitons 
in the detecting devices D. In computational terms, however, such a conceptualization en¬ 
counters not only the problem of dealing with the enormous number of excitons in A, ut 
also of taking into account all the (generally nonlinear) quantum field theoretical interactions 
that hold the excitons of A together as part of a macroscopic apparatus. Consequent y, 
computationally (but not in principle), a simplifying assumption is required whereby, as m 
the conventional quantum theory of this experiment (Bohm, 1986), the effects of the exc - 
tons of the electromagnet are collectively represented by an external inhomogeneous mag¬ 
netic field. In the GS approach this simplification can be achieved upon assuming that tne 
effects of the (ever-present) external gravitational field are negligible, so that an identifica¬ 
tion F x = H (L) of all those single-exciton fibres F x , in which the propagation of £ pro¬ 
duces excitations, can be carried out upon the introduction of a (very massive) g o a 
Lorentz frame L (cf. Chapter 5). It is with respect to this global Lorentz frame L that the 
aforementioned external magnetic field can be then introduced. It is with respect to that 
same frame that all the geometrically local (Prugovebki, 1990b) excitations occumng in 
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various fibres F x can be collectively described by a single wave packet i/reFI(L) for E, 
whose propagation is then governed by that external magnetic field. 

Tfre second simplification is achieved by following Namiki (1988) and treating the 
quantum bonding forces which give rise to the macroscopic features of each detector D 
from the point of view of the quantum statistical mechanics formulated in the GS frame¬ 
work of Chapter 3 in [P]. The reduction of the wave packet then follows from the Machida- 
Namiki theory, since that theory entails only two basic properties, namely (Namiki, 1988, 
p. 50): 1) the macroscopic nature of the local system of detectors - which in the GS con¬ 
text are represented by direct sums or integrals of the Fock fibres !f x constituting Hilbert 
spaces above the base locations of the excitons in D ; 2) the phase shift formula of the 5- 
matrix for collisions of E with a local system of finite size - which in the GS framework 
follows from the adaptation of conventional quantum scattering theory to the SQM frame¬ 
work carried out in (Prugovebki, 1978b). It should be noted, however, that from the foun¬ 
dational GS point of view, the averaging procedure required by the Machida-Namiki theory 
reflects only “our ignorance about [the] microscopic details of a local system of detectors” 
(Namiki, 1988, p. 52). On the other hand, as earlier mentioned, those “microscopic de¬ 
tails” pertain to generally nonlinear aspects of the complicated net of field theoretical inter¬ 
actions that hold the excitons of D together, and govern their interactions with the exciton E 
playing the role of the “system”. Such interactions make Wigner’s (1963) theorem inappli¬ 
cable, since that theorem was derived under the assumption of a linear and deterministic 
law of quantum evolution. Furthermore, recent measurement-theoretical models (Ghirardi 
et al., 1986, 1990) confirm that non-linearity in the interaction between a “system” and an 
“apparatus” can indeed give rise to wave-packet reduction. It can be therefore surmised that 
a future perfected GS theory of quantum measurement might indeed reduce the problem of 
such wave packet reduction, in those cases where it occurs at all (Ballentine, 1990), to the 
status of a “symmetry-breaking problem, such as the Higgs mechanism in modem field 
theory and/or the phase transitions in critical phenomena” (cf. Namiki, 1988b, pp. 9-10). 

For the present, however, the GS conceptualization of the measurement processes is 
as follows. Both system and apparatus are viewed, at the most fundamental microscopic 
level, in realistic quantum terms, namely as collections of excitons. If the measurement 
procedure is decomposed into preparatory and determinative measurements (Prugovecki, 
1967), then at the preparatory stage the excitons constituting the system are produced in the 
fibres above the base locations of various macroscopic configurations of the excitons 
within the source. Their propagation into the causal future of those base locations proceeds 
geometro-stochastically, with mutual interactions taking place by the exchange of excitons 
corresponding to various gauge fields (cf. Chapters 9-11). Thus, from the GS microscopic 
point of view, there are no global wave packets 21 , but only coherent configurations of 
excited proper quantum states in the Fock fibres of a quantum spacetime described by a 
given quantum geometry. Hence, in the GS approach to quantum theory, global wave 
packets occur only from the macroscopic point of view, after very massive global inertial 
frames are introduced in those regions of the Lorentzian base manifold where curvature ef¬ 
fects are negligible. Moreover, under those circumstances, the macroscopic nature of the 
apparatus necessitates the description of its quantum states by means of density operators 
involving averaging procedures over Fock fibres above different base locations. Under the 
specific conditions of the Machida-Namiki theory, this can give rise to the “reduction of the 
wave packet”. Such a reduction in fact represents a correlation of macroscopic phenomena, 
reflecting a GS wave function decoherence, conventionally described as “detection”. 
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1.5. The Physical Nature of Geometro-Stochastic Excitons 
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fluctuations in actually realizable ensembles of quantum systems is extrapolated into an idea 
of a superspace of geometries that describe alternative states of the entire universe. 

Heisenberg examined in his very last paper, published posthumously in 1976, the 
role of epistemological considerations in physics in general, and in high energy physics in 
oarticular. He was very blunt as he made the following statements: “I believe that certain 
erroneous developments in particle theory - and I am afraid that such developments do 
exist - are caused by a misconception by some physicists that it is possible to avoid 
nhilosophical arguments altogether. Starting with poor philosophy, they pose the wrong 
Questions. It is only a slight exaggeration to say that good physics has at times been spoiled 
by poor philosophy. ... Having witnessed similar mistakes in the development of quantum 
mechanics fifty years ago, I am in the position to make some suggestions to avoid such 
errors in the future.” (Heisenberg, 1976, p. 32). In the same article he then proceeded to 
illustrate his point with enlightening occurrences which he witnessed first-hand, and which 
illustrate how, in the past, demonstrably erroneous conclusions were reached on the basis 
of considerations “of purely formal mathematical nature” (Heisenberg, 1976, p. 38). 

There is no real evidence indicating that Heisenberg’s criticisms and suggestions have 
ever had much impact on developments in particle physics since the time they were made . 
Nevertheless, in the remainder of this chapter, we shall try and follow his suggestions by 
outlining a consistent epistemological viewpoint on quantum phenomena (which will be 
discussed more fully in Chapter 12), as well as by retaining a critically detached judgement 
vis-a-vis the currently most fashionable models in elementary particle physics and quantum 
cosmology. Hence, we shall not summarily dismiss alternatives to such models, but rather 
give thought to questions of their mathematical consistency and epistemological soundness. 

Thus, we shall proceed by first presenting a physically straightforward formulation of 
the idea of GS exciton, conceptualized as an excitation of the local vacuum at a base loca¬ 
tion reMina quantum spacetime, and then examining the various possibilities for its 
mathematical implementation - rather than the other way around. Basically, this idea can 
be traced to Born's (1938, 1949) reciprocity theory and his formulation of a quantum 
metric operator D 2 = Q 2 + P 2 . In Bom's view, the postulate of such an operator was neces¬ 
sary in order to formulate the reciprocal relationship between the spacetime location and the 
4-momentum of quantum matter, vis-it-vis the occurrence in nature of a discrete mass 
spectrum for elementary particles. Such a physical idea leads, in a natural manner, to a con¬ 
cept of quantum spacetime which displays discrete spacetime degrees of freedom in addi¬ 
tion to the macroscopically observable four continuous degrees of freedom described by x 
eM, in the same manner in which elementary particles display a discrete mass spectrum 
despite the fact that their 3-momenta p can assume a continuum of values within R . 

Indeed, superficially, such a reciprocity idea might seem to suggest that space and 
time coordinate variables should be “quantized” in the sense that they assume only discrete 
values. This would lead us, however, to the idea of a discrete spacetime which, as we have 
seen in Sec. 1.2, has already been unsuccessfully considered in the past 24 . Moreover, not 
only does such an approach represent a most radical departure from all preceding descrip¬ 
tions of spacetime as a “continuum”, but it is not necessitated in the least by the idea of 
quantization, since quantum theory allows the existence of observables with continuous 
spectrum, and there is neither experimental evidence nor cogent foundational arguments to 
the contrary. In fact, foundational arguments based on general covariance indicate the op¬ 
posite: any “quantization” of spacetime coordinates that would be analogous to the quanti¬ 
zation of the total internal energy of a system, resulting in bound states that characterize the 
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transition from the classical to the quantum Tegime, would produce discrete values for those || 
coordinates. Hence, it would impart to spacetime coordinates an intrinsic physical meaning -| 
denied to them by Einstein (1916) in his formulation of CGR, since it would have to single 
out preferred systems of coordinates and elevate them to the status of “observables . 

On the other hand, Bom's reciprocity idea can be combined with the first two princi- % g 
pies stated in Sec. 1.3, upon reformulating it in terms of spacetime location as well as mo- |g 
mentum-energy values that are fundamentally indeterminate. Hence, in the immediate | 
vicinity of spacetime locations where curvature effects are negligible, those indeterminacies | 
would be reflected by a discrete spectrum of proper state vectors that describe complemen- jg 
tary indeterminacies of the Heisenberg type, so that (Aq) n -(Ap) n - hJAn , n = 1,2,..., | 

where ( Aq) n as well as h n (and therefore also (Ap) n ) can assume only a discrete set of val¬ 
ues; moreover, in case of (Aq) n , these fundamental indeterminacies should be bounded 
from below by the Planck length, and, in the case of h n , by the Planck constant. As wc 
shall see in the next chapter, after formulating CGR in terms of fibre bundles, this formula¬ 
tion then suggests in a natural manner a “quantization” of general relativity, whereby the 
above complementary indeterminacies are realized by treating the aforementioned proper 
state vectors as elements of quantum fibres, in which they generate quantum Lorentz g 
frames that take over the role played by classical Lorentz frames in CGR. Thus, from a 
macroscopic point of view, the “quantization of spacetime” becomes a quantization of the 
fundamental indeterminacies in the classical spacetime locations x e M, and of the corre- j 
sponding (of necessity mathematically local) 4-momenta p e T x M of the excitons which 
represent the truly elementary constituents of matter and radiation. 

Consequently, from the GS point of view, the “particle” aspect of micro-phenomena 
is not an intrinsic feature of the GS excitons themselves, but only a macroscopic manifesto- j 
tion of their behavior under those very specific experimental arrangements in which part 

of a system of excitons constitutes a “detecting apparatus”. Similarly, their wave, 

aspect is yet another macroscopic manifestation exhibited under those ‘complementary 
experimental arrangements in which subsystems of excitons constitute screens, filters, or | 
some of the other macroscopic devices whose role is not to provide macroscopic detection. 
Thus, we arrive at Bohr’s (1961) complementarity principle as a principle for macroscopic .|| 
observations, but not as a reflection of fundamental quantum reality: that reality consists ; j 
of various excitons, and of their unceasing geometro-stochastic propagation that gives rise -.j 
to the universe around us; “observations” are merely information-gathering procedures that | 
do not change the intrinsic nature of that reality at the microscopic level, but only our 
knowledge about that reality at the macroscopic level, where that information can be gj 
encoded into relatively simple classical models. Indeed, in the GS context, a quantum state 
of the universe consists (cf. Sec. 11.12) of a complex structure of coherently interrelated 
exciton proper states, which in their totality constitute, at the cosmic level, a GS counterpart 
of the “wave function of the universe” of Hartle and Hawking (1983) - cf. also (Tipler, - 
1986: Barrow and Tipler, 1986). However, even when the universe of discourse is : 
restricted to a very limited macroscopic region (such as an experimental set-up), the 
comparison of theory with experiment necessitates, from a practical point of view, a partial 
replacement of such a detailed microscopic description by a macroscopic description 
expressed in simple classical language. That part of the universe of discourse to which such 
a simplification is applied becomes the “apparatus”, and the remainder becomes the 
“system”. When such a simplification is undertaken, then in complete accord with Bohr s 
(1961) epistemology, various experimental arrangements for the collection of data on the 
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same “system” produce macro-data which cannot be consistently described in their totality 
within a classical picture 26 , since no such single picture can reflect all the aspects of the 
underlying quantum reality. That reality is in fact holistic, so that different choices of 
“experimental arrangements” might represent altogether different choices of universes of 
discourse to which those simplifying assumptions are applied. On the other hand, the GS 
philosophy is that an underlying quantum reality does exist, and that it can be consistently 
described in its totality by appropriate use of a suitable quantum language - such as that of 
quantum geometry - albeit not by means of an exclusively classical language. 

"r ~ Thus, from a GS perspective, the wave-particle duality of quantum phenomena is 
merely a reflection of the use of classical concepts at the macroscopic level of discourse, 
where state vectors are regarded as mathematical objects external to a background classical 
geometry, and as such are represented by wave packets defined within the manifold de¬ 
scribing that geometry. At the microscopic level, however, the GS approach envisages a 
quantum reality in which the proper state vectors of spacetime excitons form an integral 
part of the concept of point in quantum geometries (cf. Sec. 12.5), in terms of which the 
GS quantum notion of spacetime is formulated. In the context of such geometries, quantum 
propagation can be viewed only as a geometro-stochastic process, whereby a spacetime 
exciton propagates by stochastic parallel transport along all possible (classical or quantum - 
cf. Chapter 5) causal stochastic paths available to it - with the total amplitude resulting, at 
any given point in a quantum spacetime, from such (respectively, strongly or weakly 
causal) propagation being obtained by the superposition principle. Such a conceptualization 
of quantum propagation is in keeping with the conventional one in those instances where 
the latter is applicable, without giving rise to the inconsistencies reviewed in Sec. 1.2, and 
yet it bypasses those inconsistencies where they occur, thus extending the domain of 
applicability of the latter. For example, as we have seen in the preceding section, the 
quantum measurement process, including the phenomenon of wave packet reduction, can 
be treated as a quantum geometro-stochastic process, which as such constitutes an integral 
part of a unique and indivisible quantum reality. 

Of course, it is not necessary to accept the above GS philosophy in order to deal with 
the present formalism for quantum geometries, any more than it is necessary to accept the 
orthodox interpretation of quantum theory in order to deal with the conventional formalism 
of quantum mechanics. On the other hand, in applying quantum geometries to quantum 
cosmology, there do not appear to be any sensible alternatives for a very basic reason: the 
entire universe assumes, in that case, the role of the system, so that there is no extra room 
left for placing the “apparatus”. And once an “apparatus” is placed within a quantum space- 
time that is supposed to describe our universe, it becomes absurd to envisage that a GS 
counterpart of the “reduction of the wave function of the universe” occurs each time a given 
apparatus registers a measurement result; or, in case that a GS alternative to the many- 
worlds theory (DeWitt and Graham, 1973; Barrow and Tipler, 1986) is adopted, that a 
change in the entire quantum geometry of spacetime is effected, so that we switch branches 
in a superspace of universes each time some observation is carried out (cf. Sec. 12.5). 

From a mathematical point of view, quantum geometries are represented by well-de¬ 
fined mathematical structures which will be described in detail in Chapters 4-11 of this 
monograph. In case that the gravitational field is treated semiclassically as an external field, 
which as such influences the dynamics of quantum objects, but is not in turn influenced by 
those objects, we shall see from Chapter 3 onwards that the mathematical realization of this 
idea of quantum geometry is carried out in terms of soldered fibre bundles (Drechsler and 




26 


Chapter 1 


Mayer, 1977; Trautman, 1982) assc ^ e ^*^ group” in 

ss£,“ ssSSSss»—■"" 

1984) suggests adopting SU(3)xSU(2) uf ) ro i e of excitons, with the - 

tons, gravitons, leptons, quarto^ still unresolved problem of 

hadrons being viewed as compos J • ibility 0 f subquark structure, such as a 
quark confinement (Nachtmann, 1 990), an P by nd Salamj 1975 ,1984), indicate 

common preon taddU and th^t other’possible 

that the question of “ultimate constituentsd^missed Within the GS context, 
alternatives for hadron structure arc no S lest of alternatives is that had- 

The mathematically, as well as concepma y, f vectors can be derived (Br ooke 
rons are treated as GS excitons so that ri P & model as ^ based on t he 

and Prugovecki, 1984; cf. also [P], An ensu i ng mass formula (Prugovecki, 

aforementioned Born s quantum metnc p '. expe rimental data (Brooke and Guz, 
1981b) was found to be in good However, given the great 

1984), so that this alternative canno ad *™(~10-« cm ) and that of leptons, which by 
gtilf between the typical rms ^^“e^ upper bound for the latter being set at 
comparison appear pointlike - with the e p VV being, m foun( iational 

less than 10 16 cm (Barber « al , 1979), but wi* Plan^^eng r ^ from ^ 
grounds, the most attractive possibility - this ^terna^e 

theoretical ideas that are prevalent at the’ P^ s ." var ious models of relativistic extended 

The second alternative is to or rotators (Fujimuraef a/., 

objects, such as 1979; Aldinger et al, 1983; Bohm et al, 

1970-71; Feynman et re { ated to thoS e of the first alternaUve, 

1988). Mathematically, such models are “ j ODerator is taken over by various 

since in them the role played by Born's quanmm^mc flbres . ^ ese m0 . 

relativistic Hamiltonians which go variables give rise to spectrum genera¬ 
tions reflect internal degrees of free 1 ^ “quark” constituents can be envis- 

ting groups, such as SO(3,2) In this potentials. Since similar 

aged, but they are confined by the presence P dynamics between hadrons, from a 
“interquark potentials do not partake in * oroblem is resolved by viewing these 

semiclassical point of view the qu^k cm g P^ ^ ^ ^ dassical spa cetime 
constituents as existing m the tangent p * > of view 0 f quantum geometry, such 

continuum M. On the other hu^fiam** state vectors. ’ j 
models can be viewed purely as a mean g , geometric description of extended 

Tbetedto£Te Sitegrip 80(4,!)oper- 
hadrons proposed by Drechsler (1975, h characterized by a radius of 

ates as a structural group fibres of such models leads to 

curvature R ~ 10' 1 cm. The geometro Q Sitter principal bundle 

quantum geometries described by Le manifolds M (Drechsler and Prugovecki, 1991; 

P(M,SO(4,l)) over Uirentzian spacetime mam 1 gOfrU) takes over , in case of 


principles of Quantum Geometry 


27 


group, with the latter emerging in the limit R —> 00 . Such models could therefore explain 
the experimentally observed sharp deflections of leptons in their collisions with hadrons 
without giving rise to confinement problems, since the R —» 00 limit plays only a mathemat¬ 
ical role, rather than representing an experimentally feasible procedure. 

To approach exciton structure in a manner that comes closer to the ideas which at 
present still enjoy great popularity amongst elementary particle physicists would require 
' treating them as quantum states of strings or superstrings. Such a treatment can be partly 
achieved by taking advantage of the formal similarities that some methods of string 
^quantization share with quantum metric operators which incorporate mass-zero states 
(Prugovebki, 1988a). As outlined in Sec. 12.5, in such an approach string vibrations 

- giving rise to zero-mass excitons could be viewed at the semiclassical level as occurring in 
certain ten-dimensional subfibres of the twelve-dimensional bundle TM ®T*M, rather than 

v within a ten-dimensional spacetime continuum M 10 . Hence, in such a context there is no 

- need for assuming the spontaneous compactification of six dimensions in M 10 , that is 
postulated in the standard approach to string theory (Green et al 1987; Kaku, 1988). 

On the other hand, one of the pioneers of modem string theory has pointed out the 
i following: “One ought to formulate string theory in a much larger space - something like 
the space of all possible positions of a string. ... The reason we use the language of ten 
dimensions or four dimensions is because we have so far been forced to talk about string 
| theories in an approximate way” (Green, 1989, p. 130-131). If such an attitude is adopted, 
then the “much larger stringy space which really has an infinite number of dimensions 
g envisaged by Green (1989, p. 131) can be indeed provided in the GS context by the infi¬ 
nite-dimensional fibre bundles of the resulting quantum geometries for spacetime, which 
are both mathematically, as well as physically, the actual arena of the GS method of quanti¬ 
zation, presented in this monograph from Chapter 4 onwards. 

Clearly, the above alternatives do not exhaust all the possibilities for treating hadron 
: structure and the world of “elementary particles” within the context of the quantum space- 
times described in the present work. In fact, perhaps the most aesthetically pleasing idea is 
that of a single type of ground exciton state representing a graviton (which is the most 
•j likely candidate for an “ultimate building block” in the universe, and therefore for an 
exciton), with all remaining exciton states being constructed as soliton states in a nonlinear 
.7; quantum field theory in quantum spacetime. However, this, as well as other similar ideas, 
represent thus far only pure speculation. Consequently, in our subsequent studies of quan- 
- turn geometries, we shall leave the choice of proper exciton states unspecified whenever 
quantum geometry itself is the principal object of interest. On those occasions when we 
desire to discuss specific models (as it will be the case in Chapters 9-11), we shall opt for a 
realization in terms of the ground state of the relativistic harmonic oscillator supplied by a 
V; certain type of representation of Born's quantum metric operator D 2 (cf. Sec. 12.5). 

Notes to Chapter 1 

- 1 It should be noted that this term has been used occasionally also by other researchers in quantum gravity 
to describe ideas which have no direct relationship to the ones studied in the present work. 

■.^ Not to be confused with various stochastic mechanics formulations of quantum theory based on the clas¬ 
sical theory of stochastic processes (Nelson, 1967, 1986; Guerra, 1981; Smolin, 1986; Namsrai, 1986) 
— in some of which the full mathematical equivalence with quantum mechanics in Hilbert space is lack- 
•7 ' - ' ing (Wallstrom, 1989) - nor with the stochastic quantization method (Damgaard and Hiiffel, 1987). 
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3 For fM W1 and [P], as well as for all the other references cited by means of capital letters m between 
square brackets, read the note on key references that precedes the list of references at the end of this book, 
and then search out in that list those references which are headed by that combination of tetters. 

4 Sections 1.2-1.3 represent a slightly modified and expanded version of the discussion of these fundamen¬ 
tal epistemological aspects that was presented in (Prugovebki, 1990a). 

5 m the concluding chapter of the same publication, Kline sets this statement in its proper epistemologi¬ 
cal perspective when he points out that “Kant was wrong in insisting upon Euclidean geometry, but his 
point that man's mind determines how nature behaves is a partial explanation [for why] mathematics 
works” (Kline, 1980, p. 341) when it is applied to the physical world around us. 

6 It is interesting to compare the attitude towards no'n-Euclidean geometries that prevailed during the sec-- 

ond hSf oflfeTast century with the analogous attitude towards various proposals for non-Lorentzian 
soacetime geometries thaThas been prevalent during the second half of this centuiy. The following quo¬ 
tation fronf (Kline, 1980, p. 88) summarizes its essence: "Non-Euchdean geometry and its implications 
about the truth of geometry were accepted gradually by mathematicians [in the course ofhelastcen- 
turvl but not because the arguments for its applicability were strengthened m any way. Rather the rea¬ 
son was given in the early 1900s by Max Planck, the founder of quantum mechanics: A new scientific 
truth doe?not triumph by convincing its opponents and making them see light, but rather because its 
opponents eventually die, and a new generation grows up that is familiar with it. ., 

7 Kline (1980) provides a simple illustration of this fact, and concludes that: Pomcards philosophy of 

science has merit We do try to use the simplest mathematics and alter physical laws if necessary to 
make our reasoning conform with physical facts. However, the criterion used by mathemaucians and 
scientists today is the simplicity of the whole of mathematical and physical theory. And ifwemustuse 
a non-EucUdeL geometry- as Einstein did in his theory of relativity - to produce die simplest com¬ 
bined theory, we do so.” (Kline, 1980, p. 344). , 

8 In his autobiographical notes preceding those essays, Einstein had however, already clanfied so 

his earlier ideas by stating that "the material point... can hardly be conceived any moreas the basic 
concept of [relativity] theory", and that “strictly speaking measuring rods and clocks would have to be 
represented as solutions of the basic equations ( objects consisting of moving atomic configurations), 
nXS it were, as theoretically self-sufficient entities” (Schilpp, 1949, pp. 59-61) - emphasis added. 

9 Compare the interviews with some of them carried out by Davies and Brown (1989). S 

1° In Wigner's words: “The only difference between the existence of [a] book and the existence of [a] mag¬ 
netic field in interstellar space is that the usefulness of the concept of the ,s T 0 ! 1 ™ or ® ^ ’ : 
both for guiding our actions, and for communicating with other people. (Wigner, WW, ,p. )• 

However, the concept of proper state vector, introduced in the next section, leads to a ^ment o 
“reduction of the wave packet” which does not involve an observer s consciousness , and is very 

ent from the one advocated by Wigner (1962). . „ Fin S 

11 That is, not even in the imagined limit of the conventionally postulated type of infinite sequence of in 
creasingly accurate measurement procedures, that underlie all theories of measurement. 

12 Depending on circumstances and the design features of measuring devices, this base value could be the 

mean the median, or some other value statistically related to the observed readings. 

13 One of the key postulates of Euclidean geometry is the Archimedean (sep^abihty) axiom. This axiom 

is however, not logically necessary (Lorenzen, 1987, pp. 258 and 270), and in fact it cannot y 

kind of physical geometry which incorporates the principle of irreducible indeterminacy. 

14 According to the original definition of informational completeness (Pragovebki, 1911a), a set o 'com^ 
muting observables with joint spectral measure [PQ] E{B) is informationally complete if T (Pi ) 

Tr (pJS) for all values assumed by the spectral measure E implies that the density operators p, and fowe 
equal. This definition can be generalized to POV measures associated with noncommutmg observables 

15 ArtSmS K proper wave fmc,ions m [P], and all preceding publications on die OS W^ln 
this work we shall, however, avoid the use of this term for reasons explained in Note 21 of this chapter 

16 The formulation of the equivalence principle which we adopt (cf., e.g., [M], p. 386) is sometimes calle 
bcslng equivalence principle (Carmeli, 1977; Dicke, 1964), to distinguish it from ^^equiva¬ 
lence principle (sometimes also called the Galilei-EOtvos principle - cf. Treder et al J980, p. .15), 
which demands merely the equality of inertial and passive gravitational masses. An excellent analysis of 
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the various possible interpretations of the equivalence principle, as well as of their exact physical and 
mathematical meaning, is given by Friedmann (1983) - cf. especially Sec. V.4. We shall present, in 
Sec. 2.7, a mathematically precise formulation of this most fundamental principle of CGR. 

17 The equivalence principle, and in fact the validity of all of CGR, was recently questioned in a series of 
papers by Logunov et al. (1986,1988). However, their arguments, purporting to demonstrate that CGR 
is of “contradictory character”, have no valid foundation, since they are merely resurrecting Einstein's 
“hole” argument which, together with its implications, are well-known to relativists - cf. Sec. 11.3. 

18 There is no absolute or preferred time parameter in CGR, but there have been recent suggestions (cf. 
11.2) to introduce a preferred “coordinate time” in quantum gravity in order to give an interpretation to 
the so-called “wave function of the universe”. The GS procedure does not rely on such suggestions - 
which are not founded on either compelling epistemological arguments, or on any kind of experimental 
evidence. In fact, GS quantum gravity demonstrates (cf. Chapter 11) that such ad hoc assumptions are 
not in the least necessary to quantum gravity per se, which requires only a concept of proper local time. 

19 Within such a formulation, relativistic causality is ensured from the beginning by the incorporation of 
the Klein-Gordon equation into the aforementioned SchrOdinger equation, containing a fictitious-time pa¬ 
rameter rin addition to the four conventional spacetime variables - cf. Chapter 25 in [ST], or Appendix 
A in (Feynman, 1950); Sec. 5.7 contains an interpretation of t within the GS framework. 

20 The term geometrodynamical exciton was coined by Wheeler (1962,1967) to describe so-called “space- 
time foam” fluctuations, which in his theory represent a manifestation of the physical existence of a 
superspace of classical 3-geometries. This idea has inspired some recent work on quantum topology 
(Isham, 1988, 1990). To underline the distinction from the present approach, in which the spacetime 
fluctuations are of a geometro-stochastic origin, we refer to excitations occurring within the fibres of 
quantum geometries as geometro-stochastic excitons (cf. also Sec. 1.5). 

21 Since the term “wave function” is often used as a synonym for “wave packet”, in the present monograph 
we do not make use of the term proper wave function - although it was used in most of the previous 
publications on the GS approach to quantum theory. Instead, we shall use exclusively the term proper 
state vector , and thus avoid any possibility of confusion. 

22 This would be in accord with the approach advocated by Weyl (1949), when he made the following 
statement: “A truly realistic mathematics should be conceived, in line with physics, as a branch of theo¬ 
retical construction of the one real world, and should adopt the same sober and cautious attitude toward 
hypothetic extension of its foundations as is exhibited by physics." On the other, hand, it should be ob¬ 
served that in the GS approach wave packets, as well as proper state vectors, are associated with single 
systems, rather than with ensembles - the latter being described in each fibre F* by statistical or density 
operators [PQ] representing “mixed states”. Thus, in GS theory a “wave packet” is a geometro-stochastic 
wave function resulting from the GS propagation of a proper state vector along all causally allowed 
geometro-stochastic paths in the base manifold of a quantum bundle - cf. Secs. 4.4,5.4 and 5.6. 

23 Many of these same incisive points were previously made by Heisenberg, and illustrated with examples, 
in a 1968 talk delivered at ICTP in Trieste, entitled “Theory, Criticism and Philosophy” - reproduced in 
(Salam, 1990), pp. 85-124. The influences of Einstein and Bohr are there explicitly acknowledged. 

24 There have also been some recent suggestions (cf. Isham, 1990, §7) to abandon all differentiable 
structures in the description of spacetime, and to instead describe spacetime by a finite number of points. 

- fo terms of Wigner's classification of reality, based on his observation that “excepting immediate sensa¬ 
tions and, more generally, the content of my consciousness, everything is a construct”, the present use 
of the term “reality” is related exclusively to Wigner’s universal reality of second kind , whose relation¬ 
ship to an individual's consciousness constitutes “a continuous spectrum of reality of existence from ab¬ 
solute necessity for life to insignificance” (Wigner, 1964, pp. 254-256). 

2 6 For example, a “particle track” in a Wilson chamber or a bubble chamber does not tell us where an exci¬ 
ton is in relation to the walls of that chamber, or other macroscopic points of reference, but merely 
where an exciton has produced a series of macroscopic effects - which we then simplistically call a 
“particle track”. The quantum theory of measurement probabilistically correlates such phenomena to 
other experimental procedures performed with macroscopic objects - such as to the measurement proce¬ 
dures of the relative positioning of the macroscopic “target” and of the “particle accelerator” required to 
derive the magnitude of scattering angles and of cross-sections in a given scattering experiment. 
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dimensional manifold M carrying curvatur e The mathematical description of such 
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decade of this century was 1 ' ™ b S ^sfomiation laws for covenant and 

“coordinate-independence ^ y f coor dinates within M. This established 
contravariant tensor components und h maintained until recently in almost 1 all text- 

amongst physicists a tradition'“ d cosmo logy, despite the fact that already in the 
books on classical general relativity and cosmo gy, R general formula- 

wentiesB, Cartan (1923-25)ha(in terms of i 
tion of connection, curvature, and o transcended into the present-day fibre 

“moving frames”, and that this the other hand, ever since the classic work • 
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The advantages of the fibre-theoretical ^ t al physical principles. The^ 
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formulation of CGR. Furthermore^ the ®re-theoreUcai ^ ^ ^ embedded ra «, 

clear that the physical essence of Einsteins general^ in terms of geometric ob-. 

the requirement that all basicdawsof CG ” sections G f bundles associated with 



also makes it clear that statements to the effect that the gauge group of CGR is the 
diffeomorphism group of M are based on a different interpretation of the meaning of the 
term “gauge group” - cf. Note 30 to this chapter, as well as Secs. 10.2 and 11.3. 

The fibre bundle framework of CGR outlined in the present chapter results from the 
straightforward application of the modem formulation of differential geometry [C,I,NT, 
SC] to the special case of four-dimensional differential manifolds with Lorentzian metric. 
Readers already familiar with such formulations, as well as with the basic physical ideas of 
CGR [M,W], might therefore prefer to proceed directly to Chapter 3. 

2.1. Tensor Bundles over Four-Dimensional Differential Manifolds 

In CGR a model for a given spacetime is described by specifying a Lorentzian manifold 
(M*g), from which all other relevant physical and mathematical information can be, in 
principle, deduced. The specification of such a manifold requires, first of all, the specifica¬ 
tion of a 4-dimensional differentiable manifold M. In the present section we shall therefore 
deal with those basic geometric objects that can be associated with any such manifold even 
in the absence of a metric structure, specified by some metric tensor g. We shall concen¬ 
trate on the 4-dimensional case, which is of primary interest in CGR, but all our definitions 
and considerations remain actually valid for any finite-dimensional manifold. 

By definition [I,N], a set M is a 4-dimensional differentiable (or differential) mani¬ 
fold if it is a topological space 5 which can be covered with a family of open sets M a , and if 
|ithere is a homeomorphism between each M a and some open subset O a in R 4 , 




b a : iH(rV 4 V)eO a cR 4 , x<=M a cz M, 


|f|| which assigns coordinates x^, p = 0,1,2,3, to each x e M a in such a manner that the 
family of all charts (M a ,<p a ), called an atlas, displays the following basic property: on any 
of the open subsets of M in which to each x e M^Mp is assigned two sets of 

|p| coordinates, namely those in (1.1), as well as those assigned by some other chart ( Mp,<pp ) 
t®f . by means of the homeomorphism 

® xH(/y//)e0^cR 4 , xe M p cM, (1 -2) 

the coordinate-transformation maps 


W <Pp°<Pa 1 '- (!> a (M a nM p )^(!>p(M a nM p ) dO p 

. V 

are smooth, i.e., the four functions in the map 


^ ° : Ct 0 ,* 1 ,* 2 ,* 3 ) (x r ,x’ ,x f ,x’ ), 

UV.xV) s 0„(A4nM f )cO„, (1.4) 

that express the new coordinates x' v ,v = 0,1,2,3, in terms of the old coordinates x f \ p = 
0,1,2,3, are infinitely differentiable, namely possess partial derivatives of any order 6 . 
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On account of this last differentiability requirement, we can say that a real-valued 
function f(y) defined on some neighborhood 9f x of x (i.e., on an open set containing x) 
is smooth if it is such that, when coordinates are assigned to y e 9f x by a given chart 
(M a ,<p a ) with domain M a z> 9f x . the resulting function of four real variables is smooth. 
Indeed, by the chain rule, this statement remains true upon the transition, by means of 
(1.4), to any other chart (M p ,<pf) with M p ^9f x . Similarly, the statement that a curve y = 
{^(t)| a < t < b] passing through a point re M is smooth can be defined to mean that, in 
some chart whose domain contains some neighborhood 9f x of x , the coordinates xP(t) , p 
= 0,1,2,3, are smooth functions of t e [a,b] - since again this statement remains true in any 
other chart whose domain contains some neighborhood of x . 

The coordinate changes in (1.4) give rise to corresponding changes in the compo¬ 
nents of vectors and tensors over M. Hence, the explicit formulation of their transformation 
properties in terms of the derivatives of the coordinate transition functions in (1.3) was 
deemed to be mandatory in the approach to differential geometry originally adopted by 
Einstein (1916). That trend was also followed by most textbooks on CGR (cf., e.g., [N], 
Chapter 6) - and we shall call it the M -coordinate-dependent formulation of smictures 
associated with a differential manifold. The above definition of smooth functions and 
curves enables, however, the modem approach to differential geometry [C,I,NT,SC] - to 
which we shall refer as the M-coordinate-independent formulation of the same structures. 

In this latter formulation a vector X tangent to a smooth curve y = {*(£)! a<t<b) 
passing through a point x e M is defined in a coordinate-independent manner by the fol¬ 
lowing procedure. . 

Let us choose a parametrization x(t) of y such that x(0) - x . We observe that, in 
view of the above definition of a smooth real-valued function /(y), y € 9f x , the function 
f(x(t)) is differentiable in t e (a, b). Consequently, the following map 


X: f 


dfjxjt)) 

dt 


x(0) = x , 


exists and determines, for each given smooth curve y, a functional on the family of all 
smooth functions defined on various neighborhoods of x e M by assigning to each such 
function/ a real number. The real-valued functional X in (1.5) is then called the 4-vector 
tangent to y at the point xey. The family T x M of all tangent vectors, defined by this 
coordinate-independent construction for all smooth curves passing through x e M, is called 
the tangent space of M at the point x. 

The relationship between this rather abstract definition of tangent vectors and the 
specification of “contravariant vectors” in the M-coordinate-dependent formulation, where¬ 
by such vectors are defined in terms of their components X ^ in various vector frames, can 
be easily established upon choosing in some neighborhood of x a chart with 

M a D 9f x , and then singling out from the tangent space T x M the following set of vectors, 
which constitute a vector basis or linear frame in T x M, 


[d „! (l =0,1,2,3} , 


d 

dy* 


(1.6) 
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Indeed, upon labelling in (1.5) the points x(t) of the curve y by means of the coordinates 
supplied in (1.1) by that chart, and then using the chain rule for the differentiation of 
f[x(t)) with respect to t, we easily see that we can expand any vector X e 7'^M in terms 
of this vector basis as follows 7 : 


X = XH eT M, 


Hence, T x M is indeed a 4-dimensional real vector space, and the coordinates of all the vec¬ 
tors in it are supplied by the derivatives of the above coordinate-functions of the parameter t 
at points on corresponding smooth curves y. In particular, if y is the worldline of a 
massive particle and t is its proper time, then the components of X e T x M coincide with 
tho$e of its 4-velocity at x e M, so that X itself can be identified with the 4-velocity 
vector v, despite the rather abstract nature of the mathematical definition supplied by (1.5). 

An M-coordinate-independent definition of “covariant vectors” [N] can be now ob¬ 
tained by introducing the cotangent space T x *M above x as the algebraic dual of T X M - 
i.e., as consisting of all real-valued linear functionals (0 over T X M. An equivalent defini¬ 
tion of cotangent space can be also given in terms of the family of all smooth real-valued 
functions defined on some neighborhood 9f x of x , which forms the basis of the defini¬ 
tion (1.5), by introducing for each element / in that family the following linear maps: 


df: X i-» X/ e R 1 , 


XeT z M 


For the special case of f(y) = /*, p = 0,...,3 , where y M are the coordinates assigned by 
(1.1) to all the points y e A/ a z> 9f x , we obtain in accordance with (1.6) and (1.7) 


d H d y% x - *«(*/) =*'. 


X e TJM . 


Hence {d^ \ p = 0,...,3} constitutes a covector basis or linear coframe in T X *M . This 
covector basis is dual to the vector basis {d fl \p= 0,...,3} in r*M, so that any covector CO 
can be expanded as follows: 

a) = co fl d fl , dV v )= SC => (d m = to (d^) , coeT* M. (1.10) 

We observe that in modem presentations of classical mechanics (Abraham and 
Marsden, 1978), the momentum of a classical particle is treated as an element of the 
cotangent space above a given point. Therefore, in CGR we shall accordingly consider that 
the 4-momenta p of particles at x e M assume values in T x * M. 

The linear space of all tensors of type (r,s) above x e M can be now defined [I,N] in 
the following manner, 


T *’ M = ® ®(rM)„ 
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namely by taking the algebraic tensor product of r copies of T x M and s copies of T x M. 
Hence, Jy (r,l) tensor T <= ^‘M can be expanded in terms of the vector basis elements 

in (1.6) and of the dual covector basis elements in (1.10): 


rp = T^ ■ P'd 

1 I v 1 ...v, "/I, 


We note that in the absence of a metric on M, the well-known operation [M,W] of raising 
and lowering tensor indices is undefined, so that there is no need to leave vacant the spaces 
below contravariant (i.e., upper) or above covariant (i.e., lower) indices. 

We can now introduce the following sets: 


TM= U T x M, 

xeM 


r m= 

xeM 


T r ’ s M=\jT^ s M . (1.13) 

*eM 


We shall show that these sets assume the structure of manifo ldsfo ”^ 
in the manifold M, a corresponding chart is constructed in TM, T M and T M, by 
assigning the coordinates in (1.7), (1.10) and (1.12) to all the elements of, respectively, 
r M T*M and T^M, at all x s M a ■ Thus, for example, the chart (MM in M gives 
rise to a chart () within TM, where TM„ is obtained by taking the union of all tan- 
gent spaces with xe M a , whereas i// a is given by 


X (x°,x\x\x\X°,X\X\X 2 )eO a x-R\ 


X e T X M . 


These manifolds are called, respectively, the tangent bundle TM, A ccomngent bundle 
fM , and the (r,s) tensor bundle T" M over the given 4 -dimensionat d,ffcential maniMd 
M. Indeed, in the next section, after introducing the generd 

shall see that they all represent instances of associated bundles. On the other hand, 
obvious already at this stage that in general is a manifold of dimensio > 

that TM and f*M coincide with the (7,0) and the (OJ) tensor bundles, respectively, so that 
they are both 8-dimensional manifolds. 

To establish that these bundles are indeed differential manifolds we have toestablish 
that the present counterparts of the coordinate transformation maps in (1.3) are smooth 
functionf Snce these counterparts consist of the coordinate transformation functions m 
(? 3) plus the ones for tenso7components, we only have to establish the smoothness of 

thek As'a straightforward consequence of (1.6) and (1.9)-(1.10), we find that the 
coordinate transformation maps in (1.3) give rise to the following change of bases m T X M 
and Tx M, respectively. 
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From the duality relation in (1.10), and its counterpart in the primed bases, we immediately 
obtain: 

£ L x L\=LfL x =81 . (!16) 

ft X X ft f* 

Hence, it immediately follows from (1.12), and from the corresponding expansion in the 
primed bases defined in (1.15), that the components of the tensor T in (1.12) transform 
according to the following rule, which is well-known from the M-coordinate-dependent 
formulation of the concept of tensor [N]: 


... r**V j v > ... l v 


rpfli. . .fl, 

1 V,. . -V, 


Since L/ and V\ in (1.15) are smooth functions in M a nM p , the smoothness of the 
primed (i.e., transformed) tensor components in (1.17), regarded as functions of the un¬ 
primed ones, is thus established. Hence, all the sets in (1.13) indeed become manifolds 
under the earlier made choice of coordinate charts. They also exhibit a fibre bundle struc¬ 
ture, to whose formulation and study we turn next. 


2.2. General Linear Frame Bundles over Four-Dimensional Manifolds 

A bundle is a triple (E, n, M) consisting of a topological space E, called its total space or 
bundle space, a subspace of E homeomorphic to a given topological space M, called its 
base space, and a continuous map % of E onto M , called its projection map . For each x 
e M the set n\x) of all points in the bundle space E mapped by the projection map it into 
x is called the. fibre above x. A bundle is called a fibre bundle if all its fibres are homeo¬ 
morphic, or equivalently, if there is a homeomorphism between each fibre it ‘(x) and a 
fixed topological space F, called the typical fibre or standard fibre of that fibre bundle. We 
shall follow the general custom and occasionally denote a fibre bundle with total space E by 
the same symbol E, as long as it is clear from the context what are its base manifold and its 
projection map. We note, however, that in general there might be a great variety of fibra- 
tions of a given differential manifold E, i.e., of choices of M and it decomposing the 
manifold E into a base manifold and fibres. 

A fibre bundle (E, n, M, F) which is homeomorphic to the (topological direct) prod¬ 
uct MxF of its base manifold M and its typical fibre F is called trivial. Thus R" pro¬ 
vides, for any n> 2, an example of a manifold which can be fibrated in a variety of ways, 
corresponding to setting n = k+m , into a trivial bundle with M = R* and with F = R . 
There are also many very elementary examples of bundles which are not trivial, and which 
share the same total space [C,I,NT,SC]. 

In this chapter we shall be concerned exclusively with C - bundles 8 (E, it, M), in 
which case the total space E and the base space M are required to be differential manifolds, 
with M being diffeomorphic^ to a submanifold of E, and the projection map it is required 
to be smooth. A C“-bundle is called a C°-fibre bundle if there is a diffeomorphism between 
each one of its fibres it\x) and a typical fibre F. 




In the case of the manifolds with the total spaces (1.13) defined in die last section, the | 
natural manner of fibrating them becomes evident once their definition is considered: they 
all share the manifold M as their base manifold, and, upon adopting die respective choices 
of T X U, T *M and T X ' S M as fibres above each x e M, they obviously become fibre 
bundles,’ whose typical fibre equals R 4 in the cases of tangent and cotangent bundles, and it | 
eauals R 4 < r+S) in the generic case of (r,s)-tensor bundles. However, the manner in which 
the vector coordinates in (1.7), the covector coordinates in (1.10), and tensor coordinates 
in (1.12) transform with the change of bases in their fibres identifies them, in addition, as 
bundles associated with the same principal bundle of linear frames over M. 

The total space 10 GLM of this latter bundle, to which we shall refer as the general 
linear frame bundle over M, consists of all linear frames e(x ) at all points xeM, where, 
by definition, a linear frame at x is an ordered set of four linearly independent vectors e ,, i 
= 0,1,2,3, which belong to T x M, so that in some chart (M a> 0 a ) over a neighborhood ofx, 

e(x) = (e 0 ,e v e 2 ,ef) , e i = Xf(x)d ll e T X M . ( 2 - 1 ) 

Each linear frame has a dual frame, called a linear coframe, which in the case of (2.1) is 


^(X) = (^0’dl’^2’^3) * 


d,eT x M. 


■ ( 2 . 2 ) 


Clearly, M is the base manifold of this general linear frame bundle, and its fibre L* above ; 
each xeM consists of all linear frames in T,M. Indeed, the set L x becomes a manifold if | 

its elements are parametrized by the sixteen real numbers AfW, i,p = 0,...,3, which 
assume the role of coordinates. All these fibres are then diffeomorphic to the general linear ; j 
group GL(4,R) of all non-singular 4x4 real matrices. Indeed, if we view ||V(*)|| as a 4x4 
matrix, then there obviously is a one-to-one correspondence between all e(x) e h x and all ; 
elements of GL(4, R), which is smooth in both directions. Hence, the general linear frame 
bundle GLM is a fibre bundle with typical fibre equal to GL(4,R). Furthermore, a|| 
element A of GL(4, R) acts in a natural manner, from the right, on any linear frame e(x) 
if the 4-tuple of vectors in (2.1) is viewed as a single-row matrix, i.e.. 


e(x)A = (e ' 0 ,e\ ,e ' 2 ,e' 3 ) , ^■ = e j A i i , det A ^ 0 , (2 - 3) 

where A) denotes the (y)-th element in the matrix A. If all the vectors ejin (2.1) are 
smooth functions of x eM* in the sense that the functions A; are smooth in M a then 
the elements of the linear frame in (2.3) are obviously smooth on M a x GL(4, K), i.e., 
they are smooth functions of the coordinates of x e M a as well as of the matrix elements Ay 
of A . This establishes that the general linear frame bundle GLM is a principal bundle with 
structure group GL(4,R), since it conforms to the following general definition of a 

principal bundle. S 


______ 
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A fibre bundle (P, II, M, G) is a principal bundle over M, with projection 17 and 
structure group G, if the elements g of G act on all the elements u of the manifold P 
from the right 11 in such a manner that: I) the map ( u,g ) l-> u ■ g defining this action 
from the right is a smooth map 12 from P x G into P; 2) (u ■ g')- g" = u • (g’g 1 ) for all 
u eP and all g\ g"e G; 3) all the fibres are invariant under the action of G, i.e., each 
fibre element u e FI~\x ) is mapped into an element u ■ gz II ~‘(x) belonging to the same 
fibre; 4) the action of the structure group G on each fibre n ‘(x) is transitive, i.e., all the 
elements within a given fibre II~\x) are obtained by the action of all the elements of G on 
any given element of that fibre I7 _/ (x) - so that G can be identified with its typical fibre. 

To define the concept of a fibre bundle E over M which is associated with a principal 
bundle P over M, we shall first introduce the concept of bundle coordinates 13 . This can be 
achieved by adapting to fibre bundles the method of introducing coordinates for manifolds, 
that was presented in the previous section. Thus, let us assume that the base manifold M 
can be covered with a family of open subsets M a (which as such are submanifolds of M, 
not necessarily related to the sets M a on which all the charts were defined in the preceding 
section), and that for each M a there is a diffeomorphism, called a local trivialization map 14 , 

<P a : u (x,f) e M a x F, u g 7r -i (M a ) c E , (2.4) 

§§. 

which assigns to each element u in any of the fibres of E above M« the fibre coordinates 
(x,f). In that case the restriction of <p a to each fibre ic‘(x) over any x e M a determines 
a diffeomorphism between that fibre and the typical fibre F, so that, in turn, for each x e 

% ° fc 1 : (M„ n M,) x F -> (M„ n M„) x F , (2.5) 

determines a diffeomorphism, 

H g^CO: F->F , x e M a nM p , (2.6) 

of the typical fibre F onto itself - i.e., an automorphism of that typical fibre. It is easy to 
see that these automorphisms, constituting the transition or structure functions of the fibre 
bundle E, satisfy the following compatibility relations: 

' 8ap(x) = {%pa(x)) 1 » teM a nM ? , (2.7a) 

(x)gp Y (x) = g^U) , x e M„nM /0 nM y . (2.7b) 

If we consider the above compatibility relations in conjunction with the obvious fact that 
§,*»(*) represents the identity map of F onto itself at each x e M , we discern the under¬ 
lying presence of a group structure. This is explicitly realized in the context of the follow¬ 
ing definition. 

A fibre bundle (E, k, M, F), with typical fibre F, is said to be associated to the 
principal bundle (P, IT, M, G) through the representation U of the group G by means of 
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“"Sy'ofW bundle P such that jj 

®„ ; «H»(*.«)«M.XG, Hsrr'(M„)cP, M=UM„ . ■ (2 - 8 ®| 

tee is an associated family of local mvialiaation maps (2.4) of E such that* jj | 

- 

_ ( 2 . 10)1 

<p a o 0p l : (M« nMp)XG -> (M a nM^) X 

of the principal bundle P to the givenevery principal bundle is assoei- 
NaturaUy, m accordance wl * * flb bun dles are associated to each other, *en 
ated to itself. Furthermore, if P““ pa ’^ le gcnC ral linear frame bundle GLM is : 

they are deemed to be equivalent For example tne g fibres arc actually equal | 

equivalent to the principal ^^ bundles assorted jj1 

(rather than just diffeomorphic) I:o3^ )■ , f and only for my given ftumly of 

with the same principal bundle P are called eq f diffeomorphisms A„« of J 

Lai trivialize,ion maps of P" n ^ a " t Lfr“ nsition functions are related as J 

their respective fibres above each * 6 , so that J§ 

foilows: (211) 

The tangent bundle TM and the cotangent bundle T*M ^examples of equivalent j 

(but not identical) bundles a^ted w* L^iS^ <P a and <P„ of GLM. Thus,; 

To see this, let us consider any two local tn fficients x f (x) in (2.1), the 

^^sxeM.sothatwe.riveatthemap 

corresponding matrices A. e v. , ) 

(H(ql)sM,xGL(4,R), e = (,) o ir'(M„)cGLM (2-| 

., n hi ; ?( x ) j s the element of X ; similarly, let u| 

^^constructing from the coefficients in the expansion of the 

same vector frame elements in some other chart, 

e{x) = (e 0 ,e v e 2 ,e,) , e t = X 1 f {x)d^T X U , j 

the corresponding matrices X’ e GL(4,R) at all points x e ,sothat | 


: . . en(i:,A')eM^ xGL(4,R), e e TI 1 (M^) c GLM . (2.14) 

Then these matrices constitute, for any x e M a nM^, the fibre coordinates of each given e 
e jj- 1 (*). Those matrices obviously belong to the typical fibre GL(4, R) of GLM. Hence, 
bn account of (1.15)-(1.16), and of the action from the right of GL(4, R) upon GLM, the 
. corresponding transition function g pa between these two sets of fibre coordinates, which 
f results from (2.10), is given by the maps 

MKII- nf-*;. p.15) 

■ On the other hand, if we expand the same vector X in the bases introduced in (1.6) 
and (1.15a), respectively, we see that the local trivialization maps 

iffe: 

(j) a : X h-> (x y X) e M a x R 4 , Xer^MJcTM, X = (X°,...,X 3 ) , (2.16a) 

| ^:XH(r,X')€M^xR\ X e ic~\M fi ) c 7M, X'= (X'°,...,X' 3 ) , (2.16b) 

rive rise to the 4-tuples X,X' e R 4 representing its respective bundle coordinates within 

die typical fibre R 4 of the tangent bundle 7M. Furthermore, if we treat these bundle coordi- 
^ na t e 4-tuples as one-column matrices (so that GL(4, R) can act on them from the left), then 
|> the vector bundle coordinates transform in accordance with 

||| gpaM^M*)) : X h* X'= L-'X , (2-17) 

' i, e „ in accordance with the adjoint representation U:A h-> (A _1 ) T of the general linear 
• group GL(4, R) considered as a group of transformations acting from the left in R . 

. ’ A totally analogous consideration for the cotangent bundle L^M can be earned out 

:$! by using the covector bases in (1.10) and (1.15b) - which are dual to the vector bases in 
% (1.6) and (1.15a), respectively - and leads to the conclusion that T M is associated to 
§ GLM by the fundamental representation G: A M* A of GL(4, R). In view of the basic 
| relationships (1.11)-(1.13) leading to the definition of the (r.s)-tensor bundle M, it then 
becomes evident that T^M is associated to GLM by the following tensor representation of 
% GL(4, R) , 


U: A (A" 1 ) 1 


®(A _1 ) T ®A® • • - ®a 


(2.18) 


in which (A l ) T obviously occurs r-times, and A occurs 5-times. . 

A very useful concept in the theory of fibre bundles is that of section. By definition, a 
(local) section of a fibre bundle E is a smooth map s : * Hue F x which assigns, to 
each element x from some open neighborhood of the base manifold M, a unique element 
u e E in the fibre above it; a section is called global, or a cross-section of the bundle, it that 
neighborhood equals all of M, i.e., if it is defined on the entire base manifold M. 
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We note that the concept of cross-section of the tangent bundle over a manifold M 
coincides with that of (global) vector field over M, and more generally the concept of gj 
cross-section of a tensor bundle over M coincides with that of (global) tensor field over M. | 
It is quite easy to establish that a principal bundle which possesses a cross-section is 
trivial, and that, furthermore, in that case all its associated bundles are also trivial, i.e., they g 
are diffeomorphic to the products M x F of their base manifold M and their typical fibres g 
F [C I NT] However, as we shall see in the next section, when we formulate Geroch's § 
theorem, in’the context of CGR the triviality of such bundles does not imply in the least that j 
either the mathematics or the physics to which they might give rise is in any fundamental : 

sense‘trivial’. , „ _____ . ., 

The concept of section of the general linear frame bundle GLM coincides with g 
Cartan's concept of moving frame [SC] in the differential manifold M, and leads to a very ^ 
useful generalization of the concept of vector and tensor field coordinate components, as | 
usually defined in the M-coordinate dependent formulations of CGR [N]. Indeed, a mov -1 
ing frame e(0f ) over some open neighborhood Of in M is in general obtained by choosing 

in (2.1) functions X?{x) , i,p = 0.3, which are smooth over Of. This gives rise to 

moving frames in terms of which any vector field in that neighborhood can be expanded. A g 
special case of such moving frames are the holonomic frames 3 (Of) obtained, for neigh¬ 
borhoods Of which lie within the domain of definition of a single chart, by introducing at 
each x s Of the linear frame in (2.2), consisting of the vectors which are tangent to the co- 
ordinates lines defined by that chart. However, when the manifold M is curved, there will 
be in Of many nonholonomic frames, i.e., moving frames e(0f ) for which there are no 
charts in Of such that Xf(x) = 5f at all 16 * e Of. In the case of a curved Lorentzian mani¬ 
fold, examples of such nonholonomic frames are provided by the moving frames whose J 
vectors are orthonormal. In CGR these orthonormal moving frames play a very important 
role from a mathematical as well as physical point of view. Hence, we turn next to their 
formulation and study. . 


2.3. Orthonormal Frame Bundles over Lorentzian Manifolds 

A given differential manifold M becomes a Lorentzian manifold if a metric field g is speck 
fied on M which is given by a globally defined symmetric (0,2)-tensor field of signatineg 
(+1,-1,-1,-1). In fibre-theoretical language, g can be described as a global section of the : 
tensor bundle T° ,2 M, so that in any holonomic coframe corresponding to the chart (1.1) : 

g = g flv dx ll ®dx v ; ^; 

this cross-section has to have the property that at every x e M, there is a linear frame (2.1) 
(which we shall call a vector tetrad) that has a dual coframe 17 


0(x ) - ( 0 °, 0 1 , 0\ 0 3 ) , & = X\(x)dx* e r;M , (3.2): 

V(x^W = 5/ , Xf(x)X y (x) = = 0,1,2,3 , (3.3) 
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(which we shall call a covector tetrad) in terms of which 

g = Vij e‘ <g> 6 j , Vy = diag(+l,-l,—1,-1) . (3.4) 

We note that since rj- = 0 for all i , any Lorentz metric tensor field is implicitly 
, symmetric. Furthermore, in any given chart (1.1), smooth solutions of (3.3) and of 

8 fiV (x)X i tl (x)X j v (x) = rjjj , (3,5) 

; can be always obtained in some neighborhood of any given point in the domain of 
definition of that chart. Any such solution supplies, therefore, a family { 0 *} of four ortho- 
normal covector fields in that neighborhood, which we shall call a vierbein over that 
neighborhood - in accordance with common practice 18 in physics literature. 

: We thus see that vierbeins emerge as special cases of local sections of the general 

. \ linear coframe bundle GL*M - which is equivalent to the linear frame bundle GLM . Such 
sections are of great importance in CGR, since they are the duals of vector frames whose 
' ri: elements are orthonormal with respect to the given Lorentz metric, and as such can play the 
, - role of local Lorentz frames. Indeed, the transformation law in (2.3) relating any two such 
frames and their coframes, namely 

0"^A‘j0J , u = 0,1,2,3 , (3.6) 

has to satisfy the following relationships if the relationships (3.2)-(3.5), as well as their 
'counterparts for the second set of frames, are to hold true: 

Ai = Vij , A k ii u A j , = i f , 7] ij = T)ij . (3.7) 

_ This means that the matrices 

A:=||AL|| , (A T r=K1=^l? ’ 77 = II%I 5 (3 ' 8) 

are elements of the full Lorentz group 19 0(3,1), so that the values assumed by the transi¬ 
tion functions in (3.6) for changes of such frames, which are the counterparts of the transi¬ 
tion functions in (1.15) for holonomic frames, are in general Lorentz transformations. 

We can now consider the subset GLM of GLM obtained by removing from GLM 
all linear frames (2.1) which are not orthonormal with respect to the given Lorentzian 
,;' V metric (3.1). It is easily seen that OLM is a subbundle of GLM in the sense that it is a 
submanifold of GLM which satisfies all the conditions in the following definition: a 
bundle (E\ jc\ M’) is a subbundle of the bundle (E, it, M) if Ed E’ and M id M\ and 
1 if X’ is equal to the restriction of it to E'. 

It is evident from the above consideration that GLM is a principal bundle, and that 
V: 0(3,1) is its structure group. Since 0(3,1) is not a connected Lie group [C,I], generically 
GLM is not a connected manifold. However, if the base Lorentzian manifold M of GLM is 
- connected, orientable and time-orientable [W] - as we shall always assume, in the sequel, 
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T*- M - i ••/■"■J-ggg -- 

• + ,r attention to a submanifold LM of Oh M -j| 
to be the case - we canfurther resmct tt whoS e e 0 -vectors all point mto = 

containing only those orthonormal frames• (f,J ' = 1 , 2 , 3 } are all right-handed. | : 

the “future” direction, and whose spattdi P « obvious i y the Lorentz group |, 

Hence LM is a prind frame bundle over M. Clearly, the Lorentz M | 
nA /a i \ or%/^ which wc shall call the hOTcii j v*& 4 alS 

frame bundle is a subbundle of OLU , and S (P n M) with structure group G 

to general w e can say stLture group G* is a Lie_ ( 

is reducible »to a principal fibrebundle ,,.^1 rf n M) whose flomar^ ■ 

subgroup of G if there is a t fen ^^ a S; irva i u es in G'. The above constructs of ^; 
cover P, and whose ttansitionfuncuonstake therrt ^ ^ Q[M oyer an on . 

Lorentz frame bundles establishes * at * | ^ is rcduci ble to LM . . ig 

eatable and time^irientaiteV’rf^T^Xa, the n it possesses a cross-section, and J v 
We note that if a pnncipal fibre bundle isitn_ . consists of only the identity 5 

therefore it is reducible to a t/oeroch (1968). in the case of non- 

transformation. According to with LM if and only if LM possesses a 35 

compact 21 M a spm structure 112 cm be assoct;ate for formulatin g any form of 

global section. Smce such a spmstraemre 0 / excitonSj at first sight tt might 3 

quantum theory for half-integer sp » that case to a trivial framework, ||| 1 

appear that the fibre bundle formu *'° 0 ° as “gl global secdon. This, however, is not the d 
since aU the attention can berestnc*edto ct sections of LM play a crucial g 

case since, as we shall see in S . • . w hi c h are described by local Lorentz 

physical role in depicting which the equivalence principle could not | 

frames (i.e., inertial orthonormal ftanes h “*™ w Iere M is equal to the Minkowsk. space,,:,: 
be formulated in CGR. to fact, even “ ‘ h . ia i in formulating classical as well as || 
the concept of inertial orthonormal fram special relativistic formulation is jj 

quantum relativistic toeones - except&£rt ones. :g 

carried out with respect to E tobd L"S®. , ’frames can be, in that case, earned out g 

The transition from local to gl'° b bundles 23 over M . A general affine frame 

most naturally in the “"text of pace [C,K] is a pair consisting oi a ;. 

(<Mi) in the tangent space T M n»d as_an _ R, ^ ^ jn (2 1} . Slnce , h e affine 

comactof M and T.M, where its famil * GAM 

auaf I 
GLM, i.e., by constructing for each char ( . ) ^ 4 _ vector Uj as we ll as th « ho ]gj| 

which assigns to {a,e $(the hokjnorm d outcome is a principal fibre bun<||g 

nomic coordinates in ( 2 . 1 ) of the Imm fram_(«)• 4JR) _ which equals the semidirect ^ 

whose structure group is the general a & P product is gi ven by -g 

product of the additive group R 4 with GL(4,R),i-e.,wno g ff ^ 

v „d rx OYvi 


(b,A)(V,A') = (b + Ab',AA'), 


(b,AWd’) s GA(4,R) = R‘ aGL(4,R). (?■'» . 


r»M which is the counterpart of the one in (2.12) fW) 
The local trivialization map of GAM, wnicn -sg 

GLM, is therefore given by 
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0 a : (a,e ; ) h-> (x,a,X) e M„ x[R 4 a GL(4,R)], (a,e ( ) e iT _J (M a ) c GAM, (3.10) 

and the elements (M) of GA(4,R) act from the right on the general element of GAM in 

(3.10), in accordance with (2.3), (2.15) and (2.17), as follows: 

^ (a,* ( -MM) = (a\e\) , a = (a 1 +b t )e i , e\ = e k A k i . (3.11) 

5E When M is a Lorentzian manifold, then in the same manner in which GLM could be 
reduced to LM , the general affine frame bundle GAM can be reduced to the bundle LM 
of affine orthonormal frames (a,e t ), which are obtained by translating to a e T X M the 
origins of the (time and space oriented) linear orthonormal frames (e,-) within the tangent 
space TyVl where they are situated. We shall call the bundle LM the Poincare frame 
bundle, and we shall refer to its elements (a,e$ as Poincare frames™. It is obvious from 
: (3.9)-(3.11) that the structure group of the Poincare frame bundle LM is the Poincare 
group (i.e., the inhomogeneous Lorentz group) ISO 0 (3,l), which can be obtained by 
restricting the nonsingular 4x4 matrices A in (3.9) to assuming only values A e SO 0 (3,l). 
fe. If M is equal to the Minkowski space of special relativity, then obviously LM is a 
trivial bundle, and as such it possesses various global sections. A special class of such 
cross-sections of LM can be identified with the family of global Lorentz frames L in M 
by the following straightforward construction: each global Lorentz frame (i.e., Minkowski 
frame) L = iefO)) with origin at O e M gives rise to Minkowski coordinates x l in M, 
which can be used in constructing coordinate charts for TM; consequently, all the points in 
the tangent space 7’^M at each r e M can be identified with corresponding points in the 
Minkowski space M, so that in turn we can carry out the following identification, 

L o s(L):= {(a(x),ei(x))\ a(x ) = -V e- t (x) <=T X M , r = xV t (G) e m}, (3.12) 

where (e,(r)) is the parallel transport (equal in this case to the parallel translation) of the 
linear frame (efO)) tor eM. This identification of each global Lorentz frame L with a 
> cross-section s(L) of LM will play an important role in Chapter 5, in establishing that 
geometro-stochastic quantum mechanics, generically formulated in a curved Lorentzian 
manifold M, reduces to the special relativistic stochastic quantum mechanics in [P] in case 
f that M is a Minkowski space. 

*2.4. Parallel TVansport and Connections in Principal and Associated Bundles 

The concept of parallel transport within the tangent bundle 7M, and the closely related 
concept of connection governing such parallel transport at the infinitesimal level, are of 
fundamental importance in CGR. Indeed, Einstein (1916) had postulated 25 from the outset 
that, in CGR, the motions of all (classical and neutral) massive point particles in free fall 
within a classical spacetime manifold M follow timelike geodesics, i.e., that they are such 
that their 4-velocity vectors v are parallel transported along their worldlines y. This 
postulate, together with its counterpart for light-rays (or for zero-mass particles, such as the 
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pho.cn), whose free-fall motions are 

used in deriving all the best-knownpreicuc,ns of CGR bending 

of !i;fiyst*e^ti"fidS of ttJive bodies, such as fte Sun, the time deiay of 

^^M-cSrdependen. formation of the 

adopted by Einstein (1916), and un ^ rec ^ n b t ^^ectW^rtlXed, in any given chart, to the 
was expressed in terms of 1 Chnsto e sy ^ of ’ the concept of connection 

metric components appearing in i ( 3 . ) •** frames of GLM. On the other hand, the M- 

was provided only in terms of the rnn rent developed by Cartan has led to the 

coordinate independent formulation o connt f ction coefficients can be expressed m 

concept of Cartan connecuon in G , * d in particular with respect to - 

with respect to any moving frame nGIMVW | mes have tumed out t0 be 

SSU^s!“rS out to b ; ofcs^H^onance in Yang-Mills 

by Kobayashi and Nonuau ( 1963 ), <he °^ C ° on those bun dl e s. Once parallel 

bundles, and then extended into that op el P tended to all its associated 
transport Is defined in a differentiation, 

bundles, where it can be used to define, in a natv . (P n M G) over a 4 

To define the concept of connection on a prm^bnnjUe (P, ^.O) 

dimensional manifold M, and with a m P b d , is itself an („+4)-dimensional 

n, we first recail that the t°|^ ^ t *'^^s C j 5 ^ , '^!^mensional submanifold of PI 

manifold and that.each one ofits U _U („ + 4 )-dimensional linear space 

Hence, the tangent space T„P of P at any u eUW V ^ g ^ ^ ^ n _ &mwioM 

irndthe tangent space Tff'«ofJT(x ft rf T ^ amJ as such | 

linear subspace of 7 „P - which ca narallel transport of frames along smooth 

denoted by V„P. that such transport should 

paths y lying within the base manifold , X e T P which do not lie within 

take place in P only along directions spemfied b' ^paths passing through a) 

ICI'vtp Mspan j 

corresponding vectors X <=TP h nace // p of T u P. We thus arrive at the 

place in P should span a 4 -dimensional subspace «« '™ '. 
following general deflation of connections inpnnopa 

A connection in a principal bundle (P, » * p f that bundle of a subspace H u P 

is an assignment, to each point u in the total place P of "die o V , hat 

of T u P, called the horizontal subspace of T u P tor mat conned , 

H u p K depends smoothly 26 on u , and for which 


t u v = h u p®v u v, 

(R 9 )*HJ>~H u . g r, 


VmgP , 

VgeG, VkgP , 
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where (R g )* denotes the push-forward of the vectors in H u P by the right action 

R g :ub->u g, VgeG, VkgP , (4.2) 

of any given group element <?eG upon the bundle space P. 

In the above context, it should be noted that the right action in (4.2) defines a diffeo- 
iuorphism of P onto P, and that for any smooth map (p from any manifold M' into any 
other manifold M" (including M' itself) the push-forward by (p of a vector X e T x M' is 
^vector 27 <p*X gT^M" defined, in accordance with (1.5), by the map 


w- f •-» f(^wo)) 


X a *(0) 


H whereas the pull-back by <p of a covector CO in T*M" is defined as a covector <p* co in 
; for which, in accordance with the general definition in Sec. 2.1 of covectors as 

linear functionals, we have: 

(p*a: X h-> co(^X)ell\ <oeT* x) M", fcoeTfM’ . (4.4) 

In case that <p is actually a diffeomorphism, then pull-backs of vectors and push-forwards 
J of covectors can be also defined as follows: 


rX:={<t>~\X , 


(p t co:=(<p { )*co 


Furthermore, in that case the definition of pull-backs and push-forwards can be extended to 
arbitrary tensors over the two respective manifolds, by either using ( 1 . 11 ) and applying 
multi-linear algebra techniques (Abraham and Marsden, 1978, p. 58), or more simply, by 
applying the operations (4.3)-(4.5) to the vectors and covectors in the expansion (1.12) in a 
given basis, and then verifying that the outcome is basis-independent on account of (1.17). 

. In view of the fact that the projection map 77: P - 4 M is a smooth map of the entire 
principal bundle space P onto the base manifold M, then according to (4.3), its push- 
forward 77* : TP -4 TM is a globally defined map from the entire tangent bundle TP over 
that bundle space onto the tangent bundle TM over its base manifold. If x = 77(u), then 
; due to the fact that x = 77(«(r)) for any curve in P with u(t) e TT‘{x) and u(0) = «, we 
conclude from (4.3) that 77* maps all vertical vectors into the zero vector in TM, so that 


77*: X = jr‘+X I b+X = n>X* eT x M> 


XeT u P, X* g77 m P, X l eV B P, (4.6) 


§ ’ n accordance with (4.1a). Hence 77*: 77P -4 TM is a one-to-one map which assigns to 
; each vector X* in the horizontal subspace H u P of T„P a unique vector X gT^M. The 
; vector X*e H U P, tangent to the bundle space, is therefore called the horizontal lift of the 
p vector X gT x M, tangent to the base manifold. 

/ Thus, for any smooth curve y = {jc(0I a £ t<b} starting at x’ = x{a) g M and 
i - en ding at x" = x(b) e M, each vector X(t) tangent to it will possess horizontal lifts X*(t) 






' . . , e rr'OO in the fibre above the 

at an points « e JT'MO) - « : establish (cf. PI, p. 165 °r [SC], p. 

initial point x'eMofy, then it is not dfficult ^ ^ ^ principa i bundle space 

363 ) that there is a unique curve / («()\ and which al cac h t g \a,b] has as a 

P, called a horizontal lift of 7, wh ‘^ St ^ S ( ) ^ va l ue «*- = »(« assumed by that 

M is called the parallel transport 

“ *"By *fs Straightforward “lifting” procedure we obtain, for each gtven sntooth curve | 
within die base mlufokl M. a diffeomorph.sm 

(4.7) . 

T r (x",x')-. rrV) -> rr\x") . jg 

between the principal bundle fibres above the jratid rnd 
thus specified, the parallel transport along 7 from 

(AM 

Ty(x"yX')' J^V) ’ 


observation, wc see that the parallel transport map in (4.8) provides a linear isomorphism 
between the fibres n '(**) and n\x"). For example, if E = 7M and P = GJM, then we 
easily establish, by using (2.12)-(2.17), that (4.9) assumes the following form, 


^(x",?): X = X l e\ h-> X l e{ &T X „M 
x r (*",*'): («}) («") » 


XeT x , M 


(4.10a) 

(4.10b) 


i\ « / r\ (4.9a) if: 

Cx* i )-^a.(^W K (x} ’ (4 jjf 


for any choice of linear frame within T X M . 

In any vector bundle (E, tt, M, F), the covariant derivative of a vector field ¥* (i.e., 
of a section f'of E, with values V x e n‘{x) ) can he defined for any vector X eT x M by 
choosing a smooth curve y whose tangent at x equals X , and then taking the following 
limit, which produces an element of % \x): 

->>' V» 

V^V x =limi[T y (jc,40)'^ ( 0“' f 5t] • x(0) = *gM, i(0) = Xer x M. (4.11) 

It can be easily shown (cf. [I], p. 173, or [SC], p. 368) that the covariant derivative 
defined by (4.11) possesses the following fundamental properties at all pointsxeM within 
^the common domain of definition of /, X , Y , HT and HT - where / denotes any 
smooth function defined in M (so that X(f) is defined by (1.5)), X and Y are any vector 
ill-fields in TM, whereas I 7 , 9" and *F’ are any vector fields in E : 


TJx'\x f ) 


xJx",x ’): u x , h > u x „ 


, „ ■ (A m n ( U .) e G is the outcome of the M 

For the generic case of x‘ eM, and x e p, _ » e G is the outcome of a trivial- ;{ 

—Ln map •„ in ( 2 . 8 ) acting upon ^ F is the diffeomo:- 

ization map 4>, similarly acting upon tv, ^ -» F is defined in angf 

phism induced by (2.4), and thef^^SAsMnMon depends on the chofcgj 
analogous manner. On first sight, it tmg PP and on the chosen tnvializanon.ij 

To see that, and to better understand bundles (E, tt, M, F), «. 

definition in (4.9), let us considertheiimporia < Such bundles m usually associated; 

Of fibre bundles whose typical fibres «»v«l» f inea r frame bundles, i.e., whose element .- 
with principal bundles (P, n, M, ) _ p - it'(x) (such as in the case wh ...^ 

u e IT’ (pc) either provide vector bases wit in Yang-Mills bundles |C,t,NT|V 

E VrM and P = GIM or P = U*. |“ d ”° case of (r, S )-tensor bundles: 
or from which bases w Jt W this kind of setting, (4.9) indicates that t , 

with r +5 > 1 , as can be seen from U-iAJ , eXDan ding the vectors m it GO JS 

parallel ‘ “■$%£££** of u, , and their 


W&r 


v x+ y'r=v x 'r+v Y 'r , 
v x (r+'F") = v x 'F , +v x 'r", 
v / ^=/v,*p, 

V^(/ , F) = /V x t P + X(/)'P. 


(4.12a) 
(4.12b) 
(4.12c) 
(4.12d) 


parallel transport supuio^ ‘ pnts 0 f , and their paxauw - . & - 

terms of a basis constructed fiom the de ^ ^ basis . As a consequence of tin g connection coefficients by 

effected by simply parallel transporting jjfllju 


a v The above four properties indicate that the covariant differentiation operator V, 
which maps fields X and ‘P from TM and E, respectively, into vector fields from E, 
computed in accordance with (4.11), is a Koszul connection [SC] on the vector bundk E 
j- i.e., that it could have been defined directly as a map that assigns a vector field V^T in 
E to any two vector fields X and in TM and E, respectively, in such a manner that it 
-^possesses the four properties in (4.12) (cf. [SC], Chapter 6 ). In fact, some textbooks on 
CGR (Hawking and Ellis, 1973; Straumann, 1984) define a connection on vector fields 
;■ assuming values in E = 7M as being such an operator, and then extend this definition to 
tensor fields (i.e., to vector fields from E = T* M) by imposing in addition the 
' - Leibniz rule and the commutativity of V with contractions — both properties of V which 
actually follow from ( 4 . 11 ), by taking into account ( 1 . 11 ) and the fact that all these tensor 
' bundles can be associated with one and the same principal bundle, namely with the general 
;t* : - linear frame bundle GLM over M. We shall follow, however, the more general route, 
whereby connection forms will be next introduced. In turn, these connection forms supply 


means of which covariant derivatives can be computed. 
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*2.5. Connection and Curvature Forms on Principal Bundles 

To make the purely geometric formulation of connections presented in the preceding section 
suitable for computations, we have to supplement it with additional results from the general 
fibre bundle theory of connections (cf. [K], Chapters II and HI). Theseresults^e amved 
at by associating with each connection (4.1) a connection form© .TP -> L(G), which 
assigns to each Xg T u P an element <o(X) from the Lie algebra MG) of G. 

To construct tliis connection form, let us first recall [C.I] that the Lie algebra L(G) of 
any Lie group G consists of all left-invariant vector fields 

X 0 =(L 9 )*X, Xg T e G , Lgtfy^gg'eG, V^gG , (5-1) 

on G, and that as a vector space L(G) can be identified with the tangent space T e G of G at 
the unit element e e G; upon such an identification, the Lie product m T e G is supplied by 
the Lie bracket of the corresponding fields in L(G), defined as the commutator of the 
operators representing those fields in accordance with (1.5). 

[X,Y]:= [X„,Y,] t , e , %YzTfi . (5 ' 2) 

In turn, the generic element of Tfi in (5.1) can be viewed as being the tangent vector at e 
g G to the curve produced by the exponential map 29 , i.e., that m accordance with (1.5), it 
acts as follows upon smooth functions / defined on some neighborhood of e g G: 

X(/)= rf/(exp(XO)M| f .o ’ XgT £ G . (53 | 

Hence, at any u eP we can attach, to each such element of T G a unique element of the 
vertical subspace of T u P which acts upon smooth functions, defined on some neighbor¬ 
hood of u g P, as follows : 

X„(/) = df(u • exp(Xr))/<&|,„ 0 , X e T e G , X H g V U P . (5.4) 

By this construction, we have attached to each element (5.1) of the Lie algebra L(G) 
a unique global section of TP , called tht fundamental field corresponding t^ 
Furthermore, we note that the map of vectors within T e G into vectors within T a P, which 

is implicitly defined by (5.3) and (5.4), 

XoX K , XeT € G, X u eVJ>, (5 ’ 5 | 

provides an isomorphism between T e G and the vertical space V U P at each u e P. 

On the basis of (4.1a) and of this last observation, the connection form co, viewed as 
a map TP L(G) corresponding to the connection (4.1), can be unambiguously define 

in the following manner, 
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©(X + X H ) := X g T e G, XG// a P, X w GP a P , (5.6) 

i.e., as a mapping which takes all the horizontal vectors from TP into the zero vector in 
f e G, and which takes each vertical vector from TP into the element of T e G that produces 
the fundamental field to which that vertical vector corresponds. As an immediate conse¬ 
quence of (4.1b), we then easily obtain that [C,I,SC]: 

&{(R g \x) = Ad^©(X) , Vg g G, VX g T h P , Vu g P , (5.7a) 

Ad g := (l g R r ,\ : L(G)-> L(G) , L g R g _, : c/'h> gg'g~ x . ( 5 . 7 b) 

Conversely, if we define an Ehresmann connection [SC] as a mapping of TP onto L(G) 
which satisfies (5.7), and which maps the elements of each fundamental field into the 
element of L(G) to which that field belongs, it is then easily seen that to any Ehresmann 
connection corresponds a unique connection (4.1) such that (5.6) is satisfied, i.e., such 
that the given Ehresmann connection maps all its horizontal vectors into zero [C,I,K,SC]. 
Let us now expand the value (5.6) of the connection form in any basis in T e G, so that 

a>(X) = ©‘(X)Y a , XgTJP, Y a g T e G, a = l,...,n , (5.8) 

[%>%] = CJ Y c , a,b,c = U. y n , n = dimG , (5.9) 

where CJ are the structure constants of the Lie algebra L{ G). We observe that 

(O a : X = X + X H X a , X u =X a Y a . u g V u P , X = X a Y a g T e G , (5.10) 

are global sections of T*P, which we shall call Cartan connection forms, or the connection 
one-forms associated with the chosen basis in the Lie algebra of the structure group G. In 
this context, it should be noted that if M is any differential manifold, then by definition any 
smooth function/in M is called a zero-form ; a one-form is by definition a covector field in 
M, i.e., a section of T^’M; whereas for k > 1, a k-form 0) is by definition a section of 
an antisymmetric (0,fc)-tensor field in M , i.e., a section of T°’*M which in any coordinate 
chart in M can be expressed, in accordance with (1.9)-( 1.12), as follows, 

co = co^db?' ® • ■ • © dx H = ’^ co n,-n k a • • • a dx , (5.11) 

and whose coefficients are antisymmetric under the interchange of any two of their indices. 

The exterior product (or wedge product) of a k -form o' and an /-form co", implicitly 
used in (5.11), produces a (k+l )-form as a consequence of the following definition, 

©'Afo"=~y (signrc) co* .... co" ... v dx^'® • ■ • ® dx^® dx v '® • • • ® dx v ‘, (5.12) 
% kill „ i * 1 ' 
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in which the summation is performed over all permutations of (1,...,£+/). Consequently, 
the exterior derivative of the fc-form © in (5.11) is a (*+l)-form, since it is defined by ... 

dfi, = 1 dW>! ' "^ dx V A dx* A • • • A dX H . ^ 5 - 13 ) ' 

k\ dx v 

It is easily verified that the definitions in (5.12) as well as in (5.13) are independent of the , 
choice of chart, on account of the T^M-counterpart of the transformation laws in (1.17). 

By applying the definition (5.13) to a k- form ©defined on the principal bundle space| 
P, we can define its exterior covariant derivative as the (fc+l)-form which is such that ■» 

Do(X 1 ,...,X t+1 ) = d<B(X 1 ,...,X w ) , <5I4) j 

for any set {X,,...,X t+1 } of vector fields in P whose horizontal components on the right- 
hand side of (5.14) are defined by the connection (4.1). In particuhff, we can thus define j 
the exterior derivatives, and therefore also the exterior covanant derivatives, of all the] 
Cartan connection forms in (5.10), which as such are two-forms on the pnncipal bundk | 
space P. Hence, the exterior covariant derivative Deo of the connection form in (5.6) equals^ 

Q:=D© = D© a Y a : r„P®T„P -> Tfi , (5.15)j 

and is an L(G)-valued two-form on P, called the curvature form of the connection defined 
by (4.1). It can be proved (cf. [I], p. 175 or [SC], p. 376, as well as Sec. 10.3) that this| 
curvature form satisfies the Cartan structural equation 

Q(X.Y) -d<o(X, Y) + [co(X),co(Y)] , X.Ye^P, (5.16a)j 

which gives rise to a system of equations relating the components of the curvature form t<| 
the Cartan connection forms in (5.10): 

Q a = d© a + \C b f(a b a (o c , 12 = 12 fl Y a . (5.16b) 

This system is well-known in the context of Yang-Mills field theories [NT] and in the 
theory of BRST quantization (Baulieu, 1985). Upon computing, in accordance with 
(5 13)-(5 14), the exterior covariant derivatives of their right-hand sides, we immediately 
find that they vanish (cf. [C], p. 375), so that we obtain the following Bianchi identities, , 

DQ a =0 , a = l,...,n , 

which are equivalent to the statement that D£2 = 0. .. 

Let us now apply the concept of connection form to the computation of the covana 
derivative (4.11) of a vector field % which assumes its values Y x within the total space L 
of a vector bundle (E, n, M, F), associated with some principal bundle (P, 17, M, G 
through the representation U of its structure group G. For the sake of simplicity, we sha 


assume that (P, 27, M, G) is a linear frame bundle. In general, its elements u e P then 
supply associated frames (3> p («)} within all the fibres n\x) of E, so that 


€*■«(*) . 


u&n~\x) , 


where generically p is a multi-component index — as is the case, for example, in ( 1 . 12 ), or 
in the case of tensors associated with Yang-Mills fields [NT]. 

__To express V in terms of the Cartan connection forms in (5.10), we choose a moving 

frame (Cartan, 1935) in the given linear frame bundle, i.e., a section 

s : x t-» u e , xeM s cM, (5.18) 

%}/: 

whose domain M s contains a segment of the curve y = [x(t)\ 0< t < b) in (4.11), 
including its initial point x = x(0). We can then insert in (4.11) 

r 7 (x,x(t))T x(t) = 'P£ (t y Mt) 0 p (r Y (x,x(t))u(t)], s: x(t) u(t) . (5.19) 


Comparing with (5.3)-(5.6) and (5.8), it is easy to see that 

limi[<J»(T,(A:.x(0)«(0)-*„(«)] = 0 )“(X)A a .„® ( ,(«), « = K(0) € Jr‘W , (5.20) 

A 

where A a .„ are generators of the representation U x of G (implicitly depending on s - cf. 
(5.24)) acting within the fibre ju‘(x) so that, in accordance with (5.5) and (5.10), 


exp(A a . u r) <£,(«) = <£,(«■ exp(Y a 0)> 


te R 1 . 


In (5.20) Xe T u P is the tangent to the curve y s = {»(*)! 0 < t < b) in P that passes 
through «gP, and is determined by 7 and the chosen section s in (5.18) in accordance 
with (5.19), so that X = s*Y, where X is the tangent to 7 at x. Consequently, by using the 
same procedure as in deriving, in ordinary calculus, the formula for the derivative of the 
product of two functions (cf. (2.17) in Sec. 5.2 for a similar procedure), upon introducing 
a chart as in ( 1 . 1 ) and taking advantage of ( 1 . 6 ), we obtain that 


+«■(**) KuW x > 


d x Y x =[x»d^% tt )\& p {u) . (5.22) 


Since the above formula is valid for all tangent vectors X e T x M at all points x e M in the 
domain of definition of the vector field *F, we can write in abbreviated form 


V = [ d+ A s ] , d = dx ft d )l , A s = ©;A fl .„ , © s “ (X) = © a (s*X) . (5.23) 

The operator-valued form A s is defined on the restriction of the tangent bundle 7M to 
the domain M s of the chosen section s . It assumes there values within the Lie algebras 
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, , rj r t u qf flCt in the various fibres of E, and which f 

L(C/ X ) of the group representations U x general supplies a local trivialization map | 

implicitly depend on the choice °f 3 2 a) w ithin Chapter 4): 

(2.4) (cf. also the soldering maps in (6.5) below, as wen as i 


obtained by adopting as coordinates in a neighborhood of the unit matrix I e GL(4,R) the 
:r components 32 of the matrices A from that neighborhood. In these holonomic frames the 
expansion (5.8) assumes the form 


u x (g) = <Pa (*) oU ^)° (x) ’ 
u(g) : F F , g € G • 


(5.24a) 

(5.24b) 


©(X) = ©/ (X)Yj , 


XeL a GLM, i,j = 0,1,2,3 . 


This form is ctdled, in physics literature tegV* 

choice (5.18) of section of the P n "“P a . structure group G is then often 30 called the 
called a gauge choice. In tlus same * and the mmsition from one gauge poten- 


A s A s ' , 


s':!!-) u'*n-\x), x&u s , 


result ftomacha^e of 

referred to as a (local) gauge transformation. It is easy io e 

A*'=U(,g~ l )dU(.g) + U(g- l )A s U(.g) , • ( ?- 26a ).i 

r U '- U . Q xeM s nM s \ (5.26b) ; 

g: XH>g x e G , u x ~ u x 9x ’ 

Within the common domain of definition M*nM*'of any two gauge potentials. | 

2.6. Levi-Civita Connections and Riemannian Curvature Tensors 

In applying to CGR the fibre-theoretical frameworkG^GLO^) then 
discussed in the preceding two sections, it has 4x4 real matt ices, and that the Lie 

T e G can be identified with the linear space M( > > the commutator bracket ftir? 

bracket of the elements of L(G) can be en definition (4.3) of push-forwards of 

those matrices. Furthennore, by ustngin (5.7b) 4c Mmtto ^ ^ ^ ^ 

vectors by any map acting on a manifo assumes the following form, - ■ 

see that for a linear connection form © on GLM, (5. /a; assume. 

K(*AX) = A-W , VAeGL(4,R), VX e T„P, VncP , (| 

—rases *. — 

Lie algebra ^4,R) of GL(4,R) are provided by the holonomic frames 

Mi.j- 04,2,3} , Y/ = a/da! ■ A = M E ° U4 ' R) ’ f 


The general expression (5.22) for covariant derivatives can be therefore transcribed, in a 
very straightforward manner, to the tangent bundle 7M and to the cotangent bundle r*M, 
as well as to any other tensor bundle V' s M. 

Especially important is the Revalued canonical form of GLM, defined by 

;;;. 0 : X h-> o a (IT^X) e R 4 , X € T U GLM , u = (e 0 ,...,<? 3 ) e GLM , (6.4) 

' f| where G u : L X M —> R 4 is the soldering map 33 of 7 X M determined by the frame u : 

ili: a a : X h* (0°(X),...,0 3 (X)) e R 4 , 0‘(e.) * 5), XeT x M, x = IIu . (6.5) 

rafnic' 


W!- . 

8 (X,Y) = d0(X,Y) + ©(X) 6 (Y)- ©(Y)0(X) , 0:= DO , X,Y e L a P . ( 6 . 6 ) 


|| This equation, together with the structural equation (5.16a), which holds for any kind of 
|U curvature form, constitutes the set of Cartan structural equations for a linear connection 
pi form ©. These equations are often written in abbreviated form, either in terms of the Lie 
: bracket within the Lie algebra of GA(4,R) [C,I], or in terms of the wedge product [SC]: 


Up! e = do+[©,o] = do + © a e , 

te;- 


ft = d©+[©,©] = dffi+©A© . (6.7) 


H They immediately yield the two well-known Bianchi identities for a linear connection form , 


DO = £2 a 0 , 


DQ = 0 , 


where the wedge product can be computed in an arbitrary holonomic basis in accordance 
| with (5.12). We note that the second Bianchi identity for a linear connection form is 
equivalent to the set of Bianchi identities (5.16c), which hold true for all connection forms, 
-r- We can now use the soldering map introduced in (6.5), as well as its inverse, to 
; define the following operators, 

T : (X,Y) cr u l (e(X,Y)), R : (X,Y,Z) t-> a" 1 (n(X,Y)cF a (Z)) , (6.9a) 


X = J7*X , Y = J7*Y , Z e 71M, 


X,Yetf a P . 


It can be easily verified (cf. [SC], pp. 379-381) that these torsion and curvature operators 
are independent of the choice of u e and that in fact, for any choice of GLM-section 
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r \ a y v 7 on M thev can be expressed in the following 
(5.18) and for any vector fields XXZ on > y (5 22) md specialized to the case 
manner in terms of the covanant derivatives defined by {put), 

of the vector bundle TM: 


T {X,Y) = V x Y- 


■ V y X~ 


-IX,Y] 


R(x,r>z = v x v y z- v y v x z~ v [X y] z 


( 6 . 10 ) 

( 6 . 11 ) 


... r of CJ M i e for any choice of Cartan gauge, we 

—■" - and 

( 7 , 3 ). tensors, respectively, by the following fonnulae. 


f=r jk 


e,® 9 j ® 0 k 

R = R i jkl e i ®O j ®G k ®e l 


r jk = e i (r(e jf e k )) , 

R l j ki = 0‘‘(R {e kt ei)e } ) 


( 6 . 12 ) 

(6.13)1 
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&OQ = ±a> ij OQY ij , 


X g T..LM 


(6.15 b) 


Indeed, the antisymmetry of the connection 1-forms in (6.15a) represents a necessary as 
well as a sufficient condition for a connection to be compatible with a given metric - as can 
be easily seen by setting Y = e t and Z = ej in the later derived equation (6.22). In the 
context of the subsequently defined and studied Levi-Civita connections, these connection 
forms are also called Ricci rotation one-forms since, on account of (3.6), C 0 ij(s*X) can be 
viewed, for “infinitesimal” vectors X, as being the components of Lorentz transformations 
"describing the change in the orientation of the axes of Lorentz frames that are parallel 
transported by an “infinitesimal” amount in the direction of X. 

In view of (6.15), for connections compatible with a metric, the expression (5.22) for 
the covariant derivative of a given vector field *F, which assumes its values *F X within the 
total space E of some vector bundle (E, it, M, F) associated with (LM, 17, M, SO 0 (3,l)) 
through the representation U of the Lorentz group SO 0 (3,l), can be expressed as follows: 


we have seen in Sec. 2.3 .hat in any 

manifold M, the general linear frame which the metric tensor g assumes the i 

LM, whose elements u are orthonormal fram reduced to such Lorentz | 

form (35). Naturallyforms in (6.3) to thoseff 
frame bundles by means of pm l ba ^s However, there is an infinity of 4? 

sections of GLM which consist of * ° GLU bundle and, despite the $ 

connections (cf. Sec. 10.2) which can be e unde r parallel transport the | 

presence of a metric tensor, most of them will connections, a | 

orthonormahty of the axes of a Loren • ^ th the Lorentzian metric g in the J 

special role is played by those which ar P frame bundle GLM is compa tible withaM 

following general sense: all smooth curves yin M, the parallel transit | 

" (Ts"ed “"-.bundie 7M by (4.10), is an isotnetry, i,„ if we have j 

(■z r (x",x’)X,^(x",x’)Y) xl , = {X,Y) x ,, Vf.fcT,M , 

(X,Y) x := gtf.Y) , X,YeT x M . 

In view of the definition (4.11) of covarian. I 

the linear frame bundle GLM is compati e ™ f so (3 1) is a six-dimensionai j 

Taking into consideration that for connections;: 

compatibfe nteans of the following pull-backs s’GHj of the ^' arta || 

connection forms in (6.3) to sections s of LM, 


v x 'r x = [d x +±<»t i (X)M i i]'r x 

expfM-JO^^) = & p (u- exp(Y y t)) 


M2 = 


-Mi' 


i,j = 0 , 1 , 2 ,3 


(6.16a) 

(6.16b) 


|S|; in (6.16), Mj| are the infinitesimal generators of Lorentz transformations describing the 
aforementioned “infinitesimal rotations” of the (y)-axes of Lorentz frames. 

/ According to the general theory of affine connections (cf. [K], Sec. IH.3), to every 
linear connection on GLM corresponds a unique affine connection form to on the general 
| ; : v affine frame bundle GAM described in Sec. 2.3, which is such that 


y* 6 i = to + 0, 



t _ 7 : u (0,«)gGAM, mg GLM. (6.17) 

Hi; In particular, this observation can be used to extend connections, that are compatible with a 
§§?'• Lorentzian metric, from the Lorentz frame bundle LM to the Poincare frame bundle PM. 
|g|? Hence, in order to compute the covariant derivative of a vector field IF, which in general 
|pf assumes its values *F X within the total space E of some vector bundle associated with the 
IJgjprincipal bundle (PM, IT, M, ISO 0 (3,l)) through the representation U of the Poincare 
pH group ISO 0 (3,l), we shall proceed as we did in (5.18) by first selecting a section of PM: 



s : x )-» («,u)gI7 (jc) cPM 


x g M s c M 


(6.18) 


aUX) = ®y(s*X) . 


="®ji 


@| We can then easily adapt to PM the arguments that have led to (5.22), thus arriving at the 
Iff following expression for the required covariant derivative (Drechsler, 1977b, 1984), 

v x r x =~|d x i d i (x)r i . u + },& ij (X)M i <i‘r x , 
jgj| d x 9 ; =[x'‘3„(f?„)]«,(«,«) , 6'.„(-V) e u (X)-(V x a)‘ 


(6.19a) 

(6.19b) 


ction form CO on LM in 3 in which, for the sake of simplicity in notation, we have dropped, in the soldering forms* 2, 
these pull-backs correspond to the following expansion ot the connecuou jg as well as in fity, the indices indicating their dependence on the choice of section s of 

terms of an **3,l)-basis of infinitesimal generators of SO 0 (3,l): 
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GAM In (6 19b) V*a denotes the covariant derivative of the vector field a assuming ^ 

values within 7 M, so that OW is the i-th component of “ p 

of the linear frame « ; moreover, in complete analogy with (5.21) and (6.16b), we have set g 


exp (Pi; 8 0<fy(«.») = * p («-exp(YjO,u) . 

exp(MjV)<^(fl>«) = ^,(«,«-exp(Y y 0) . 


i = 0,1,2,3 , 
i, j = 0,1,2,3 . 


( 6 . 20 a) 
( 6 . 20 b) | 


We note that, in the derivation of (6.16) and (6.19), the connection was assumed to| 

„ t n i 1073 . rjrechsler 1984), so that we shall call them Riemann Cartan 
connections can be introduced in LM despite 

Z ™reSe o? ameSc tensor, and they can be 0 —, 

assigned by the components of the torsion^ tensors in (6.12). Classical general relativity , 

is however, predicated on the assumption that the connection of spacetime is o t n ly 

comnSe with the metric, but that in addition its torsion tensor identically equals zero*, 
compatiblevnm^me ^ ^ ^ ^ a ( 

itomrmma* connect) on the, in general• 

everywhere in M. The fundamental lemma ofRiemannian geometry then states that eac| 
(pseud^Riemannian manifold (M, g) Possesses a unique U^-O^ta wmjecton 

The proof of this fundamental lemma turns out to be quite straightforward^ C , p. . 
308; [SC], p. 256). In its simplest version, it is based on the observation that, y ( . ), . 


T (X,Y) = 0 


V y X=[X,Y] , 


and that Vg = 0 implies the Ricci identity 

X{g(Y,Z )) = g(V x Y,Z) + g(Y,V x Z) (622) | 

fnr anv TM-vector fields X,Y and Z defined within some common domain in M. Hence,.; 
upon using ( 6 . 21 ) in ( 6 . 22 ), and then algebraically combining the outcome with its ; 
counters obtainedby cyclically permuting X,Y and Z, we amve at the following result,, 

g(V x Y,Z) = ^[XigiY^yj + YigiX^-ZigiX'Y))] 

+ \[g(Z,[X,Y]) - g(X,[Y,Z]) - g(Y,[X,Z})\ » (6 ' 23 | 

for the case where V x is the covariant derivative that corresponds*, a Levi-Civita connec¬ 
tion Thus, upon inserting X = e t , Y = ej and Z = e k into (6.23), where « - 
axe die linear frames in the chosen section (5.18) of GLM, we obtain expressions which 


| The Fibre Bundle Framework ___ 57 

uniquely relate the metric components g t j to the connection coefficients in the chosen 
I Cartan gauge: 

e '(V*) = g il g(e h Vje k ) , V, := V e . , 

5 ; 8 ij 8jk = &k > gjk = g( e j’ e /c) . 

■ On the other hand, from the general properties (4.12) of covariant derivatives, we obtain 

Vi e j = r k ij e k , vp* * -r j ik o k , ( 6 . 25 ) 

f so that according to (5.22) and (6.3), the connection coefficients in (6.24a) determine the 
gauge potentials of a Levi-Civita connection in GLM. This means that the Levi-Civita 
connection on M is completely determined by the choice of metric g. 

The curvature tensor (6.13) corresponding to a Levi-Civita connection is called the 
Riemann curvature tensor of the manifold on which that connection is defined. The 
components of a Riemann curvature tensor can be easily computed in any moving frame 
from the connection coefficients of the Levi-Civita connection, by using (6.11) and (6.25), 
as well as the general properties (4.12) of covariant derivatives. The result is: 

|v - * t (r'»)-«»(r' # ) + r‘ tol r- # -r'j.rT,, - . (6.26) 

The significance of the Riemann curvature tensor for physics, as well as for differen- 
H dal geometry, emerges from the following fundamental theorem of Riemannian geometry 
(cf. [C], p. 310): A Riemannian or pseudo-Riemannian manifold is locally flat if and only 
| if its Riemann curvature tensor is identically equal to zero. 

.^ or Lorentzian manifolds (M, g), the above theorem signifies that R = 0 if and only 
if (M, g) is locally isometric either to the entire Minkowski space, or to a 4-dimensional 
% submanifold of the Minkowski space. In this context, it should be recalled that two 
| Lorentzian manifolds (M\ g’) and (M", g”) are isometric if there is a diffeomorphism 0: 

-> M" of one onto the other which preserves the metric, i.e., which is such that g" = 
0 + g\ In CGR, isometric Lorentzian manifolds are deemed to describe physically indistin¬ 
guishable spacetimes (cf. [W], as well as Chapter 11). 


.2.7. Einstein Field Equations and Principles of General Relativity 

The main feature that distinguishes CGR from all other physical theories that preceded it, 
is that in CGR the energy and momentum contained in matter and nongravitational radiation 
is coupled to the geometric structure of spacetime. Hence, the principal geometric features 
of the spacetimes of CGR theories are not adopted on a priori grounds — as it is the case in 
^ Newtonian and other physical theories. Rather, they reflect the dynamics of that interaction. 

This central feature of CGR is achieved by assuming that any possible form of 
. distribution of matter and nongravitational radiation in our universe can be described by a 
. stress-energy tensor field T , and that T is coupled to the metric field g of a Lorentzian 


(6.24a) 

(6.24b) 







Chapt er 2 

58-- - ------ 


manifold (M, g) that describes spacetime0 


R-jgR=~ kT 


K-SnG = 8?r 


* i winvtpin tensor. In addition to the metric 

n,e left-hand side ofcumtfure scalar, respectivelyg 

"*e!Semann curvature tensor in (6.13) as follows: || 


R = RfjO* ® B 3 

R = R l i , 


Rij = R* 


R l j- g ik Rkj ■ 




Ry-iSij R -- QnT ij * 


(7 m 


• • * rtn-jnp thp stress-energy tensor and the metric 

The fact that the above equations in ertwme *estre (g ^ ® 6 24) and (6 . 2 6). The | 

tensor into a net of mutual mteractrons non ii n ear equations is to express them in a jj 
traditional way of dealing with this; sys noW on exc i u sively Greek indiceM 

holonomic frame - for which we shall employ tr following expression * 

• *•*-.. * "* ■ 1 

This is due to the fact to *e Lie rftosquare brackets in (6j2$j| 

toSe^ reason the last term in (6.26) also equals aero, so that g| | 


R v = r W - r V* + r w r,, rv r 


< pP 
Vp l kp. 


rw= 


On the other hand in any «rt>dn gauge ‘^^.“tslhe'fesi 1 tote sqaa” 
gauge are orthonormal, so that ( ■ ) ’ 24a). Therefore in a vierbem gauge,; 

brackets in (6.23) to vanishes when,£ used to«S2*a) ^ ^ (33) , the 

generally supplied by a section (5. ) S 1 relating the connection coefficients in 

equation (6.23) leads to the ToUowtng, expestto «££****, [M , W]) , t0 the On- 
(6 24a) (which in CGR are known as the Ricci rotaaon jj 
toffelsymbols in (7.4) as well as to the vierbem fields * in (3.3). 


r i jk = t' i n x j v {h Krfl ™ +dvXkt1 } * 


We note that in a vierbein gauge the last term in (6.26) does not vanish. However, the 
256 components of the Riemann tensor are related by the following identities (cf., e.g., 
IQ, P- 309): 


of 

II 

a 

of* 

i 

ii 

•V 

o? 

1 
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£ 

R ijkl : ~ im Rm jkl > 

(7.7a) 

R ijkl + R i klj + R iljk = 0 > 


(7.7b) 

R ijkl\m + R ijlm\k + R ijmk;l = 0 , 

R ijkl,m := ^ m R ijkI • 

(7.7c) 


The first of the equalities in (7.7a), as well as the equalities in (7.7b) and (7.7c), can be 
easily derived in an arbitrary Cartan gauge - the last two of these equations being obtained 
by rewriting the Bianchi identities (6.8) in terms of the components of the Riemann tensor, 
for which therefore 0 = 0 in the first of those identities. The remaining equalities in (7.7a) 
are most easily derived in a vierbein gauge [C], by taking advantage of the antisymmetry 
0 )ij = -CDji of the Ricci connection coefficients in (6.14). 

if. We note that by contracting the second Bianchi identity (7.7c), we get, in any Cartan 
gauge, the following set of four identities (cf., e.g., Straumann, 1984, p. 60): 

Vi( R ‘j-?8 i ]R) = 0 , (7.8) 

i£:{s 

According to (7.3), these identities imply a conservation law for the stress-energy tensor: 


!#i. v'T” = 0 

ftvf- v i y v * 


V‘WV; 


In view of the nonlinearity of the Einstein field equations in (7.3), as well as the fact 
that some of them are constraint equations, the solution of the generic initial-value problem 
:in CGR represents a difficult problem [W], whose discussion we shall postpone until 
Chapter 11. Fortunately, it proved possible already in the early days of CGR to construct 
explicitly for vacuum spacetime regions, where therefore Tq = 0, nontrivial solutions - i.e., 
solutions which did not describe merely flat spacetime regions, that by the last theorem 
feited in the preceding section would be isometric to regions of Minkowski space. The best 
known of these solutions, as well as the earliest, was the Schwarzschild (1916) solution, 
obtained by requiring that the metric tensor be static as well as spherically symmetric 
:.[M,N,W]. This solution proved suitable for describing such features of planetary motion as 
perihelion precession. Furthermore, cosmological models suitable for the description of the 
large scale features of our universe were also obtained already in the early days of CGR by 
adopting very simple forms of the stress-energy tensor - such as those for a perfect fluid, 
; whose only parameters are its density and its proper 4-velocity [M,N,W]. Indeed, upon 
making simplifying assumptions about the metric tensor, which reduce the number of its 
independent components by the imposition of various symmetries, one can solve in those 
cases the Einstein equations (7.3) for the yet undetermined metric components [M,N,W]. 
These models (amongst which the Robertson-Walker ones are the best-known since they 
represent viable candidates for contemporary cosmological models) provide, together with 










the Schwarzschild solution, most of the fundamental predictions of CGR that have been 

sssSE 

geototo, wtemu oB zero-mass particles ,n free fa e 7 f 
JL rrk if t, denotes the 4 -velocity vector along one of their worldlines y ^* }> 

then there is a choice of parameter * (namely the affine ^ ^ 

the case of massive particles represents their proper time [C,M,W]) for which 


V^ = 0 , 


11 = *:=*^, . 


(7.10a) 


In any coordinate chart whose domain contains some segment of y, (7.10a) yiel|g 
the well-known form of the geodesic equation for that segment. 


+r^r=o, 


x l :=d 2 x x ldz 2 


(7.10b 


aas^taassassxsssss! 

(7.10a) the system of equations - 


i)‘+r>V=o , 


i) *:= dv l /dx , v‘ = pX? . 


(7.10c) 


BS is nevertheless morcsuitable for the formulation of the equivalence pnnciple, 
and for the description of free-fall phenomena - as will be shown^ frai J 

We shall say that a Cartan gauge, given by a section s of t 8 . . 

bundle GLM, is adapted to a smooth curve y if tjk = 0 at all x e 7 w ic le in 

main of definition M'of that gauge. In particular a w T Q J x e f§ 

spends to a section * of the Lorentz frame bundle LM for which P jk - 0 a 
which lie in M s . Such vierbein gauges can be obtained by restncting an ar 1 | 

of LM to a 3 -dimensional hypersurface intersected by y at one point * constructing , 
smooth^ flow [C] containing y that consists of curves which intersect that hypersurface | 
r^Sghbor^ of*', and then parallel transporting all the frames at thog 
the curves of the given flow. Since “i-Civi.a connechon ^ 
with the metric of the Lorentzian manifold desenbing spacetime in CGR, sud>«| 
transport will preserve the mutual orthonormality of the axes in all these frames, so tha^ 
section ? of LM will be obtained that has the above required property. , kf 

Weshailcalla section , of the general linear frturne bundle ^Mthausadapted to a 
timelike geodesic 7 , an inertial moving frame along the geodesic 7 , if in th 


S , = ((e„W,...,<t3«)heynM s ) c s 


all the frame elements e 0 (x), re 7 , are equal to the tangent vectors to that geodesic for a 
suitable choice of affine parameter t. If, in particular, all the frames in s r are orthonormal, 
V: ' we shall call s an inertial Lorentz moving frame for y. Indeed, in that case the restriction 
;.k s r of s has the following properties, 

||k:V Sij( x ) = *(«,-(*),«/(*)) = rjij , e 0 (x)=x , VxeynM s , ( 7 . 12 a) 

S ||p-- - - r ‘ jk ( x ) = g‘ l g[*i (x), v ej(x) e k (*)) = 0 , V* e y n M s , (7.12b) 

JJ|so that (7.11) depicts a Lorentz frame that is in free-fall, and which moves in such a 
jfjj manner that an observer situated at its origin has the geodesic y as his worldline. 

■■ Let us introduce now the normal coordinates associated with an inertial Lorentz 
|tyr moving frame by the following construction: we set*°(r)= t at all points along y where- 
f| u P on at eac ^ P 0 * 111 x e 7 we draw all the spacelike geodesics with tangents 


X = X a e a (x)<=T x M 


a = 1,2,3, 


Jjgpi; 

|j||in affine parametrization; then, in some neighborhood of x(-r)e y, we assign to each point 
pf y which ,ies on one of these geodesics at unit parametric distance fromr(T) the coordinates 
|||jtei(T> ^ 2 » ^ 3 )- These coordinates will be therefore defined within some tube around y 
, Moreover, at each * e y we shall have d 0 = e 0 (x) and d a = e a (x), a = 1,2,3, so that they 
Pj determine a “local Lorentz frame” in the sense defined in §8.6 of [M]. 
pjl-Consequently, the CGR equivalence principle can be now stated in the following 
ijgg^ematically precise form (cf. Norton, 1989, for a historical analysis of Einstein's origi- 
§|k nal formulation, and Sec. 1.3 for the form adopted in [M]): For any inertial Lorentz moving 
Wrf rame in free-fall along some timelike geodesic y, all the nongravitational laws of physics, 
Hy ,expressed in the normal coordinates associated with that inertial frame, should at each point 
|j|pP£ y e Q ua l up to first-order terms in those coordinates, their special relativistic counter- 
-V. P arts expressed in the tensor coordinates associated with the respective Lorentz frames. 

The above seemingly unnecessarily complicated reformulation of the equivalence 
-' principle is motivated by M. Friedman’s (1983) careful analysis of the various shades of 
|| meaning of this fundamental principle. Indeed, that analysis concludes with the following 
^^^ |ervations: Standard formulations of the principle of equivalence characteristically 
obscure [the] crucial distinction between first-order laws and second-order laws by blurring 
^dtstinction betwecn ‘infinitesimal’ laws, holding at a single point, and local laws, 
lift? on a neighborhood of a point. ... What the principle of equivalence says, then, is 
§pt ^ s P ec i a i relativity and general relativity have the same ‘infinitesimal’ structure, not that 
they have the same local structure.” (Friedman, 1983, p. 202). 
iyk, Because of the presence of second-order laws, such as those involving curvature- 
g dependent terms, the Lorentz and Poincare gauge invariance of CGR cannot be inferred 
p|f e equivalence principle alone. Furthermore, as we pointed out in the second of the 
^introductory paragraphs of this chapter, Einstein’s original formulation of the general 
covariance principle had no physical content whatever, although in the special relativistic 
^context the covariance of physical laws under (global) Lorentz and Poincard transfor- 
S 15 M ex P erimentalI y verifiable feature of those laws. The fundamental reason for 
k: I ™ aerence is that the Minkowski coordinates of special relativity have an operational 
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[PI. Sec. 4.1). We can say that a neighbor- f§ 

nates [M] associated with an inertial Loren ^ I ^ pr • g free m along a geodesic y, a space- ; 
hood of some point xeM displays, to an obs ^ ^ supremum, over all the points in| 
time region of maximum linear : *^JL te va i ues in the inertial Lorentz moving 

that neighborhood, of the Riejmnn Xthennae, we can then adopt the ;gg 

frames with respect to which that obs ^ e corresponding, in Riemann normal coordi- jj 
supremum R of the Gaussian as a basic measure of the j 

nates, to all T = const, hypemurfaces over th at neighborhood - e.g., 3j 

maximum “curvature radius measurable by^h b ^ ^ to expect that> tor my .g 
by the geodesic deviation method (eh [Ml, i^ geodetic worldlines intersect at a :jj 
two observers 0„ i = 1,2, who are in free fall, and whose g ^ 

point x eM, the outcomes of then ^^^P to the «-th order of magnitude in 
coordinates display Lorentz and Poincm 0 P f x over which their joint measure- jj 

the maximum linear dimensions h of t _ S ° e of at mos t n+1 order of magnitude. I 

ments are performed, if the ratios ’ ’ erimentally implementable, and are in fact i 

These considerations are, in ? nn ciple, e P . Poincar6 covariance in the real world j 
close to actual methods ofven^g n t, but can be regarded as being so L 

around us, where gravitationaUffects are* P involving atomic or subatomic phe- A 

“small” as to be ordinarily negligible in expen s dear cut criter j on as to the w 

nomena. The above formulation then * ouM indeed render such general-rela- j j 

required degree of experimental accuracy wtac me within which a given set of ob- 

tivistic effects “negligible over given regions spacf ^ wical size of these j jg 

servations is earned out. If it is then taken_ g under te frestrial conditions - Lorentz 

SS SSSSCs " and Poincard gauge invariance in aU gen-j 

eral relativistic theories. Lorentz and Poincare gauge invan- 

In this context, it should be noted mat authors of C GR texts give prefen ^ 

ance are operationally ^ .| ounds . the basic directly observ- 

ence either to one or to the other_onmomenta and accelerations, are in- ggj 
able covariant quantities of CGR^ h ^ transform under a Lorentz tfansfbrngjji 

sensitive to affine structure, smeetorcoyen associated Poincare transfbrma-r 

tion A in the same manner as they do den y each ^ connectl0 n corp 

tions M). On the other ^ connection coefficients of thg 

responds an affine connection - fArms in (6 19) are of significance only 

affine connection, namely the soldering g affine structure ||j| 

quantum context, since quantum s p 0 tn Car £ a- roup introduced in the next chapter. 0 
witnessed by all the representations . . ,>yj tdat j s 0 f significance 4 to CGR. Its 

Thus, it is only theLevi-Civita connec U canon i ca l forms 0‘. W| 

extension to PM is obtained when w rerow in tUe sens e of Kobayasto; 
then arrive at a special case of a geraemlized^ connection on those sections of | 

and Nomizu (1963), which coincides with the Levi uvua 
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pM for which a = 0, so that they are also sections of LM. It is this connection that will 
play a central role in formulating the concept of GS propagation within the quantum 
bundles introduced and studied from Chapter 5 onwards. 

Notes to Chapter 2 

1 Such textbooks as (Adler et al., 1975), (Weinberg, 1972) and [N] provide typical examples; [M] and 
fWl, as well as (Hawking and Ellis, 1973) and (Straumann, 1987) are partial exceptions, whereas 

’ (Gdckeler and Schiicker, 1987) represents a total break with the old tradition. 

2 The introductory text [SC] presents in Chapter 5 the M-coordinate-based formulation of connections that 
had emerged from the classic works of Gauss, Riemann, Levi-Civita and other leading geometers of the 
last century, and then gradually introduces the reader to the modem formulation. 

. 3 In [M] this principle is ignored on account of Kretchmann’s remarks [M, p. 431]. According to [W] this 
principle stipulates that "there are no preferred vector fields or preferred bases of vector fields" [W, p. 
57]. On the other hand, this feature of CGR results from the imposition of Lorentz gauge invariance. In 
Sec. 11.3 general covariance will be related to the diffeomorphism group viewed as a ‘gauge group’. 

4 Cf., e.g., (Trautman, 1981), p. 306. As discussed in Secs. 2.3, 2.6 and 2.7, the Lorentz gauge sym- 
. metry can be always extended into Poincare gauge symmetry for the tensor bundles that occur in CGR. 

5 A topological space is a set which contains a family of subsets, which are called open sets, to which the 
set itself as well as the empty set belong, and which are such that the union of any family of open sets, 
as well as the intersection of any finite number of open sets, is again an open set. A map/ from one 

!p topological space into another is continuous if, for every open set 0 2 in the second space, the set 0\ = 
sf f l (0 2 ) in the first space (which consists of all points in it mapped into 0 2 ) is also open. A homeomor- 
phism between two topological spaces is a one-to-one map of one onto the other (i.e., a bijection) 
which is continuous, and whose inverse is also continuous (cf. Sec. 1C in [C] for further details). 

■}- 6 This definition corresponds to a C°°-manifold. In CGR it could be considerably relaxed (Hawking and 
Ellis, 1973) to that of various C" -manifolds. The latter, however, do not contribute substantially new 
structures and results in CGR. 

7 Here and throughout the remainder of this monograph, we shall use the Einstein convention of sum- 
mation over all values fi = 0,...,3 in each pair of repeated contravariant and covariant indices. 

In a general bundle E and M are topological spaces, and the projection map it is only continuous [C,I], 
- : 9 A diffeomorphism between two manifolds is a one-to-one smooth map of one of them onto the other, 
p whose inverse is also smooth (where, in accordance with Note 6, we restrict our attention to C“- 
>; manifolds). It is therefore natural to identify M with a particular submanifold of E to which it is 
•c- ; diffeomorphic although, strictly speaking, as sets the two are generally distinct. In this context, note 
pV that a subset N of any given m-dimensional manifold E is an n-dimensional submanifold of E if every 
p. point xeN is in the domain of a chart (M,0) of E which is such that <p(x) - (x l 

where (y\...y m ~ n ) is a fixed element of R m-n ; it then follows that an atlas of charts (M,0) of E gives 
• - rise to an atlas of charts (NnA/.yr) of N if we set \p(x) = (x',...pc n ) for all x eNnAf . (For the 
■p. mathematically precise definition of other basic concepts of differential geometry, we direct the reader to 
y.. [C], [I] or [SC]; however, in general, an intuitive grasp of all those concepts which we have not defined 
P either in the main text, or in the notes, should suffice for the understanding of the ail basic aspects of 
E the subsequent arguments and proofs.) 

Kobayashi and Nomizu (1963), as well as other authors, denote the (general) linear frame bundle by 
: L(M), rather than by GLM . We shall use, however, the symbol LM to denote the orthonormal-frame 

§p»' bundle of local Lorentz frames, which is introduced in the next section. 

|§ Note that, in case that g is a matrix that acts by matrix multiplication on the elements of Ft", for its 
action from the right those elements have to be viewed as one-row matrices, whereas for its action from 
' V - die left they have to be viewed as one-column matrices, so that one mode of such action can be related 
„ to the other by taking the transposes of the matrices in question. 

p in the considered case of C“-bundles the structure group G is required to be a Lie group. As such, G is a 
differential manifold, so that Px G is defined as the product of two manifolds [C,I]. 
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1 3 There are other approaches to the definition of associated bundles which do not assign prominence to. 

lueie mo a rV . . . „ . . , o— * -ai tUp mi>wnt annmach. whu-t. 

Cl 

^fpriorto a bundle structure - as is the case with the bundles treated in this chapter Tigfj 

14 i n case that E does not have an a priori manifold structure, but it is constructed, as is the case with the 
" antom bundles first introduced in Chapter 4, by taking a G-product of a principal frame bundle ad 
Sard fibre F, then the local trivialization maps (2.4) will be derived from soldering maps (cf. Secs. J 

4 3 and 5 1) this imparting to E a bundle structure by (implicitly or explicitly) soldenng quantum , - . 
to in those fibres to the elements of principal frame bundles to which they thus become asscxiated. Jg 

1 5 Note that left action gives rise to group multiplication in an order which is the reversal of that for ngfeW 1 
action so that representations by diffeomorphisms (which some authors call realizations cf. [C], p. |£ 

5 acting from the right and from the left satisfy two d.sunct composition laws, that are given, £ 
respectively, by U(g)°U(g) = U(g'g) and U(g)°U(g) - U(gg). 

16 This can be always achieved at each single point * separately, but not so that the same would hold true; ggj 
in an entire neighborhood of that chosen point if the Riemann curvature tensor is not zero at x .gJPl 

17 Note that the second set of equalities in (3.3) follows from the duality conditions in (1 10), tiiat relate M 
holonomic frames to their dual frames, and similarly the first set follows from the counterparts of these J 

relationships, which in turn relate tetrads to their respective duals. 

18 The terminology varies somewhat from author to author, with the term tetrad used as an alteniahve to c 
vierbein (Gdckeler and Schucker, 1987), rather than as the value assumed by a vierbe.n at a pven pom 

19 Throughout this monograph, Lorentz group means the restricted ‘ e /’ ® 

chronous Lorentz group SO 0 (3,l). If SO(3,l) denotes the group of matrices in 
terminant one (so that neither time inversions nor space reflections are 

its largest subgroup which does not incorporate any spacetime reflections - cf. (Cornwell 1984) p. 66. 

20 In some textbooks [C] the definition of bundle reducibility is formulated in terms of bundle embeddings, ^ 
so tirat the present statements would represent a necessary and sufficient condition for reducibility. . M 

21 A topological space is compact if every covering of that space with open sets has a finite s _ u bcovenng .g 
[C,W]. However, compact spacetimes exhibit acausal structure and hence 5Usp ®^ 
grounds - cf. (Hawking and Ellis, 1973), p. 189, or (Geroch and Horowitz, 1979), p. 242. Robertson- §g 
Walker spacetimes (cf. Chapter 5 in [W]) provide examples of important cosmological models which are jg| 

compact, and which at the present time are deemed to provide a good desenpuon of the large-scale 
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27 If an “infinitesimal” vector X is visualized as an oriented line segment joining the point x sM to an 
‘infinitesimally close” point x+ dx eM, then its push-forward by <p can be visualized as the oriented 


i nere are ouiw “ ~ “.T c "I A -i\ tinwever the Dresent approach which ”innnuesimauy close" point x + dx e M, then its push-forws 

bundle coordinates (c . e *P r uc e^m ion i . ‘ e h e a ’ ma nifold structure is available ' Une segment joining <p(x) eM to tp(x + dx) eM - i.e., as the outcome of “pushing forward”, by means 

closely follows that m [C], is the most natural one in tnose ^ , .... ^ - of the mapping 0, all the points of such an “infinitesimal” line segment within the manifold M. 

28 Note that once the parallel transport of a frame, such as the one in (2.1), is defined, that of its coframe is 
also defined: the parallel transported coframe is simply the dual of the parallel transported frame. 

JUH 29 The exponential map is well-defined for any vector in the tangent space T e G of any Lie group [C,I]. If 
8ISP A* eIements of ** group are matrices, then so are the elements of T e G, and the exponential map can 
be computed by inserting those matrices into the Taylor expansion of the exponential function at zero, 
-ft-, 30 This terminology is sometimes used for Yang-Mills fields (cf. [C], p. 402, or [NT], p. 178), and some 
!8!fC : authors apply it also to CGR (Drechsler and Mayer, 1977; Drechsler, 1984). However, some other au- 
Igggil:. thors mean b y a gauge group a certain subgroup of the group of automorphisms of the principal bundle 
Hite (of. ID, pp. 127-129; [BG], p. 46). The two definitions are obviously closely related, but they are not 
equivalent (cf. Sec. 10.2), so that Trautman (1980,1981) talks of gauge transformations of the first kind 
!§§§/>. 2 nd of * e second kiud. respectively. We shall explain this terminology in Secs. 10.2 and 11.3, when it 
becomes actually required. In the meantime we shall avoid the usage of the term “gauge group”, and 
||pi employ instead the term “structure group”, until all the relevant distinctions are clearly drawn. 

||!p31 These relations are usually derived in the context of classical Yang-Mills theories for which U(a) = q (cf 
PP- 402-407, [I], p. 161, or [NT], p. 178). 

j|j§':32 The specification of these components by means of upper indices set directly above lower indices is 
||i|#.' adopted from [K], since it facilitates the denotation of multiplication from the right as well as from the 
■w left - without the need of transposing indices (cf. Notes 11 and 15). This type of notation is also 
employed in [C], as well as in the lecture notes by Drechsler and Mayer (1977), whose notation we shall 
often follow in this section. 

||||| 33 Cf. [K], p. 118. The canonical form in (6.4) is sometimes also called the "soldering form” of M (cf. 

' ^ ICl; P- 376 )» but following Drechsler (1984), we shall reserve the latter name for the form in (6.19a), 

which equals the canonical form 6 plus the covariant derivative of the affine vector field a , which con- 
!f sdtutes P® 11 of any section (6.18) of the general affine frame bundle GAM. On the other hand, the sol- 
11 denng map (6.5) is a special case of the soldering maps defined in Eq. (3.2a) of Chapter 4, whereby the 
i# ■® bres of ,'f ctor bundles are “soldered” to the respective fibres of their principal frame bundles. However, 
the term soldering map” is not at all common in literature, albeit the inverses (o u )~ ] of soldering maps 
are routinely used when the fibres of 7M are (implicitly) soldered to those of GLM. In that instance the 
hnear map (ct u )“ is (somewhat confusingly) denoted by the same letter u that is employed to denote the 
hnear frame u to which it corresponds - cf. [SC], pp. 345 and 365, or [K], p. 56. 

Torsion, which is viewed as the antisymmetric part of a connection compatible with a metric on a mani- 
*™ d I* '^ a ‘ s ^ rst introduced by Cartan (1923, 1924), who believed that it led to a possible generalization of 
CGR (Debevcr, 1979), in which the torsion of spacetime would be connected to an intrinsic angular 
momentum of matter. Many researchers subsequently contributed to the investigation of the ensuing 
Riemann-Cartan spacetimes (cf Hehl et al 1976, Sec. I.D). Their formulation by means of the modem 
35 ^tlercntial geometry techniques reviewed in this chapter is due to Trautman (1970, 1972,1973,1975). 

In Riemann-Cartan spacetimes the presence of non-zero torsion leads to a type of free-fall behavior of 
test particles (Adamowicz and Trautman, 1975) for which there is no experimental evidence in the 
classical context, since matter does not display intrinsic angular momentum at the macroscopic level, so 
teat classically “the very notion of a spinning lest particle [is] obscure” (Hehl et al., 1976. See. V.D3). 

owever, the possibility remains open that torsion might play a role for some quantum particles with 
spin, and in fact, the consideration of Riemann-Cartan spacetimes in the quantum regime has been 
3fi stron 8 ! y advocated in a scries of papers by W. Drechsler (1977b-1985,1988,1990). 

As a generalization of the definition of a Lorcntzian manifold given in Sec. 2.3, (M, g) is a pseudo- 

Rtemannian manifold if the metric field g that is specified on M has signature (+1.+ 1,-1.-1); 

37 ' g j is called a Riemannian manifold if the signature of g is (+1.+ 1). 

-.The Planck natural units are those in which ft = c = G = 1, and in which therefore the Planck length is 
S r 6qUa t0 0ne “ cf ' Appendix F in [W] for further details and cgs equivalents. 
jgRecall that a smooth curve in a Lorentzian manifold is timelike, null or spacelike if all its tangent 
% vect °rs X are timelike ( g(X,X ) > 0), null (g(X,X) = 0) or spacelike (g(X,X ) < 0), respectively. 


not compact, anu wmen ui me picaom time a.e — r - - - - -■'i&jgiP 

structure of our universe. , . . . 

22 Snin ^nurtures will be defined and studied in Chapter 6, while formulating the quantum theory lor GS ^ 

. Their detailed treatment at the classical level can be found in Sec. 13.2 of lW]Jgg I 
[C], pp. 415-418. Avis and Isham (1980) have proposed a Jig | 


Spin structures 
spin-1/2 excitons. 

whereas a brief treatment is given m 

23 ifn^ting affine frame bundles, and in the next section affine connections, we ?i 

Chanter Ill, Sec. 3 of [K] - where all the relevant proofs can be also found It should be noted tL. Jg 
whereas in this terminology an affine connection is a connection on the affine frame bund c GAM, J 
some authors ([N]; Friedmann, 1983; Straumann, 1984) refer by this name to a Koszul connection [^^ 
defined on a tangent bundle, as well as on tensor bundles in general. . # 

24 This terminology is most suitable, but it is not standard. In fact, in all past pubhcat ons wi GS theory 

(PrugoveCki, 1987-90) we followed Drechsler (1982, 1984), by using L A M to denote the Poincare fram<^ 
bundle PM, and referring to it as the affine Lorentz frame bundle over M. -:L 

23 in subsequent years, Einstein and Grommcr (1927), as well as many others, attempted to deriw Urn ^ 
desic (or geodetic) postulate from the CGR equations of motion by treating a massive po n part cle a f 
timhing Le of a continuous distribution of mass in mutual interaction with gtavitolfi^ 
!Swe4r, the claims as to their success “are based on formal, so far nomgorously JUStifiaWe ^pro^ 
mation methods" (Ehlers, 1987, p. 65). The review article by Havas (1989) provides many de ^ 8 
rich history of these various attempts, some of which preceded the well-known work by E Jj 

M to teTcni’Iat' in so,nc neighborhood «of each point in the total apace P of toe principal bofidMhc" 

are font linearly independem vector Helds X„(«).X,(„) € T u P. u c. »£. whtch span the honron... 

subspaces // U P above 9f.. LVp 






Chapter 3 


Stochastic Quantum Mechanics 
on Phase Space 


We have seen in the previouss chapter c ° ^dle, and more generally of tensor: : j 
cance in CGR: without it, the ccBceg trfggs, ® define, so that neither the Einstein s 1 
bundles over a manifold M, would beimpo by ^ could be formu i a ted in their | 
field equations nor the geodesic inted out in Sec. 1.2, at the quantum j 

well-known form (cf. Sec. 2.7). However, a ‘ ? s encounters msnrmounttbte * 

level, theconventionalconceptrftocahyof^rep ^ Heg< , rfddt , s (1974 ) no-gothco- 

difficulties already in the s P a “ al ^ a “™“ hod o X quantum theory of measurement | 

rem and to foundational problems«emerged from an effort to resolve these 
The framework reviewed in thischaptern 8,^^ invari ance, as well as <| 

difficulties by retaining Einstein s P™ciple f ^ conce pt of sharp localisation - i.e sj 
Heisenberg's uncertainty principle, tat gmng up ^ concep , of Ioca l,za,.on with 

localization with perfect Pr™ 5 ™:” ^ sto chastic concept of locata*™' s j 

finite precision, which is of a stochasticnatu_ ^ &c 13 in the course of formulating-* 

based on the notion of stochas ric value•. ^ Principle 1 in that section. It therefore 

the principle of irreducible indeterminacy • - ^ framewoI k as stochastic quantum ? 
became natural to describe the resulung* ts embedded in the concept of thejJ 

mechanics (SQM), on accountof *e«octasOe ftamewor k[P].However,on f 

stochastic values which quantum plays in it (as it will become apparent J 

account of the fundamental role tha p P f n f or *is framework the fuller desenpuve ti le. , 
already in Sec. 3.2), it is more sum.We to ue tattas ^ ^ diffeen(iate it b m o<heg| 

of stochastic quantum which also use the descriptive labels of .g 

unrelated or only remo ely related frame , qi ,. stochastic quantum mechanics K -;® 

“stochastic quantization , s f basbc ^“ ha ^ bl ^ ic properties of probability measures for; 

In this chapter we shall first review t in ord i n ary quantum mechanics , 

the outcome of measurements of compahb imDrim iti v ity [BR] formulated and later uijj| 
(QM) from the point of view of die s y st J “P 196g) ^ hen upon presenting the sys 
ttoduced in quantum theory by in nonrelativistic as wed g|j 

terns of imprimitivity most pertinent to the loc V counterparts. These - 

in relativistic QM, we shall formulate for bo* ^ ^ known und 

counterparts constitute generalized systems°f geometry, more suitable name of; 

the shorter, and from the P 0,nt ° t v J' cl ear in the context of this presentation, the s ys 

= ^“^Ld t „meas— s iuwhich fl .evahtesofdieperi« 


- - 

nhservables are measured with finite precision, whereas the systems of imprimitivity of 
OM are related to “measurements” by which they are measured with (purportedly) infinite 
Precision. We shall therefore discuss the sharp-point limit of nonrelativistic SQM, which, 
name suggests, corresponds to the imagined, operational procedure of indefinitely 
increasing the measurement precision until perfectly accurate (i.e., “sharp ) values are ob¬ 
tained. The fact that, at the mathematical level, the very same procedure leads in relativistic 
qOM to divergences, provides an indication of the source of the earlier mentioned difficul¬ 
ties encountered by the concept of shaip localization in relativistic QM, and it will be there¬ 
fore- assigned the appropriate amount of attention in this chapter. Furthermore, as we ex- 
nlained in purely physical terms in Sec. 1.4, the entire idea of geometro-stochastic (GS) 
nropagation rests on path integrals in which, in accordance with the geodesic postulate, 
free-fall conditions are reproduced by the parallel transport along geodesics. In the flat 
snacetime case such propagation coincides with the conventional mode of quantum 
nronaoation, expressed in the SQM context. The fact that this is indeed the case will be 
confirmed by comparing in the next two chapters the path integrals for GS propagators 
with the path integrals for SQM propagators. Therefore, in preparation for that task, we 
shall recount in Sec. 3.6 of this chapter the basic properties of SQM path integrals. 

For the sake of simplicity, in the present chapter we shall deal primarily with the case 
of massive particles of zero spin. Pertinent results for non-zero spin and/or zero mass will 
be discussed in later chapters, when the occasion requires it. Furthermore, guides to the 
original literature on these subjects will be provided in all instances. More detailed reviews 
£ of SQM can be found in [P], as well as in an extensive review article by S. 1. All 

| 3.1. Nonrelativisfic Systems of Imprimitivity 

The concept of system of imprimitivity originally arose (Mackey, 1951-53) in the theory of 
& induced representations of locally compact groups [BR]. It involves two basic ingredients. 

The first of these ingredients is a unitary representation U of a locally compact group 
q that acts as a continuous group of transformations on some locally compact topological 
i space [BR]. In general, the values assumed by U are those of unitary operators U{g) 
S acting on a Hilbert space A good example of such a representation, taken from the non- 
; : relativistic quantum mechanics of a single spin-zero particle, is the following. 

V . The Hilbert space is the space L\ R 3 ), which consists 2 of all the complex-valued 
U functions Y (x), x e R 3 , that are square-integrable on R 3 with respect to the Lebesgue mea- 
H sure [PQ], and which carries the inner product 

5§~ S (fclfo) = L yWV^OO^x . (L1) 

fgThe group G is the Euclidean group E(3), whose elements (a, R) act in R 3 as follows: 


(a,/?): xHx'=a + ffx , 


Re SO(3) . 


HH The corresponding well-known unitary representation is given by 




f(x) H> * 


(1.3) 


The second ingredient of a «“a£ 

commonly called also a PV-measure, on the Borel sets a oi u v 6 
acS^in L Hilbert space . Thus, by defimtton, the map 


E : BhE(B) 


E{B) = E*(B) = E\B ) , 


. t>„„i r in in such a manner that Ill 

assigns an orthogonal ^ countable family of disjoin,* 

E{0vC) equals the identity operator 1 m and tnai ro y 

Borel sets from 94 we have 


The strong limit in (1.5) ftom"'to Sg to I 

interpreted by applymg the partial sum m (1.5) to <myvec ^ ffl53) M « 

limit in the norm of #for the resulting sequ mechanics of a single spin-zero m 

example of a PV-measure for the ^^Q^esponding to position operators [PQ1, If 
S“eaoh wave (unction with the characteristic function* of a I 

Borel set from R 3 , namely £g*| 

EHB): ¥(x) ^ fcOOtf*) ■ 

Hence, according to die orthodox interpretation of QM, the resulting expectation value || 

X f I A , 2 j3 MB 

(t\E*{B)v) = 1>(*)N X :ia| 

ematical entities interrelated in such a manner that J 

U(g)E(B)U~'(g) = E(gB), gB = {g-x\x*B)^M, 9 eG, " B | 

equivalent to the statement that 
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(i^ Q (B)^) = {^£ Q (a+.R. J B)i^) . (1.9) 

In view of (1.7), this property expresses the covariance of QM probabilities for position 
measurement under coordinate transformations corresponding to changes of orthonormal 
affine frames in Euclidean 3-space. Such transformations can be carried out operationally, 
by performing translations and rotations of inertial frames under the assumption that such 
frames obey the laws of Newtonian classical mechanics, i.e., that they are sufficiently 
massive to be described in classical terms, in concordance with the orthodox QM theory of 
measurement. For this reason, Wightman (1962) and Mackey (1968) have argued in favor 
of adopting systems of imprimitivity as the basic mathematical tools for formulating the 
concept of particle localizability in QM. 

Indeed, systems of imprimitivity can also describe the covariance features of non- 
relativistic QM probabilities for the outcome of measurements of other fundamental observ¬ 
ables^ such as 3-momenta, angular momenta, spins, etc. For a single particle, the transition 
from the configuration representation, used in (1.3) and (1.6), to the momentum represen¬ 
tation is effected by taking the Fourier transform 5 


yr Y 


\j/(k) = (2tc) 3/2 J exp(-i'k-x) yr(x)d 3 x . 


Then the corresponding nonrelativistic system of imprimitivity. 


U(a,R) = U ? U(a,R)Uf 


E P (B ) : vKk) % B ( k)y/(k) 


reflects the covariance properties of QM probabilities for momentum measurements under 
/Euclidean transformations - as it will become evident from the relation (1.23), that will be 
derived in the more general context of Galilean transformations, to whose study we turn 
@|xti 

IH A general Galilean transformation in Newtonian spacetime, represented by R 4 , can be 
expressed in terms of a linear map of R 4 onto R 4 , 

plpl (b,a,x,R): (x,t)n> (x'=a + xt + Rx,t , = t + b) , (1.12) 

that represents a transformation of Galilean inertial coordinates (cf. Sec. 4.1). It generalizes 
£(1.2) by involving time translations in the amount b , as well as velocity boosts to the 3- 
; velocity v, in addition to spatial translations and rotations. Hence a Galilean transformation 
^reflects the general operational procedure of changing very massive (and therefore 
classically describable) inertial frames in accordance with the laws of Newtonian classical 
^mechanics, as well as generally changing the zero-point of clocks attached to such frames - 
-which in Newtonian physics supposedly keep track of absolute time. Upon performing two 
successive general Galilean transformations in accordance with (1.12), it is easily verified 
- by straightforward algebra that the family of all Galilean transformations (1.12) constitutes 
ffa group, known as the Galilei group Q , with the following group multiplication law: 


(b r ,a',R') ■ (b,a,\,R) = (b'+b, a'+fl'a + b\’, x'+R'v, R'R) 


(1.13) 
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. .• n /i 121 on the wave functions of fi, 

evolution [PQ] specified by (J )/() ’J 

y ,, exp<- hv>* . »• = ( - V2m)A ’ 'jljj 

provides the general solution of the free SchTodinger equation: 

i a,v(x,i)=(-V2«)A'f r O‘.o . **,*)-*.« • . ( jjjjl 

isssssstssss^ I 

( ?( i ,a,v,«) : •* (U6)I; 

= exp[i(-*«v 2 (' - 6) + mv • (x- a))] ‘ x 

, b v the vector representation that is a straightforward ex^p^ * ponent j a i 
Wiener’s theorem on ray representations ^Sw^), functions that are directly ob- M 

« jsssssss saw——| 

We cl easily verify by explicit computation that Si 

= exp{-^v^ + Vi?'a|}U(h’,a'.v’.«’)U(*'.».v. ■ 

r cauently (1 16) can be also viewed as an the phase 0, so J| 

| 

(e',b',a',v',R')-(9.i>,a,v,K) (1 IS) I 

= (^6 + m(^b-’«'4^- a ’ +J?a+bV ’ V+K ’ ^ | 

We note that die restriction of 


= —oTJ—^ eX^o-^ - Sf f 
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„f spin-zero point particles in nonrelativistic QM, since they lead to the following covari- 
ance feature under Galilei transformations, 


(y,\ £«(B)V>,) = + « + *' B ^) 


WL the QM probabilities for finding the particle spatially located with respect to the original 

IfeaSrrial frame within the Borel set B at the instant t . . . . 

Jp xhe corresponding system of imprimitivity for spin s > 0 is obtained, upon retaining 

1(1.6), but replacing (1.16) with 
R: U s (b,n,v,R) : vKx,f) h> v>'(x,r) 

M ' « exp[i(—|mv 2 (f- b) + mv (x-a))]i>'(A) «iT*[x - a - v(r - &)l,r - 6), (1.20a) 

j|§ ^Oe^ + l), D S (A) e GL(2^ + 1,C) , A e SU(2) , d-20b) 

I where in general D s is a representation of the covering group SU(2) of SO(3), so that ±A 
I Tre the elements 0 f SU(2) corresponding toR e SO(3) [BRJ. The systematic derivation and 
I classification of all vector, as well as ray, representations of the Galilei group, earned out 
1 hv Levy-Leblond (1963, 1971), reveals that the systems of lmpnrmtmty based on (1.6) 
id (1.20) are, modulo unitary equivalence, the only QM systems of imprimiuvity desen - 
I W the localizability properties of nonrelativistic panicles in Newtonian spacetime. 
fc: 8 The corresponding momentum systems of uupnmitivity can be obtained by g 
Puffier transforms, as in (1.11). Indeed, we easily derive from (1.10) that 

U s (b,n,v,R): y(k,t) t-> ^'(M) 

= exp{i[imv 2 (r - b)- k • (a + v(f - b))]}D\A) y(R~' Ik - mv],t-b ). (121) 

Hence, in full accordance with the fact that, under a general change of inertial frame, (1.12) 
His replaced, in the case of classical nonrelativistic momentum components, by 

(b,a,\,R): (k,f) h» (k' = mv + Rk, t + b) , (I ' ^ 

| we obtain the following covariance properties, 

(jp|i^|£ P (B)^} = (^; + ^ P (^v + i?-B)^ + ^ ^(k) = exp(-ik 2 r/2m)r(k), (1.23) 

lltcif QM probabilities for (sharp) momentum measurement outcomes • , . z n 

18 m We observe that the probability measure in (1.23) is actually . 

Is£ accordance with the fact that the momentum of a free particle is conserved Natwally m t e 
fcpresence of interactions with external sources, that will no longer generally be the case, 



Chapter 3% 

72---------g 

3.2. Nonrelativistic Systems of Covariance 

scription suggesu the replacement of the opri'ilnix''. 

measures in (1.4) and (1.5) are made less stringent, by requiring only that 


E(B) = E*(B)> 0 , B<zM , 

E(B x uB 2 KJ---) = E(B l ) + E(B 2 ) + '" , 


B; c\B j =Z> , 


(2.1a) 
(2.1b) 1|| 


The above two conditions, namely posiuvny -mu w ~ 

^SSSS 

1116 " aToV m^s said to be normalized if £(«) = 1. We note that even if a POV J 
m easme?Io”£d, its expectation values can be sdll interpreted as rep-esennng j 

C ° n “^“rf a »ce is defined as apair (U, £), consisting of a unitary mpresen^ I 
tion Uofa group G, that acts from the left on a locally compact topological space M-and 
of a roV measure E on the Hotel sets of flf. which are interrelated in such a manner that j 
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In the 1960s, a variety of proofs were given (Urbanik, 1961; Varadarajan, 1962; 
-J Cohen, 1966; Gudder, 1968) which followed in the footsteps of von Neumann's (1932) 
proof of the “impossibility” of the simultaneous measurement of “incompatible” QM ob¬ 
servables. However, it was independently realized by several researchers (She and Hefner, 
1966; Prugovebki, 1966-67; Park and Margenau, 1968) that the problem of measurement 
?g - 0 f “incompatible” QM observables, such as position and momentum, assumes new aspects 
g|K w hen the possibility that outcomes of their simultaneous measurement which are not sharp 
fci is considered - so that no conflict with Heisenberg's uncertainty principle arises, and the 
llpT'Aforementioned proofs become irrelevant. Hence, She and Hefner (1966), Davies and 
tLewis (1969), Holevo (1972) and PrugoveSki (1966, 1976) were able to propose proba- 
|f£v bility measures describing the outcome of such measurements, without giving rise to any 
J&fi- inconsistencies with the orthodox theory of quantum measurement, since the latter dealt 
p|| exclusively with the highly idealized (and practically unrealizable) case of perfectly accurate 
H& measurement outcomes. Of course, no uniqueness of these probability measures for 
|K. “unsharp” measurement outcomes could be expected to hold for a given system, since 
111 those outcomes are bound to depend as much on the employed test particles or apparatuses 
Jpl as on the system itself. However, the conjunction of “system” and “apparatus” could be 
fflf'expected to produce unique POV measures 9 , whose expectation values for the quantum 
||§| states in which the “system” was prepared would produce the required probability mea- 
|| | sures. The fact that such POV measures belonged to systems of covariance for the Galilei 
|j§ group was subsequently established, and it led to a new method of quantization, which was 
jj| based exclusively on group-theoretical methods (Prugovebki, 1978d) - cf. Sec. 11.4. 

In the nonrelativistic context, the central idea of this purely group-theoretical method 
£C of quantization is to consider ray representations of the Galilei group on phase space, rather 
||i| ; than on the configuration or on the momentum space alone - as was done in the previous 
!§p section. Hence, let us introduce the Hilbert space L 2 (R 6 ) which consists of all the complex¬ 
ly-valued functions y<q,p) in the variables q,p eR 3 that are square-integrable on R 6 with 
H! respect to the Lebesgue measure, and which carries the inner product 


U(g)E(B)U' 1 (g) = E(g-B), g e G , 


B c 9rf. . 


obtained from those of the preceding section by “nsidenng “o be mathematically 1 
StaLrf as the expectation values of the following Bochner integrals*. 

£«(B) = • B ‘ = s B c R4) ^ R ’ • Sj 

It is easily verified that the above operators define a non-normalizable POV meas^ure on to i 
Borel sets of R* which, in combination with the representation in (1.16) or ,n (l./uy, 
constitutes a system of covariance. \ 


■t? 


(V^i tyt) = J r6 V'f(q,p)yr 2 (q,p)dV 3 


this space we can then consider, by analogy with (1.14) and (1.15), the time evolution 


Wt = exp(~i7/ 0 f)y/- , 


// 0 =(-l/2m)A q , 


|| which provides general solutions of the Schrodinger equation in the q-variables: 


«<9 f y(q,p,0 = (-l/2m)A i/^(q,P,0 , 


^(q.P.O* VM’P) . 


|Fe can then introduce in L 2 (R 6 ) the following ray representation of the Galilei group: 

{§§! U(b,a,x,R ): i/(q,p,0h-> = exp[i(-imv 2 (f-&) + mv-(q-a))j 

Ml x yx(/? -1 [q - a - v(r - b)],R~\ p - mx\t - b) ■ (2.7) 
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It is easily checked (PrugoveSki, 19780) that ^ ^ "**“ * | 

satisfies Sc group multiplication law as the one tn (1.17), namely. 

[7((b',a',v',J?')(^a,v,R)) = 

= ex P {-im[iv' 2 6 + v' fi’a]}f/(6',a’,V,«')W(i>,a,v,fi) • 

(2 9 ) 

y(6,a,v,R) = ©T=t fVM.v.K) 

into irreducible components for each choice of a set of Unctions *,« = U.for whic| 

( 2 . 10 ) 

j +e °<.(K:)e n -t(»c)K: 2 dfC = 5 n t n -- , 

SO that they constitute an orthononnal basis hi .he Hilbert space with the inner prodtj 
defined in accordance with the left-hand *side oHlAU). raathema tically intqd 

The phase space representation in (2.7) d ^ (Prug0 vecki, 1978d)| 

ing properties - whose basic suucniMte > and 1986). We; 

and whose systematic harmonic analysis is^p 1 ^ ^ direct physica i relevance^ 


and therefore the orthogonal projection operator P$ onto that subspace can be written in the 
form of a Bochner integral: 






(2.14) 


The (»/>th irreducible represcmou«.i 
tion space representation in (1.20) that representation i 

carrying thatW* irreducible representation, so that 


Equations (2.13) and (2.14) lead to the conclusion that each one of these subspaces is a 
v reproducing kernel Hilbert space, so that 

p (p f rXq.p)=|„.(«q.p|^,'y)v'(q'.p')dVd 3 p’. (2.1s) 

We can now consider, in each one of the above irreducible subspaces /7(R 6 ), a 
corresponding system of covariance given by 

£7 { (b,a,v,R) = P { £/(6,a,v,fi) , E f (B) = J s |4,. p )dV 3 p(S,. P | . (2.16) 

From the point of view of the physical interpretation of this kind of system of covariance, 
Ifiost significant are the following marginality properties of the expectation values of the 
wave functions from that irreducible subspace: 

(y/| E;(B x R V) = J 5 d 3 qJ R) <* 3 x x‘ q (*)\v,W\ 2 > x' q W = (2jt) 3 ||'(x -q)| ,(2.17) 
(^|^(R 3 xS)v/) = ^d 3 pJ R3 d 3 kf'(k)|^(k)f > ^(k) = (2*) 3 |f'(k-p)| .(2.18) 


U nj = V 7 = ^nfl w nj > 


4 ; Indeed, the respective right-hand sides of the above marginal measures involve exclusively 
- the configuration and momentum representatives of the phase-space wave functions P$ y/ 
and £, which are obtained by applying to them the inverse of the maps W nj in (2.11). 
Thus, if£ =|n/e P n jL 2 (R 6 ), then it follows from (2.12) that 


(2.19) 


■ ntum space counterpart, then the miiwy^pl . GhjQ 1 ) = (2!r) _3,2 e„(lkl)l7(k/lkl) 

expresses its unitary equivalence to its momenta P oper 2or. The action of thisSfcJ-. 
operator W nj supplying that unitary equivalence 1 ^ 21 ) reS ults into According to a well-known theorem by Wigner (1932, 1979), there are no positive 

operator on the momentum space wave functi pp phase space distribution functions, associated with either pure or mixed quantum 

, , . - / k N states, that have as their marginal distributions (obtained by integrating them in qe R and 

A(n n't = (2nY V2 f exp(iq-k)e n (lp-k|)Tj((p-k)/lp- \)Wi\ ’ p e R 3 . respectively) the quantum probability densities for the sharp position and sharp 

\*nj tA4> v) Jr 3 ^momentum measurements of the preceding section. Hence no such phase space distribution 

, • i o n miiar momentum indices l = -/>••*» 4 i functions can be interpreted as probability distributions for the simultaneous measurement 

where the summation over the repeated intern of sharp position and of sharp momentum. However, the phase-space distribution func- 

implicitly understood. « characterized by a unique rotationally tions, determined by the wave functions in (2.13), give rise to the following positive 

Each one of the above irreducible subspac property that l||||p definite probability measures on the Borel sets of phase space, 

invariant resolution generator , that is by a unique vector ? 

(P yr)(q p) = (£ W) ’ £ qp = t/(0,q,p /m,I)Z , = L|( p ^)(^P)| rf V 3 l 


( 2 . 20 ) 
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since they bypass the atementiored‘n(^'th^m^W^r^^^thetete 

in their marginal "^I^^^^SretLts L smeared out wift || 
densities for sharp position and , in Sec 13 ) which are not 5-like. Hence I 

SS^utoSSToSto^rpreted as probability densities for the simultaneous jj 

measurement of the spread-out stochastic values |j 


(q,^)x( P 4)er 5 «+ R 6 

Of position and momentum so that 

BK2SEK 

" q in these 1 

£q, p , which according to (2.13) are obt ^^ y lhe amount q, suggests that t, should be ] 
3-velocity v = p/m , and spatially translat ag y pointlike) quantum test body” : 

interpreted as the state vector of •» «*»«« Consequently/: 

whose center-of-mass is located at. the: o g ^ subm ] tte d to the aforementioned.; 

boost spatial transl ation operations, in 

.Tlultaneous measurement of*. —entsisa^ 


implicitly performed by correlating ^ extended test particle^.The j 

/-th component of the internal angular n supplies the covariance features under rj 

^ | 

(x fi) r.) - (C + Vf + It ■.Axcw + s-fi))^) . < 2 || 

which are the counterparts of those ra /^ T 1 t only the orthodox intetpretatio j 

The consistency of the above statistical mechartj 

of QM, but also with the fundamental aspec £jd 19 7 6 _ 78; Ali and PrugoVeaajj 

ics, has been confirmed by a ‘ ^f P] . Additional studies of measurement^ 

1977) - which are reviewed in Chapters l vnaj 11 f ^sinon and momentum, as 

theoretical procedures for the ^tmeous ir^a £ Schroeck, 1981-82), M 

well as of other “incompatible observables (Bus > ^ } which demonstrate,! 


quantum measurement based on to/more rad« 

die relativistic QM theory of measurement, ment ?°" e ““ h f re ; ativisti c regime. This need for 

cal departure from conventional concepts isi^/nderlined by the fact that, whereas the nojj 
a further extrapolation of convennonal QM Us miderl J their conventiona i counter. 
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derline their physical and mathematical limitations, and then compare them with the corre¬ 
sponding systems of covariance in relativistic SQM, which do not share those limitations. 

%- i n Sec. 3.7 this will point the way to a geometro-stochastic framework capable of 
consistently unifying quantum mechanics and relativity theory at their most general level. 

3.3. Relativistic Systems of Imprimitivity 

In the relativistic regime, the role of Galilei group is taken over by the (restricted) Poincare 
■group, which can be identified, as in Sec. 2.4, with ISO 0 (3,l). Its elements incorporate 
spacetime translations a e R 4 , and act on 4-tuples x of Minkowski coordinates a follows, 


(a. A) : x a + Ax , 


jceR 4 , 


that they obey the following group multiplication law (cf. (2.3.9)): 

Z{ 

f(a\AQ(a,A) = (a'+A'a,A'A) , a’.fleR 4 , A\A e SO 0 (3,l) . (3.2) 

V 

In the special relativistic context the above coordinate transformation law replaces the 
transformation law in ( 1 . 12 ), so that, at least on the surface, the extension to the relativistic 
regime of the considerations in Sec. 3.1 appears very straightforward. Thus, according to 
all standard treatments of relativistic QM [BL, IQ, SI], a wave functions 0M, purportedly 
representing the state vectors in the configuration representation of a single relativistic 
particle of rest mass m and zero spin, can be regarded as being an element of the pre- 
Hilbert space (extendable by Cauchy completion - cf. [PQ], p. 31) with inner product 

= *j Rl $(x)d Q y 2 (x)d 3 x , (3.3) 

whose positive-definiteness is ensured if we restrict ourselves to positive-energy solutions 


<P x o=exp (~iP 0 x°)<p , 
pf the Klein-Gordon equation, 

||^+m 2 )to = 0 , 


P 0 =(P 2 + m 2 f, P 2 =-A , 


y(x°,x) = v „(x) . 


fThe inner product (3.3) replaces (1.1), and can be also written in the following 
manifestly covariant form, 


= iJ o 9* Wdft <P 2 ( x ) d o^(x) , do^ix) ~n 

Pi*U)^ 2 0:):= 0*{x)(d<p 2 (x)/Ox 11 )- (dp* (x)/dx /i ](p 2 (x) , 


do tl {x)-n ,L {x)do{x) , (3.6a) 


(3.6b) 
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• .v _„„ npr f tn any global Loren tz frame, of 
t Sato is carried ou,. The followmg maps, * 

U(a,A) ■ H> ?’W = ^ A ‘' (X " a)) ’ 

provide a unitary irreducible representation of the Poincare group. We note that 

U(a',A’)U(a,A) = U(°' +A ' a ’ A ' A) ■ 

. • fnrn nrtc in fl 16), these maps define 
so that as opposed to their nonrelaavisfic cou t :^ the Poincare group has 
orSyve^ representation-“^^TlW^InMandWigne^ig 
nontrivial unitary ray representations a relativistic system of unpnr 

It would appear that the stage is impr imitivity based on * e PV measure i 

tivity, similar to the nonrelarivisuc syst<imf P , tat the probability dens, 

fined by (1.6) and on the representatio How ever, such a system of it 

that supplants the one in (1.7) w “ 1 ^ 6 ^eed U is easily verified that in any; Lorens 


viiv/ 

would not De men «#»-»«** Tf , cnprt to that frame is not time-independent 1 . 

“r;s." iTtss:—«•» -» - *■ “■ 

component J°W of the Klein-Gordon current ^ sj| 

/ Or) = (i/2m) $ *(*) S r i>(.x) , 3 “ = rfS, 

provides the desired probabili^ density in config^^ 

ity of quantum particles is bound t t~r momentum measurements. 

and interpretation of systems of lmpnmmvlty s ^ mome ntum wave tactic 

Indie relativistic regime it 18 independent. By analogy with (1 

• k -«"- k) - k “ tk+m) | 


Since this map is basically given by a Fourier transform, its inverse is provided by 


as® 


fix) = ( 27 tr 3 / 2 J i 0 >Q expH£ • x)<p(k)dn„(k) , 


dttJV) = S(* 2 - m 2 )d A k , 


(3.11a) 

(3.11b) 


®iem (3.1 lb) gives rise to a Lorentz-invariant measure on the forward mass hyperboloid 

^-y+={k\k 2 :=k-k = m 2 , £ 0 >o]cR 4 . (3,12) 




iJliEce it is easily verified that (3.10) and (3.11) provide unitary maps between the Hilbert 
positive-energy solutions (3.4) of the Klein-Gordon equation wUh inner product 
f 3 ) the Hilbert space of functions on the forward mass hyperboloid (3.12), thatare 

RSie-integrable with respect to this invari 


IVUU ---- J X ’ 

invariant measure, and which carries the inner product 

/i 3 k 

a K (3.13) 


Jl m) - . 

||Rf|i The momentum space counterparts of the ‘configuration space’ wave function maps 
K(3.7), which describe their behavior under Poincare transformations, can be derived in 

the same manner as their nonrelativistic counterparts in (1.21), with the following resu . 

S13SlsS!K.££j 

(3.14) 


U{a,A) : £(*)h> f'(,k) = sxviia-k)<p(A- { k) . 


14-^'Hence, if we introduce the PV measure 

mm'- 

E(B ): (p(k) h> X B (k)(p(k ), 


q> e l}{ V*,dQ m ), BczV: , 


(3.15) 


f{hen (3.14) and (3.15) give rise to a system of imprimitivity for momentum measurements. 
4* Thus, in full accordance with the fact that under a general change of inertial frame the 
classical relativistic momentum components transform in accordance with 

jjl' (a, A) :*«->*'= Ak , keV*, (316) 

’' we obtain the desired covariance properties, 

M-: {ip\E(B)fj = lf;(k)f 2 (k)dQJk)^{f]E{AB)(p'} , < 3 ' 17 > 

for the QM probabilities of sharp momentum measurement outcomes. In fact, (3.17) 
represents the relativistic counterpart of (1.23), since it can be easily checked that, if t c - 
velocity v of the relative motion of two inertial frames has a magnitude which is small in 
:V’.! relation to the speed of light, then (3.17) can be well approximated by (1.23). 

The systems of imprimitivity for sharp momentum measurement outcomes ol 
massive particles with spin s > 0 are rather similar, and can he obtained by combining the 
PV measures with elements given by the linear maps 
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EXBy.m i-> X 3 mm. ci>et\2s + r)®LHv:,dQ.)' Br.v:, (3.18) 

with the following unitary representation, J _ 

U s (a,A): (p(k) h> <p’(k) = exp(ifl • *)D 5 (Km) ^ ’ ^Ijp 

rL = A^AA^ • SO© C seal) . <31%) 

where A denotes the Lorentz boost 

SSI -d classification of all unitary ta ed„ci| 

representations of the Poincare group. representations for the Poincailf 

The modem derivation and f lassl ^^^^s^^^ a sed on Mackey's (1951# 
group, as well as for its universal covering gr P ^ of imprimitivity play a central role 

53) theory of induced representations, in whic y ^ f [BR ])_ This systematic 

from a purely mathem atica pom. o vtew J*^**^™^ in (3.19) are the 
derivation reveals that, modulo unitary JL to all t fc e possible spin values s = 

only irreducible unitary representation cone W*™** 0 ( P where , incase of iM 

0,1/24,3/2.2,5/2 For example, the 

integer spin, A k has to be replace y . F hid f Tom i ts s =1/2 counterpart in 
familiar Dirac representation for s = 1/2 can be obtained “ or “ 6 x 
(3.19) by means of a Foldy-Wouthuysen transformation - cf. Sec. . . .,J|| 

3,4. Relativistic Systems of Covariance #jj| 

In the preceding section we have seen sh^ S qu^tum p^dclem^ 

the derivation of systems of imp ™ p _ V e ^ ri ^ sd ^ regime that parallehsm breaks down in the 
mentum in the nonrelativistic andth he ^ as i n the nonrelativistic regime proba- 

case of sharp position measurements. 1hi , SUK g e sted by Bom (1926) only one 

bility measures for sharp position me . the relativistic regime their discoy^ 

year after the birth of modem quantum^mechai until it was eventually proven 

has defied the efforts of several gene , b ’ in va i n 14 , if an interpretation 

by Hegerfeldt’s (1974) theoremthat aU that, in .bee* 

consistent with Einstein causality were de ■• reg over phase space , it turned ou 

text of systems of covariance based on narallelisni in all its essential physical. 

(Prugovedki, 1978c,d) to be possible (Ali and pmgoveSki, 1986) of the relatiyi| 
aspects, and that the complete harmom ^ r s 3 2 revealed many very cloo¬ 

tie counterparts of the phase space repre SQM framework 1 ^ 
mathematical analogies between the n onre a i t duce as t he relativistic counterp 
Let us therefore proceed as in Sec. cons ists of all ^ 

of the Hilbert space L 2 (R 6 ) in that section, the albert space ^ _ ± if 

complex-valued functions ^.p) in the variables* -;<M> aad P - (P .P). wl * ' ^ 
and F o = ( p 2 + m 2 ) 1/2 , and which carries the inner product 


(4.1) 




If; {<P>\<Pz) = 1,0=0 tf(4>P)<P2(<7>PMV 3 P - 

|;Sln this space we can consider, by analogy with (3.4) and (3.5), the time evolution 


p 0 = exp (-iP 0 q°)(p , 


/> 0 = (P 2 + m 2 f, P 2 = —A , 


P?which provides positive-energy solutions of the Klein-Gordon equation in the < 7 -variables: 
j§j|# (d^ + m 2 )<p(q,p) = 0 , (p(q,p) = (p q0 ((O,q),p) , ^ = d/dq* . (4.3) 

^ In the Hilbert space L 2 (L m ), with inner product (4.1), we can then introduce the following 
^^presentation of the Poincard group: 

lit, U(a,A) : <p(q,p) l-» <p'{q,p) = <p(A~\q-a),A-'p) . (4.4) 


Ip;:; It is easily verified that this representation satisfies the same group multiplication law, 

|||fe„ U(a',A')U(a,A) = U(a'+A’a,A‘A) , (4.5) 

||||s the representations of the Poincare group studied in the preceding section. However, as 
opposed to those representations, the representation defined by (4.4) is highly reducible - 
|||ts was the case with its nonrelativistic counterpart defined in (2.7). Its spectral analysis can 
pipe carried out in basically the same manner as in the latter case (Ali and Prugovecki, 1986). 
The main difference is that, for any choice of a set of functions , n = 1,2,..., such that 

Bp', : }J e* n ,(K)e n „(K) K(K 2 -m 2 ? /2 dK = 8 n , n „ , (4.6) 

and such that this set constitutes an orthonormal basis in the Hilbert space with the inner 
|. product defined by the left-hand side of (4.6), that analysis reveals the existence of a linear 
operator 0 , which is unbounded, but has a bounded inverse, and which is such that 

Ijjp U(a,A) = e~ 3 ©£, &U nj (a,A)0- 1 , (4.7) 

Where U„j are irreducible unitary representations, while their & -transforms are not unitary. 
& 5 |J\ The relativistic phase space 16 representation defined by (4.4) displays many mathe- 
"gnatical properties which are very similar to those of its nonrelativistic counterpart in (2.7), 
^despite the fact that (4.4) defines an ordinary vector representation, whereas (2.7) deter- 
Junes a ray representation which is not equivalent to a vector one. We shall mention, 
fwithout proof, only those properties which are of direct physical interest - and direct the 
; reader interested in further details to (Prugovebki, 1978c,d) and to (Ali and PrugoveCki, 
®|) f° r tbe proofs and for a more complete exposition (cf. also Secs. 23-2.1 in [P]). 
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.. .. . - tTpn ; n T u e foUftwin^tSf^fe 5 in the nonrelativistic case, equations (4.11) and (4.12) then lead to the conclusion that 

First of all, we observe that the inner product in (4.1) can be : one of these subspaces is a reproducing kernel Hilbert space, so that 


manifestly covariant form. 


= a 0 xVj 


dZJq.p) = ZP'Stf-tfX&W'P = 1P> da * {! l )dQ - <P) ’ 


(P^q.p) = vhv ) ds ^'^) ■ 


(4.8b) ';|jj|§g(; We note that, up to this point, the analogies between the nonrelativistic relations 
Sill Bill ilM 2 -15) and their present relativistic counteiparts were so thorough that the coxre- 
: V ’ rvf Qor- o. o nciiUi v<f« transfftrpftH almost verbatim to the present 


. . nnct » nt covariant measure aUSS Iffilfibiidiag considerations of Sec. 3.2 could be transferred almost verbatim to the present 

,w dX is the unique, modulo a positive multiplicative cons , ^ m (Eh J^^ jjjJ&*. The first significant difference between these two cases emerges from the fact that, 

h hvnersurface 2*within the relativistic phase space o p Forentz frame with re- ; U| ^fehemas Galilei transformations preserve simultaneity, Poincare transformations genetically 
constant was adjusted » **.»?* SSll S§€St. Consequently, the relativistic POV measme in each of the irreducible subspaces 

speed to which o 0 is a hyperplane corresponding to q -0 (o assumes ^ which constitutes, together with the irreducible representation induced by (4.4) 

A die element of measure dZ.(«p) equated l • j gJ _ g6) ^ (he homoge . jj g g p/,’(£„), the system of covariance 

(4.1). It should be also Kited that if C osets [BR] with respect to the direct produo^ l||i\ _ o 

nnm snace ISOo(3,l)/(TxSO(3)) _ ., .,_Nation cnhtrroun SOC31 ■ U n (a,A) = P^f/(a,yi) , E^(B)= J E v (B qt )dq t (4.14a) 

JH MeJB .)= f_ \ri qp )dS nl (q,p)lT} q J , (4.14b) 

., 


(4.1). It should be cosets [BR] with respect to the direct priMM MS? - r ~ 

nousspace ISO„(3,l)/(Tx S ( » .he snatial rotation subgroup SO(3) oB§§ U (a,rl) = P,t/(o,A) , V®>" LW d? • 

Ox SO(3) of the time-translation subgroup l witnm^l^^ measure on that space. On theifg. . . . , . 

the Poincarb group, fliendX-pvesn:'homogenous space (Tx SO(3))\ISO„(3,l) of right jg jgljjg £„(«.) = J |t7,. p )d£„( ? ,p)(t),. f ,| , 

other hand, rf S«is identified with the b . ht i variant measure on that space. . . 

cosets,' then it is instead d£Jp that g™* nse 8 umtarfly equivalent to the moment^^ IGp B » = {(q,p)l (<7,p) e c R . x V M } c £ „ , 

The (n/>th irreducible representation in (4.7) isuim J ^ . Let p denote the flg Mg| * 

space representation in (3.19) that correspon ‘ 7 herepi ^^|^^g 

orthogonal projection operator which representation, so that Jg _ is of necessity a measure over Borel sets in the relativistic ^phase spac. 

l". M a\ onto the subspace carrying that (n/)-tn OTeau ^ v . ; @Ig|§§ variable in such a manner that it cannot be extricated from the s; 


u ni = V njV = WnjVWnj 


,: l 2 { 2 j + 1) <S>£*( v m » 


J phase space, it is not lmmeaiateiy odvious inai me pau iu 

• ,ow to its momentum space counterpart. Then the unitary^ 0 f covariance, i.e., that it satisfies (2.2). To see that this is 

expresses its unitary equi eauivalence, is an integral operator whose actio frjg|gj ^|;^, serve that in each of the irreducible subspaces l’ n L 2 (Z m ) (but noi 

operator W nj , supplying tna y ^ - m (3,18) results in - |;g inner product in (4.8) can be written in an alternative form (cf. Sec 


at necessity a measure over Borel sets in the relativistic phase space, which involves the 

. Mp time variable in such a manner that it cannot be extricated from the space variables - as it 
(A llBS® was possible, for example, in the case of the POV measures in (2.3). 

3|jg|p£ On the other hand, since dq°dX m is not an invariant measure element in relativistic 
phase space, it is not immediately obvious that the pair in (4.14a) indeed constitutes a 
Jll lsvitem of covariance, i.e., that it satisfies (2.2). To see that this is actually the case, we 
ion on - . | 0 hserve that in each of the irreducible subspaces P n L 2 (Z m ) (but not on all of L 2 (2«)) the 


fr 

V n 12) the summation over the repeated internal angult 

having the property that for all vectors <p from// (?J 

(v,<p)(q,p) = {n q , P \<p) ■ n q , P =u(q,A p )n ■ 

Consequently, the orthogonal projection operator P, onto that subspace can be ***** 
the form of the following Bochner integral. j ag 

, . i i p — p* = p 2 

p^J,. \n q , p )dZM ^ q , P \. " • ;m 


jS ^fenca- product in (4.8) can be written in an alternative form (cf. Sec. 2.6 in [P]), which is 
Hi § analogous to the one in (3.6a), namely 


JjJS {<Pi\<Pz) = ^J Zb <PH<l>P)d li <Pz(<I’P') d(f{q)dQ m {p) , (4.15a) 

gpV = 2mj y: \e(p°)\ 2 dn m (p) , (4.15b) 

<fi{q*p^9%{<l>p)lwy(dv\(q>p)lw)v2{<l*p) • (4.15c) 

. This alternative form involves the renormalization constant Zr^which depends on the reso- 
. lution generator r\ via its momentum space representative e , genetically assigned to it by 
||riO) - i.e., on the proper state vector of the test particle used in the measurement of sto- 
chastic position and momentum, to which the system of covariance determined by (4.14) 
will be shortly related. Hence, the POV measure in (4.14a) can be expressed in the form 

V: V; £„(£)= W P y\{n q , P \ 


J. 





= k. 4 b \%.p) n ‘‘M%p\ dtqdn ~ {p) • 


(4.14a) satisfies the relationship |gj 


U n (a,A)E n (B)U~\a,A)= E v (a + AB) , 


( 4 -17) 


which is a special case of (2.2). This establishes that we are indeed dealing with a Poincare j 
system of covariance. analoev with the nonrelativistic case, r\ should be | 

origin of a global Lorentz ram , 7 ^. , Lorentz boost and spacetime translation'; 

i"o" S“i f .t rov —— » «•>« “ ”“ti 

probabilities of such measurement outcomes. Hence, ’ ■ ‘'f§m 


E v (B q0 )(p) = j„ _ ^(.q.pfdZJq.p), 


B 0 _0 

q m,q 


gl0ba \iTe n pretr re lativistic context, we cannot deduce this interpretation for unsharp 
measurements from a corresponding “S i we have sell 

time localization for quantum particles. It ^ equal t0 Newton-i| 

tary transforms of the operators of multiphca y ^ , Jo^esponds to a hvnersurf^S 
Wigner (1949) operators in any Lorentz toon*M*. ™p e ^ ofmultiM 
of constant ,o, ^ ^ sin^arly^to the Momentum oj&A 
tion by p a , a = 1,2,3, are equal, moau p . ronC eDt of unsharp spacetime 

i—«" - th the basic tenets » 

general relativistic theory, will be given in Sec. 5.5. gll 
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%.S' Probability Currents and Sharp-Point Limits 

-j^ 6 existence of the unitary maps W n j in (2.11) and (4.9) demonstrates that the frameworks 
0 f both nonrelativistic and relativistic SQM are unitarily equivalent to the respective QM 
^frameworks. Consequently, in purely mathematical terms, every single statement and result 
iban be translated from the latter into the former framework, and vice versa. That means that 
the differences between these frameworks emerge only at the physical level. We can com¬ 
pare this situation with that of the configuration and momentum representations of nonrela- 
^tivistic QM: they are unitarily equivalent, and yet they each display their own advantages 
v vis-h-vis the type of physical results and measurement procedures that are being considered 
jfr depending on whether sharp position or sharp momentum measurements are of primary 
^interest. Similarly, the nonrelativistic SQM framework described in Sec. 3.2 displays its 
own advantages when nonsharp measurements of these quantities are of primary concern - 
a s it can be the case in statistical mechanics, especially when studying Brownian motion, 
the Boltzman equation, etc. (cf. [P], Chapter 3). On the other hand, in the relativistic 
regime, it is only the SQM framework that is based on notions of relativistic systems of co- 
lyjariance that can be consistently related to the localization of relativistic quantum particle in 
7 spacetime. It is therefore of importance to understand in which sense nonrelativistic SQM 
quantities of direct physical significance merge into their nonrelativistic QM counterparts 
^luring a steady increase in measurement precision, with a sharp-point limit of perfect pre¬ 
cision as its theoretically conceivable (but practically unachievable) goal, as well as why the 
: same procedure is not mathematically feasible in the relativistic regime - so that no theory 
' of sharp relativistic quantum particle localization can emerge in this manner. 
ij|§ The quantities of most direct physical significance in QM are the configuration and 
. momentum space densities. In the case of a single particle of zero spin 17 they are given by 

Jig; p(x,r) = |y/(x,r)| 2 , ' p(k,/) = |vr(k,r)| 2 , (5.1) 

in accordance with (1.7) and (l.lO)-(l.ll). By (2.17)-(2.18) and (2.20), we have 

jj||>gq,0 = J R3 rf 3 p|^(q,p,0| 2 = J R j d*x Xq ( x )jvK x , t )j 2 , y e P ? L 2 (R 6 ) , (5.2) 

Bl ,'fc(P,0 = L^ 3 qk(q,P,Q| 2 = Ld 3 kfn(*0lff(M)r, y = Wfi , (5.3) 

f$yen when potential interactions govern the time evolution. We can then immediately see 
. that, under suitable conditions 18 on the configuration space wave functions, we shall have 

®: >gx,0~>p(x,0, f 0 (x) = (2 jt) 3 ||(x)| -> <S 3 (x) , (5.4) 

H P { (k,f)->p(k,r), f,(k) = (2;c) 3 ||(k)| 2 ^ 5 3 (k) . (5.5) 

;:v. The type of limit in (5.4), in which extended test particles possessing increasingly 
better spatially localized proper state vectors arc employed until perfectly accurate loealiza- 
'. gon is (conceptually) achieved, will be called a .sharp-point limit ; whereas the type of limit 
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state vectors that are increasingly bet- -1 
in (5.5), in which exten ^“ ^ ted in order to (conceptually) arrive at perfectly | 

ter localized in momentum sp m b ^ led a s harp-momentum limit. 

accurate measured momentum values, wdl ^ nonrelativistic SQM exists not only forj 

„ J^SSSSSjlssXS S&TXZ 




P^)-\ peV M^pid\, <P^V m ) , 


(5.12) 






LM-JM. iWMFI ^ (x) ’ 


if stochastic configuration space, which is the relativistic counterpart of the one in (5.2), 
%oes not display the existence of a sharp-point limit. This is totally in accordance with the 
jfUfthat relativistic QM does not possess a relativistically covariant probability density for 
tejtJcle localization in Minkowski space. 

IgpOn the other hand, the probability density in (5.12) equals, modulo the factor , 
Hf timelike component of the probability current 




H; /M = 2 l ' 


(5.13) 




■ 


5.9VS1 


j(iD^W^W)^ 1 ' • 

is routinely derived in QM (c£., e.g., [Messiah, 1962]) only on the basis of the requirem^j 
that the continuity equation, 

d,p(x ,0 + V- j(x,0 = ° ’ 

be satisfied, whereas the definition of the SQM current 

^^afa^babffity Tensity in could 

stochastic 3-velocity. Conse ^f nt1 ^ \ nts Nevertheless, the stochastic configi^OT 

5SSSiS?®3»—'„»>-*«*—'«ij| 

d,p^,t)+ v 'k^ t) = 0 ’ 

and the sharp-point limit (5.6) holds true for tetton. 00 " 11 ^^ 

spare can presented by a once —u ^to c hastic momentum Ml 

mlirnit(cf. m ,, 95 ».| 

- ****■ ■ 1 

, i ,bt on ‘0, b«s of M o'" (UU 166 I 

probability density ;||jjj 




which is obviously the relativistic counterpart of the probability current in (5.9). This 
girjent (studied in greater detail in [P], Sec. 2.8) is relativistically covariant: 


■ j*(q’) = A\j v n (<l) • q’-a+Aq . 


(5.14) 


• ft is also conserved, provided that the function e(p-k/m), associated by (4.10) with the 
||g|r state vector 7 ] in (4.11), is real (Ali et al., 1981, 1988). Hence, in that case we have 




K-dh V • 


(5.15) 


•Ihis ensures [P] that the ^-integration for the inner product in (4.8a) can be performed over 
Igbitrary spacelike Cauchy [W] hypersurfaces a, and not just over spacelike hyperplanes. 
Ife The relativistic SQM probability current has no relationship to the Klein-Gordon 
Current in (3.9) - which, as we recall, is not a probability current at all, but rather it is 
.usually described as a “charge current”. However, it is interesting to note that, in relativistic 
-SQM, there is a formally analogous “charge current”, namely 


/;(?) =i(mZ Jfm r l j pO>0 (p\q,p)d tl (p(q,p)dn m (p ) . 


(5.16) 


fits existence is closely related to the existence of the form (4.15 a) of the inner product in 
t(4.8a). This “charge current” is relativistically covariant and conserved (cf. [P], Sec. 2.8): 


(«)•-> J$(q') = A\j;(q) , 


W(q) = 0 • 


(5.17) 


On the other hand, despite its formal similarity to the Klein-Gordon current in (3.9), in the 
fsharp-point limit the current in (5.16) does not merge into the one in (3.9), except in the 
asymptotic limit m of infinitely massive particles (cf. [P], p. 115) - i.e., in the limit 
-where the physical behavior of a quantum particle begins to resemble classical behavior, 
life Thus, at the physical level, relativistic SQM displays features which are not present in 
-;the conventional relativistic QM reviewed in Sec. 3.3. These features demonstrate that a 






consistent probabilistic interpretation of quantum particle spacetime localization is feasible 
rs SQM framework, despite the fact that it is not feasibe within convennonal QM. 

ta apeement with the various observations cited in Sec. 1.2, in the relattvisbc quan- , 
turn regime this interpretation necessitates the abandoning of &e notion of perfectly shp 
ta izL. It should be noted, however, that in the SQM framework reviewed ,n this 
chapter classical geometries are still retained. In fact, it is only the theory of quantum mea- ; 
S that is fest extrapolated in the nonrelativistic SQM regime, so as to accommodate 
the notion of extended test particle, and subsequently the extrapolated nonrelativistic SQM 
theory is transferred to the relativistic regime, so as to arrive at bona fide relauvishcally i 
covariant probability measures and probability currents for such measurements. 

2means that SQM still allows for the possibility of arbitrary accuratt ^pacehtnej 
localization, and only precludes the possibility of taking the sharp-point limn that would,, 
actually lead to infinitely accurate spacetime localization 9 . However, the various analyses, 
(DeWUt 1962- Mead, 1964; Blokhintsev, 1973) of those aspects of the quantum theory-ofj 
meaTurement, rtich take into account the ever-present and all-pervasive gravitational phc 
nomlna, indite , that even this rather limited SQM idealization cannot be maintained in the 
unification of quantum theory and general relativity, since Planck s time and Plancks 
n«h impose an absolute lower bound on the accuracy of spacetime localization,;;- 
Consequently, a reformulation of quantum theory which goes beyond mere y replacing 
23 particles with extended ones is required, in which the classical concept of 
poMike ocafization is totally removed from quantum theory, by embedding this lower 
bound intoThe very geometry of spacetime. To carry out this task in the subsequent chap¬ 
ters we fust have to express the concept of quantum propagation exclusively m terms of, 
he proper smte vectors of extended quantum objects. We therefore turn now to this task. g 


3.6. Path Integrals in Stochastic Quantum Mechanics 


In the nonrelativistic context, the Feynman path integral in (1.4.1) leads to expressions fe 
propagators of pointlike quantum particles. These propagators can be heunsfcally™ 
preted 8 as providing the probability amplitudes for a particle to reach the spatial locaM; 
SrVat time r" if it has started from the location x(f) at time f (Feynman and ttbfc 
1965) On the other hand, the expression (1.4.3) for the free propagator can be also wntte| 
in terms of the representation of the Galilei group in (1.16) in the form 


K(x",t",x',t') = (x",r"|x'/) , t" > ? , (6 > 

\x',t') = £/(f ,x',0,/)j0,0) , |x",0 = U(t"> l!l 

which provides its operational interpretation in geometric terms, namely-as.a tmnsil 
amplitude between the initial state vector [x',0 and the final state vector |x^>, oto 
by translating the state vector 10,0), situated at time zero at the ongin of an merdal fra | 
aNewtonian spacetime, to the spacetime locations (x ,0 and (x ,t 

With this geometric interpretation in mind, we can immediately extrapolate^ 
tion of the nonrelativistic propagator (6.1) to the proper state vectors of extended parucl< 


ipfri: 

mm 

f\ 

m 

Sglpq 
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^(q",p",r;q',p',r') = (l q >v'|£q-,PV') 


Stochastic Quantum Mechanics 




(6.2b) 


|§ it then turns out (Prugovedki, 1981a) that the main physical features of Feynman’s (1948) 
HJ path integral formulation of quantum mechanics are retained if (6.1) is replaced by (6.2). At 
the same time this extrapolation removes the difficulties originating from the fact that (6.1a) 
j0t|is neither a bona fide inner product, nor does it determine a bona fide probability density. 

. j Indeed, (6.2a) determines a bona fide probability density, on account of the fact that 

( 2 tt) 3 J Ra |^(q’ , ,p",r";q',p',f)|Vq”rf 3 p" = 1 , (6.3) 

As a matter of fact, in accordance with the interpretation discussed in Sec. 3.2, this density 
^ - .-provides, for an extended particle which at time f is at the stochastic location q' and has 
stochastic 3-momentum p', the probabilities of its reaching at the time t" various stochastic 
- locations q", and displaying there various stochastic 3-momenta p". Furthermore, on 
: account of (2.14), the SQM propagator in (6.2a) also possesses the following properties, 

»^(q",p'7;q',p7) = «r;(q',p',r';q",p",r) 

= J R 6^(q"»P">^";qzP,0^(q,P^;q',p',r')^V 3 P » (6.4) 

jBljllL 

# which characterize also Feynman propagators. Indeed, the following counterparts of (6.4), 

K(x",t";x\t') = K*(x',t')x",t") = J r3 K(x" ,t";x,t)K(x,t;x' ,t') d\ , (6.5) 

V, w satisfied by (6.1a) - but only at a mathematically formal level, since we see from 
||j|(l;4.3) that the integral in (6.5) cannot exist in the Lebesgue sense. 

^®?:'On the other hand, (6.5) can be treated as the sharp-point of (6.4), by adopting as a 
| P r0 P er state vector the ground state of the nonrelativistic harmonic oscillator (Messiah, 
111 fact ’ in the configuration representation this ground state is given by 

^^l W (x) = (8^ 2 )- 3/4 exp(-x 2 /4^ 2 ) , ^>0 , (6.6) 

can be interpreted as the rms radius of an extended particle 21 . By combining 
|ld6), (2.11) and (2.13), we get 


t O x ) = (8 tc 3 £ 2 ) _3/4 exp|-[(x - q)/ lif + ip • (x - q)| 


/Ciicc, upon inserting (6.7) into the formula for the Fourier transform in (1.1), we can 
fggStiy compute the corresponding momentum space wave functions, namely we get 


= (t 2 1 2^ 3 ) 3/4 exp|-^ 2 (k - p) 2 - ik q -ik z t / 2m] , 


(6.8) 
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by using standard formulae on Gaussian integrals (cf. [SXJp. 20). The same formulae can 
be ta also used to compute the inner product in (6.2a), with the following end result: 


x exp[-(f 2 / 2f J „, t )[f ! (p"- P') 2 - i(q"-q') ' (P"+P') + ( i! 7 2 ">)( p ” I+p ' 2 )]} • (6.9a) 1 


*<*+(» Mm)« , 


r = t"-('6R' • 


(6.9b) :: -= 


Consequently, by comparing (6.9) with (1.4.3), we see that 

.'v 

(^/2^ 2 ) 3/2 ^ (/) (q",p",r";q',p',f') K(qV';qV') ’ (6,1( ||j 

so that indeed, in the sharp-point limit the Feynman propagator in (6.1) emerges as a 1 
renormalized limit of the SQM propagator in (6.2) - where for t - t .that limit has; to>jj|B 
interpreted in the sense of distributions, i.e., of generalized functions (Gelfand and.# 
ShDov 1964), since it equals a 5-function. On the other hand, the fact that the renorggli 

ization constant in (6.10) becomes infinite in that limit °M 

the difficulties with Feynman propagators and path integrals, mentioned ini Note 2( 

The fundamental importance of the reproducibility properties, presented in (6.5) fam 
the Feynman propagator in (6.1), lies in the fact that, in the presence of genetically time-1 
dependent potential interactions, 


H(t) = H„ +tf,(I) ■ = P 2 /2m . • 

so that they lead to path integral formulae in (1.4.1) for the Feynman propagators 


£(xV';x\t’) = (x'jrj' e~' m dt |x') . 


( 6 . 11 ) | 


(6.12)1 


This is demonstrated in Chapter 1 of [ST] by using the Trotter product formula. However| 
the application of this formula in this context is at the 

since the bra and ket vectors in (6.1) are not elements of the Hilbert space L (R ). p 

On the other hand, the vectors appearing m the expression (6.2a) for the 6Q ^ 
propagate bona fide ilements of the Hilbert space LW Hence we cankgUj^ j 
use (Z14) in between each consecutive pair of operators in the second of the follo H|j 

inner products -§j 


Thus, upon setting q' = q 0 , p' = Po, q" = 9* and P" = P*’ we obtam 
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E? K*{ q",p",f";q',p',f') - F ra J^(qw,PAr,^;qw-i,Piv-i’ f w-i) 

i 

I' X JjKfiqvPMq^Pn-l’tn-O^n^Pn 

n=N -1 

fjjjj a counterpart of (1.4.2), in which all the integrals exist in a bona fide Lebesgue sense, 

) and in which the above limit exists pointwise as e =max(f„-r„_ I ) —> +0 . Furthermore, for 
Hamiltonian operators H(t) acting in P 4 L 2 (R 6 ), and generically involving time-dependent 
potential interactions, so that they are obtained by setting in (6.12) (cf. [P], Sec. 1.7) 

P A =~id/dq A , Q a - q A +id/ dp A , >1 = 1,2,3 , (6.15) 

: W c Can introduce, as a counterpart of (6.12), the nonrelativistic SQM propagator 

pS- 

^(q".P".f";q , .P',f') = ^,-,p-r(j t ', . (6.16) 

is. 

The application of the Trotter product formula in the following generalized form, 

K 5 (i" p'-'”;q',p'.<0 ■ (617) 

is again mathematically legitimate. Hence, upon using (2.14) in between the elements of 
each consecutive pair of operators in (6.11), we obtain the expression 

If £ 5 (q",pV";q\p\0= lim Jd 3 q^ 3 p' w ]]d :i q' n d*p n d\ l d*p n 

iff 

x ]l(^q n ,p n (f " X< " ) ^q»-Pk(q«»P m>^/ i;qn-!’Prt-l» t n-l ) . (6.18) 

wM" ' n 

■where we have set, as before, q' = q 0 , p' = p 0 , q" = q n and P" = Pw- From (6.18), a path 
integral formula in stochastic phase space can be derived (Prugovecki, 1981a), which on 
the formal level is quite analogous to the one in (1.4.1) - cf. also Secs. 1.9-1.11 in [Pj. 
fH In the relativistic regime, Feynman propagators are normally defined [IQ,SI] for par¬ 
ticle propagation in conjunction with antiparticle propagation, on account of the pair cre¬ 
ation and annihilation processes that play a crucial role in relativistic quantum field theory, 
and require that 4-momentum values on the backward mass hyperboloid be assigned to 
■antiparticles. For scalar quantum fields, describing particles and antiparticles of spin zero 
land rest mass m > 0, the Feynman propagator is a generalized function defined by 22 


(2 k 2 -m + is 


(6.19) 
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We shall be dealing with corresponding particle-antiparticle GS propagators in lat< 
chapters on quantum field theory (cf. Sec. 9.6), but if we concentrate for the time being o: 
a single relativistic quantum particle propagating forward in time, then (6.19) yields 

K p 0" -x') = 2(2 jcy 3 J fc0 >q expflfc• (x'-x" )] dQ m (k) , *”° > x* . (6.20 

On the other hand, the relativistic propagator for proper state vectors of free stochastically 
extended particles can be defined by analogy with the nonrelativistic one in (6.2), i.e.,|jj 


K^q" ,p"\q\p ) “ ( 7 V>"| 7 V./>') • 

Va-o - UM,A,)U , V q -,p- = . 


(6.21a) 




(6.21b) 


Consequently, upon specializing (4.10) to the case of j = 0, and upon taking advantage of J 
the unitarity of the W.map in (4.9) in order to express the inner product in (6.21a) m jfe 
momentum representation, we can write (6.21a) in the following form: 

K v (q",p"\q\p') 

=(m/4jt*)l k0>o exv[ik-(q'-q")] e*(p"-klm)e(p’-k/m)dQ n (k) . (6.22) 

It turns out (Prugovebki, 1981a) that all the main physical features of the nonrela^ 
tivistic SQM path integral formulation of quantum mechanics are retained if relativistic 
propagation is based on the free SQM propagator in (6.22). In particular, 

M.} |K„(9\p";?V)| a dW.P") = 1 • <6 - 23) 

so that, in accordance with the interpretation discussed in Sec. 3.4, the propagator in (6.2|| 
provides, for an extended particle which at the stochastic spacetime location q is known to 
have the stochastic 4-momentum p' , the probabilities of its reaching the various stocha^ 
locations q" along a spacelike hypersurface a, and of displaying there various stochas&Q|| 
momenta/?". On account of (4.12), the SQM propagator in (6.22) also has the properties.^ 

K n (q\p"-,q',p') = K* v (q\p';q",p") 

= f Kfy\p"\q,p)K^q,p\q\p’)dZM^ > (( §! 


where the integration can be performed along any phase-space hypersurface Z m = ox „ i 
for which o a spacelike Cauchy surface in Minkowski space. More generally, we can 
any time-ordered family of such hypcrsurfaces between (</\ p 0 and (q ,p ), so that, upo^ 
iterating (6.24), we arrive at the following relativistic counterpart of (6.14): 
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fe jKv^N'PN’QN-vPN-i) n^n(^n>P«^n-pP/*-i)^ m (?„,P„) . (6.25) 


Furthermore, a similar technique can be used in deriving (Prugovecki, 1981a) relativistic 
counterparts of (6.17) for the propagation of extended quantum particles in the presence of 
external electromagnetic fields - cf. also [P], Sec. 2.10. 

Jt> role . of * e proper state vector represented by the ground state of a nonrelativistic 
harmonic oscillator is naturally taken over in the relativistic context by the proper state 
vector represented by the ground state of a relativistic harmonic oscillator (Fujimura et al, 
1970; Feynman et al., 1971). Such a proper state vector can be, however, also interpreted 
(Prugovecki, 1981b) as the ground state of Bom's (1949) quantum metric operator. In the 
momentum representation this quantum metric ground state is represented by the function 

fj in (t) = (m/ 4s 1 ) 1 'V H (*°) = Z^ 2 exp(-<m*°). Z, m = 8^V/-‘K 2 (2<m ! ), (6.26) 

in terms of which (6.22) assumes the form 23 

KjnW-PW.p’) = 2 i!.j k o > 0 <xp{ k -V(q , -q")-t(,p 1 +p")l}da m (k) . ( 6 . 27 ) 

The integration in (6.27) can be carried out explicitly (cf. [P], pp. 119-121), so that the 
propagator for the ground state of the relativistic harmonic oscillator can be expressed in 
terms of the modified Bessel functions K, and K 2 (with K 2 entering via (6.26)) as follows: 


„ . . a 2nm K i M-to + Upfiq + itp),) 

mh- K r,«> W ,p’-,q,p') = - —■ \ y . 


^ '' g+Upfiq+iip)^ 

§§J ; = 4~q "» P = p'+p ", q\q"& R 4 , p',p"e V* . 

|T; By comparing (6.27) with (6.20), we see that 


(6.28a) 


(6.28b) 


ggP 2 Kr%, n K^M\P n \<r,P') 


K P {q"-4) 7 


q"° > q’° 


Tf 6 a ana ^°S ous relation holds for the corresponding antiparticle propagators 
m ™ 5 *^» we .arrive at the conclusion that in the formal sharp-point limit of the 
r^ariyistic'Feynman propagator in (6.19) emerges as a renormalized limit 
P^ck'^tipBrticle propagators. In that limit, the renormalization constant in 
t ri ^ ,^ COmcs in rinitc. Nevertheless, this observation indicates that, at the purely compu¬ 
tational level, the 5-matrix elements of quantum field theories formulated in the SQM 
.j. wor * (cf- Chapter 5 in [P]) can be made to match, to an arbitrary degree of accuracy, 
eir conventional counterparts. Indeed, computational practice is based on a Dyson pertur- 
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. • • r nr thf . s mnfrix I SI iOl whose convergence, however, has never 

esSsted* Rato partial sums'are computed up to a given order - which is noma, 
vrrv low'tusuaUy no higher than fourth) on account of computational complex,ttes. This; 

Rwnmtm diagram therefore corresponds a topologically homeomorphtc SQM d.agr 
whose numerical value converges, " S ^ 

counterpart computational perspective, the sharpy 

an already nch 1 st renormalization idea would be sen! 

=^Ued^h^^»aSors, no, with infinite ones, [and coat 

* * in mind, in die next chapter ® 

shall “further exnapol.toto -“1—^ = ^ff 

■ ymm 

3.7. Quantum Frames and Quantum Informational Completeness 

Tl,bridge b«.«. ,b= ^"'““K.'iSS'g’.SSSbt'Sl 

--^ ! SsSS£jS^=s=tli 

to obtain an array of kinematically corre mathematical terms, a quantum) 

spatio-temporal localization of quantum sy ■ ^ bod which marks t heori 

is obtained by taking die proper state v f transformations that descrit^ 

that frame, and subjecting it to the entire 8* P f h Galile j an( j 0 f the P< 

that supplied some of the continuous resolutions /rame is a fa iayS5ffl 

From a general mathemaucal point of view, n SQIAquantumiran g Wi 

of generalized coherent states, in a Hilbert space H. 
classical frame of reference u in a flat (nonrelativistic or relatm ) P 
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jjj|^ Q(«) = {#“ = U.(Jt)Q tt e X( | C e , ueX , (7.1) 



ffijSs-u G oi transiuiuiaiiuiio^, uvu uu..u.b,. uuu 
gI 2u» that the following conditions are satisfied: 

The extended phase space M of parametric values £ indexing the generalized 
of a quantum frame in (7.1) is a locally compact space equal to the Cartesian 
set R 4 , consisting of all the coordinate 4-tuples q , with respect to the 
' - ' u belonging to the points in that flat spacetime (such as Newtonian or Minkowski 

the set X of all the additional components of C ,, representing coordinate 
respect to coordinate axes of the same frame, of other observable quantities - 
^^^fel^ajohientuni p, or 4-momentum p (or, alternatively, 3-velocity v, or 4-velocity u), 
w ith respect to a given axis in u (or, alternatively, stochastic spin s ), etc. 

For any quantum state vector ¥', and for any quantum frame in (7.1), the extended 
distribution functions 

Jp(»|^|»). *•*' m-i. 02 ) 

Kftlpre’sent probability densities, in general with respect to that frame and its dual (cf. Sec. 
¥fe3.9), that correspond to the expectation values (T\E(B) l I / ) of a POV measure E(B) (cf. 
-3.2) over the Borel sets B of the locally compact space 5Vf= R 4 x f • 

The PGV measure E(B) is one of the ingredients of a system of covariance for the 
j group G, whose other component consists of the unitary representation U of G by means 
jpl fH of which the generalized coherent states in (7.1) were constructed, so that, for each change 
of classical frames, the effect of the replacement of (7.1) with 




Q («• 0) = | c e R 4 X ?} , 0eG, (7.3) 

tflKftll&T:', 

giVes rise to the following transformation law of the probability amplitudes in (7.2): 

» V^€G, VueX . (7.4) 

1 The fact that quantum frames can be used as a basic tool for the geometrization of 
^te H^^^l iechanics. which was originally discussed in (Prugovebki, 1982b), relies on 
^^ft ^iaqd itiorial features which they ordinarily possess - and which were established in the 
B|||l fiyistic context in (Prugovecki, 1977a, 1978a,b): A) The informational complete- 
fggp:. Sec. 1.3 as well as Note 14 to Chapter 1) of the POV measures to which the 
.quantumframes give rise in those instances, namely the fact that the probability densities in 
||||||hiquely determine a (unit) Hilbert ray 28 
l|gpS|y.; |' j§S; , 

m | |c| = 1, c e C 1 , * 0, Y e #} e <B , (7.5) 

uniquely corresponds to a pure quantum state described by state vectors in 0i. 
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B) The possibility of approximating such frames with their classical counterparts by suit¬ 
able and operationally feasible choices of some of their basic parameters, such as the mass 
of their constituents. C) The transition of the quantum into the classical phase space mode 
of description, when such an approximation is carried out; in other words, as a whole, the 
family of all theoretically possible quantum frames exhibits a gradual transition from the 
classical to the quantum regime, although otherwise that family might contain even a pre¬ 
ponderance of elements whose behavior in no way resembles classical behavior. 

For the sake of simplicity, let us illustrate the above features with the case of the spin- 
0 nonrelativistic quantum frames, which implicitly occur in (2.13)-(2.22) when we choose 
j = 0 in (2.12) and (2.19). We then have 

<f>“ « Ufa)#* , C = (f,q,v) e R 7 , e Q , <Z>“ - KoS > £ = U . (7.6) 

where 3^ is the Galilei transformation in classical phase space defined by (1.12) and (1.22) 
upon setting R=I. The informational completeness of such frames (cf. Theorem 1 in [P], 
p. 138) can be expressed as the existence of a one-to-one mapping 

, Vf'eS’stf/S 1 , ^ = P 4 I?(R 6 ) = W n0 i 2 (R J ) , (7.7) 

between unit rays in the Hilbert space in (7.7), defined in accordance with (7.5), and the 
probability densities 

= . *'.<0 = K|*’l • i¥H = l, (7.8) 

on the stochastic phase space defined in (2.21). Consequently, as it is the case with 
classical frames, the outcomes of measurements 29 of localization with respect to such quan¬ 
tum frames can, in principle, unambiguously determine any quantum state. 

The fact that, in the limit of infinitely massive quantum test particles, the kinematical 
behavior of such quantum frames approximates that of classical frames, follows from the 
the results on the formulation of statistical quantum mechanics on stochastic phase spaces, 
reviewed in Chapter 3 of [P], whose principal conclusions are as follows. 

1) When quantum mechanics, or, more generally, quantum statistical mechanics, is 
formulated by means of density distributions on stochastic phase space, such as those in 
(7.8), then the von Neumann equation for density operators transcends into a Liouville 
equation for those densities. That equation has the appearance of the Liouville equation for 
classical phase space distributions, but contains additional terms that depend on the mass 
and the spread of the stochastically extended quantum test particles. In the absence of 
external fields, i.e., in the case of inertial propagation, the quantum Liouville equation 
merges into its classical counterpart in the limit where the test particles which constitute the 
quantum frame become infinitely massive. This implies that, for example, in the case of 
quantum test particles with proper state vectors given by (6.6), the time-dependence of the 
stochastic phase space distribution in (7.8) can be explicitly computed 30 , with the result 

v = p/m , |ij « l 2 m/h , (7.9) 


p u ('F;f,q,p/m)«p K (‘F;0,q-vi,p/m) , 
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so that the aforementioned approximately classical behavior is explicitly revealed. We note 
that, although in this monograph we otherwise use Planck natural units, in which % - 1, 
the dependence of the range of validity of this approximation upon h is explicitly displayed, 
in order to emphasize that such a comparison of classical to quantum behavior intrinsically 
involves Planck's constant h = 2jzh - which is not a physically dimensionless number. 

2) Classical and quantum statistical mechanics can be formulated in a common master 
Liouville space, which coincides with the Hilbert-Schmidt class [PQj over the Hilbert space 
H in (7.7). This mathematically unified approach to classical and quantum statistical me¬ 
chanics significantly extends the scope of the “Koopmanism” of modem approaches to 
classical mechanics (Abraham and Marsden, 1978), since classical as well as quantum ob¬ 
servables are represented by superoperators 31 acting in that common master Liouville 
space. In particular, that is true of the classical Hamiltonian superoperator, which emerges 
as the first term in an expansion in powers of h and l of the corresponding quantum 
Hamiltonian superoperator, when the latter is expressed with respect to a given massive 
quantum frame (cf. [PJ, Secs. 3.4-3.6). Hence, any geometric features of the quantum 
formalism can be transferred, by using these correspondences, from the quantum to the 
classical regime - cf. Sec. 3.9. 

The geometric features of the quantum formalism at its most general level emerge 
from the dichotomy between its Hilbert space origins, which are necessarily linear on 
account of the superposition principle, and its physical interpretation, which is based on the 
complex projective space 32 (Pin (7.5), namely on an infinite-dimensional complex manifold 
which is not linear, but it is a KShler manifold [KN], i.e., it is a complex manifold with a 
Hermitian metric and a connection compatible with that metric. We shall refer to the space 
P, consisting of all unit rays in (H, as the projective Hilbert space associated with 

We shall describe that metric and connection, as well as their basic properties, in the 
next section. In the finite-dimensional case, this metric is commonly known under the name 
of the Fubini-Study metric [KN] - and we shall retain this name in the infinite-dimensional 
case. The essential observation is that a (Hermitian) metric on a Kahler manifold gives rise 
to a distance function between any two of its elements. That distance can be defined as in 
the Riemannian case (cf. [K], p. 157), namely as the infimum of the lengths (in the 
Hermitian metric of that manifold) of all piecewise smooth curves joining those two points. 

As we shall see in the next section, the Fubini-Study distance between two unit rays is 


d{%, %) = 2arc cos 


'F i e%<z3{, ||^|| = 1, 1,2, (7.10) 


so that their Fubini-Study distance is zero only if they coincide; moreover, we also have 
0 <d(%%) = d(%P l )<d(%%) + d(%%) , 7.11) 

on general grounds (cf. [K], p. 157). We observe that there is a one to one map between the 
Fubini-Study distance, defined within the projective Hilbert space (P, and the most funda¬ 
mental quantity in the theory of quantum measurement, namely the transition probability 


K^|-F 2 )f = cos 2 (id(*;,?y)<;i , 


1*1 - l*J-i 


(7.12) 
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rtaced^X^ theorem on ray 

“te“uxely^^eomeric™ Ls as follows: to any Fubini-Study isometric map 

O-.X^S, d(%,%) = d0%tj%) . V«5,S>e!P. (7.13) 

on the projective Hilbert space % corresponds an operator U in for which 


UV G UV C oi 


V*F G — {0} 


(7.14) 


a33s,‘4sasis»^saSffiSw? 

“rSSSSsib 

staw^and ^probability 

distribution functions in (7.8), that meaning follows from (7.12). 
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*3.8. Kahler Metrics and Connections in Hopf Bundles and Line Bundies 

Investigations of the geometric significance of the Berry (1984) phase factors that ap¬ 
pear during adiabatic evolutions of quantum systems (Simon, 1983; Wilczek and Zee, 
1984 ) led to the realization that the adiabatic approximation was not actually required in 
their formulation (Aharonov and Anandan, 1987; Page, 1987), that their geometric features 
were retained in the classical limit (Hannay, 1985; Anandan, 1988), and that, in fact, the 
underlying physical phenomenon was of a purely geometric origin (Anandan and Pines, 
1989; Anandan and Aharonov, 1990). In view of the observations made in the preceding 
section, it is not surprising that this origin is of a measurement-theoretical nature, and that 
the various experiments (Tycko, 1987; Suter et al, 1987) that can be interpreted (Anandan 
and Aharonov, 1988) as measurements of geometric angles and phases, give rise to tech¬ 
niques of localization with respect to various quantum frames. 

To derive the Fubini-Study metric that underlies these considerations, as well as the 
notion of distance (7.10) between two rays in the space of rays <P associated with a Hilbert 
space #, let us first consider M from the point of view of a flat Kahler manifold with a 
Hermitian metric G and a fundamental 2-form W equal to, respectively (cf. [KN], p. 159), 



G = 8 ap dz a ®dz p 


W = i8 ap dz a a dz p 


(8.1) 


p.(V;0 = co^(*d(^ft) ’ "* n = 1 * 


(7.15) 


SS-SSHSS* 

frtSso%" continuous reso.ution of the identity 
operator 1 in the Hilbert space in which it acts, i.e., 


mm 


Upon the adoption in W of the orthonormal basis in (7.17), the complex one-forms in (8.1) 
are defined by the following linear and antilinear functionals, respectively, 

dz a :f»(w a \f) = z a , dz a :f»{f\w a ) = z\ felt, « = 1,2.(8.2) 

We see that the above linear forms constitute a basis in the dual 0C of 7/. Hence, their 
definition is analogous to the definition of the one-forms in (2.1.9), which belong to the 
cotangent space of a real finite-dimensional manifold M. On the other hand, 9f\s a linear 
complex infinite-dimensional manifold, so that its cotangent spaces can be identified with 
its topological dual 9-C . Furthermore, possesses an inner product, so that by the Riesz 
theorem (cf. [PQ], p. 184) it can be identified with that dual - as always done in practice. 

Due to Parseval's relation in 9( (cf. [PQJ, p. 38) we have. 




Lc=fM' = R 4 xr 


(7.16) 


where examples” of measures of integration dZ over hypersurfaces I in ^are provided 
; v (2 14 TweU as by (4.8b) and (4.12). This .as. property is. of course, very srmriar ,o 
.he well known completeness property™ of an orthonormal bas.s in K, namely 1PQ1 


G(f,g) = 8 alf dz a (f)dz p (g) = I~ t (/K)Kk} = (f\s) > 
W(f t g) = i8 a p{dz\f)dz p {g) - dz\g)dz\fj) = ~2 lm{f\g) . 


(8.3a) 

(8.3b) 




= 1 


(w a \w p ) = 8 ap , a,p-1,2, 


(7.17) Jg ; j 


However, .he Bad* in.egra, hr WI 

rrc ,JL, i.e, .heir linear spans are dense in tf ■ 


Consequently, the Hermitian metric in (8.1) basically represents a geometri/.ed manner of 
writing the inner product of As we shall see shortly, such geometrized versions of 
inner products have the advantage of being extendible to manifolds which arc not linear. 

To uncover the significance of the fundamental form in (8.1), let us take note of the 
fact that if M is any finite-dimensional manifold, then its cotangent bundle T*M possesses 
a natural symplectic structure (cf. [KN], p. 165), reflected by the presence of a sympletic 
2-form 0 ) = dO derivable from a canonical 1-form 6 . As it is well known, in classical 




physics this fact can be used in the interpretation of T*M as a classical phase space % 
(Abraham and Marsden, 1978), with the particular case of M = R 3 and Of= T emerging 
already in the elementary Newtonian mechanics of a single classical particle. 

This construction can be easily generalized to the present infinite-dimensional case by 
introducing the following two real linear submanifolds of Of, 

9t(M) = R 1 , q a w a \= V2 I f) w aJ e #} , (8.4a 

3({zt> a }) = \YZ^ x P a w a eOf\p a =j2Im(w a \f) , a = 1,2,... , f e #} , (8.4b) 

and then carrying out the identifications 

X <-> 35(K))©3({«J„}) <-> , (8.5) 

which implicitly correspond to the assignment of the following complex structure 35 , 

J (M) : {v a w a )®lL~ = i p « w « ( 8 -6: 

to the corresponding real Hilbert space Of(J). We can then rewrite the fundamental 2-form 
in Of(J) in terms of the real-valued coordinates within its two real linear subspaces in (8.4), 


W = dp a a dq a ~dT , 


T = Pa dq a . 


Thus, its similarity with symplectic forms on classical phase spaces (cf. [Abraham an 
Marsden, 1978), p. 179) becomes apparent. Hence, for a given complex structure J, 
Hilbert space Of can be identified with an infinite-dimensional symplectic linear space 
Of(J), with Kohler metric G and symplectic form W. In turn, this real symplectic manifoli 
has a complexification Of c (J) with corresponding Kahler metric and fundamental form ( 
(8.8b)), so that Of can be identified with a subspace of Of c {J), and (cf. [KN], p. 155) ..> 


G = 2G m dC®dC p , 


W = 2iG m dC*d£ p , 


W(f,g) = Gifjg) , Gy, = Gps = V G a p = G-p = 0, a,f},d y p = 1,2,.... (8.8 b 

We thus recover (8.1) from (8.8) by setting £“= 2~ m z a — which is in complete accordant 
with (8.2) and (8.4). Furthermore, we can exploit this construction in deriving a number 
additional geometric structures, by taking advantage of the results in Sec. IX.5 of [KN]. 

To arrive at a better understanding of this profusion of real and complex geometri 
structures, let us remove from the Hilbert space Of the zero vector 0, and regard 
outcome^ as a fibre bundle over the projective space (P, with projection map 


H: ¥ YeP , 


VeOf^Of-i 0} * 
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and structure group U{ 1), i.e., as the line bundle (Of\U{\),T) with total space Of* and 
base space T (cf. Sec. 2.2). The outcome of this construction is a trivial fibre bundle, but 
the principal bundle S = TxU{ 1) with which it is associated, namely 

(S.n&U{ D) , J? = {*P|l*P|| = l}c^- , C7(l) = {^|0eR 1 } , (8.10) 

can be viewed 36 as an infinite-dimensional Hopf bundle (cf. [KN], p. 137), which is itself 
endowed with a Hermitian metric. In turn, we shall see that this latter metric basically 
results from the invariant metric of U( 1) regarded as a Lie group (which coincides with the 
familiar Riemannian metric of the unit circle S l in R 2 ), and from the Fubini-Study metric in 
the projective Hilbert space fP, namely the metric that gives rise to the distance function 
defined in (7.10). 

.’ ,T he Fubini-Study metric is usually expressed in homogeneous coordinate charts, 
which in the present infinite-dimensional case are given for p = 1,2,... by 


{w'p = z a fz p \a = l,2,...,p - l,p + l,...J <-> € O p , 

^eO p = [Uw p p*U±UU*~l] , 


(8.11a) 

(8.11b) 




and are induced by the canonical coordinates 2 “ in Of, which were defined in (8.2). Thus, 
upon omitting, for the sake of notational simplicity, the dependence of these coordinates 
upon the index p, we can express the Fubini-Study metric as follows, 

G = 2 Gsp dfv a ®dzv p , iG-p = (l + - (l + , (8.12a) 

J: ™ a = Z a/ z P > W a =2*1 Zp > Za~ S ap zP ’ a = l,2,...,p-l,p+l,... , (8.12b) 


in accordance with (8.8a) and with Theorem 7.8 on p. 160 of [KN] - whose generalization 
to the present infinite-dimensional case is straightforward. If we then introduce within the 
f||? su ^ man tfold O p of 0O , defined in (8.1 lb), the corresponding coordinates 

H ** WeO p , re ie =z p (l+zo Y zUrf, (8.13) 

fen the Kahler metric on the line bundle Of *, which was expressed in (8.1) and (8.8a) in 
|e canonical coordinates z« can be expressed in these new cooidinates by computing the 
coordinate transformation maps in (2.1.15) for the present change of coordinates. The 
outcome is given by (cf. [Page, 1987] for the finite-dimensional case) 


G = dr ® dr + r 2 [(d9 - f) <g> (dd -f)+ \G- p dul a ®dzv p ] , 
T = j;(l + zL> Y zU y 'j (zU a du> a -zu a dzU a ^j , 


(8.14a) 


(8.14b) 
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tf . rf . (' * ■ (S ' 4 - 

where , modulo the factor 1/2, (8.14h) and P “I 
9 of the (canonical) 1-form and of the (fun a ™ en d t the Ho pf manifold S, | 

It now becomes a computimonally brackets in (8.14a),1 

whose metric is obviously ^"^hee^e ^ of Kdhler connections i.e., for tor-* 
the results denved in Sec \ K ‘ 5 v f n [ ^Lf manifolds which leave invariant their metrics ^ 
sion-free complex connections V mlKahle ^ with the fundamental lemma of -1 

and therefore also their complex st ™ ct “^ s 7, L . connections, such connections arejJ 
Riemannian geometry, which s,n ^° u ‘ man ifolds. This fact actually follows from 
unique in the case of finite-dimensional Kahler ma ‘ ^ 4 8 on p 152 of (KN] . 

the counterpart of (2.6.23) for a Kahlerm • infinite-dimensional Kahler J 

This result turns out to remain true n ^ ^ ^ manifolds covaria nt 1 
manifolds (Freed 1 985). however oper ators that act in tangent spaces, | 
derivatives are only densely IPQJ oetir e of the Hop f bundle S, this ; 

which are infinite-dimensional Hilbert spa . n imbedded [K.KN] into the flat J 

bundle as well as all its tangent spaces c ^ square brackets (8.14a), which g 

manifold tf, in accordance with the expression between me^ ^ ^ ^ | 

supplies the inner product in its tangent spac the counterpart of (2.6.23) stays valid. 

—d% is obtained [K,KN] by minimizing the am length g 

an - *. e- (8 l5 | 


c= { TO |a<f<6} nt)=nvm)*c, 


(8-16) 


that minimize the am iength between any o =g iven points. Consequently, then 
tangents vectors have to satisfy the subsidiary condition j 


dom))=nn*m) 


a<t<b 


since this is obviously a sufficient as well 14^ In H 

the Fubini-Study distance between the projections m 
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■ ghd can be used as a special choice of affine parameter for that geodesic cf. (2.7.10). 

In general, due to (8.17), the horizontal lift C (cf. Sec. 2.4) of a smooth curve in 9 
to the principal bundle S corresponds to the connection form (cf. Sec. 2.5), 

co: X H (!F|X) e L((/(l)) = T e U(Y) , XeTyS . (8.19) 

Indeed, since (TO)! TO) = 1 along C, we obtain by differentiation with respect to the 
-parameter t that 2Re(TO!X) = 0, provided that X denotes the vector tangent to C at any 
given point TO e C. Hence, on account of (8.3b), (8.7) and (8.17), the 1-form which 
assumes the values -lm(TOIX) = W)|X> supplies the gauge potential for the resulting 
oarallel transport, generically defined for any bundle associated with a given principal 
frame bundle in accordance with (2.5.26a). In turn, (7.10) then follows 37 from (8.18). 

According to (8.13), for any choice of section S of the Hopf principal bundle 5, we 
can express any fibre of in the form 


/r'(V') = = re' 8 , r > 0 , 6 e R 1 , <Pes) 


Hence, it follows from (2.5.22) and (8.19) that the covariant derivative for the Kahler con¬ 
nection V on the line bundle 9P can be expressed along any smooth curve in S’as follows: 

V x V = t;'{' + (4' X = 4'eT qi 9, YeCcS, e kl = e" e U(\) . (8.21) 

For any connection in any principal fibre bundle (P, /7, M,G) (cf. Sec. 2.2), the 
holonomy group H{x) of that connection at a point x in that base manifold M is, by 
definition, the group of all isomorphisms of the fibre fl x ), obtained by carrying out the 
parallel transport of that fibre /7'(x) along all possible closed piecewise smooth curves in 
M that begin and end at x (cf. [K], p. 71, or [C], p. 386). In general, the holonomy group 
is a subgroup of the structure group G. In the case of the Hopl bundle S, the elements of 
the holonomy group for the Kahler connection V are obviously elements of U( 1). As such, 
each of them is a complex number, that can be expressed by means of a real phase p . 
iU Thus, the parallel transport along a given piecewise smooth path C in S , whose 
^projection J7(Q in the base manifold 9 is closed, gives rise to the particular holonomy 
group element exp[//?(Q] of C/(l), whose phase number is called the geometric phase of 
that path. According to (8.17), (8.19) and (8.21), the geometric phase of such a path C , 
defined as in (8.16), has the following value (cf. also [Page, 1987]): 


jjjj P(C) = ij c ('i'(t)\d'P(t)) = TO) = TO) • (8.22) 

On account of (8.14c), we can use under certain conditions Stokes’ theorem 38 to express 
the geometric phase of C as an integral over a surface in 9 that is enclosed by 11(C ). 


«c) = ir = j s w . 


W = dT 



Let vis consider now any isometric flow in the projective Hilbert space T.By the 
general definition of a flow in any manifold (cf. Abraham and Marsden, 1978, p. 61), such;; j 
a flow is given by a continuous family of transformations - 

U(l 2 ,t) : </'((,) -> , nt,)ctr, (8.24);| 

U(.t 2 ,t i )=U(.t v t 2 )°U(t 21 t l ) , , (8.25)| 


of S'onto itself, which are equal to the identity transformation whenever t 2 - t 2 . The fact g 
that the flow is isometric means that it preserves the Fubini-Study distance in <2. Hence, | 
according to the reformulation of Wigner’s (1959) theorem on ray transformations,: ^ 
presented in the preceding section, each one of the isometric transformations of such allow..; 
gives rise to a corresponding operator U(hJt ,) in which is either unitary or antmmtary, gg 

and is unique modulo a complex factor of unit absolute value. In view of the connnuuy 
property in t of such a flow, the possibility of antiumtanty is ruled out, since the product ^! 

two antiunitary operators is a unitary operator. 

If we now assume that for some Hilbert space state vector F(a) the curve 

c = { TO = U(t, a) *F(a)|a < t < b] c , *F(&) = e l0(c) ^(fl) , 0(C)e R 1 , (8 J||| 

is piecewise smooth and its end points belong, as indicated above, to the same fibre in the % 
line bundle Of t , then its projection 


c={m = n{m)\amb\ 


■F(6) = f(a) 


(S.27)| 

jm 


in (Pis also a piecewise smooth curve. Moreover, since that projection is closed, there u|l 
geometric phase (8.22) associated with C regardless of whether or not TO' satisfies a | 
Schrodinger equation. If, however, the particular vector-valued functionTO m (8^^ 
does satisfy a Schrodinger equation, which in general ^orporat^ a ttme^kpen^nt| 
Hamiltonian H(t), then a straightforward argument by Aharonov and 
(originally meant to establish the existence of a geometric phase), supplies the formu a jjg| 




(8.28)" 


The expressions in (8.23) for the geometric part of the above total phase> 0 for’ *a | 
Schrodinger evolution are equivalent to those previously obtained by Samuel and ^ 
(1988) af well as by Anandan and Aharanov (1988, 1990), without the use ofW«gg 
theorem. However, those derivations were based on the assumption that the un eryg^ 
evolution governed by a Schrodinger equation applies ghbaUy ^ ™at 
domain questions (cf. [PQ], Ch. IV, Sec. 7.9; or Yostda, 1974, Ch XIV S«. 4) » , 
restrict their validity at a mathematically rigorous level to the case J|fj 

Hilbert spaces. Those problems are averted by the above purely geometric approach, gj 

requires no assumptions about the domains of Hamiltonians for quantum evolutions. 
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> 3 # 9 , Quantum Frames and Quantum Metrics in Typical Quantum Fibres 

In all the subsequent chapters, we shall be dealing with quantum bundles in which a 
% particular reproducing kernel Hilbert space splays the role of typical fibre F, and which 
V C ould be deemed to be associated to principal bundles of quantum frames whose general 
H mathematical features are specified by (7.1)-(7.4). Each fibre F* of such a quantum bundle 
f over a point x in its base manifold M is thereby soldered to that base manifold (cf. Sec. 4.3 
jg: 0 r Sec. 5.1). Consequently, much of the geometric structure in tangent and other tensor 
^bundles over that same base manifold M has its counterpart in those quantum fibres. In 
:V; particular, that is true of the Hermitian sesquilinear [PQ] forms G which are the counter- 
U parts of those in (8.1). We shall therefore refer to such a Hermitian sesquilinear form G in 
i Fx as the quantum metric within the quantum fibre F* (cf. Sec. 5.2). 

,7. We can formulate already at the present stage some of the geometric aspects of these 
quantum bundle structures within any Hilbert space 7/ that could play the role of typical 
'f quantum fibre F. Hence, let us introduce the following continuous linear functionals in F, 

jf;/. , ‘Fg^F , (9.1) 

U which therefore belong to the dual F* of the Hilbert space F. Borrowing the terminology of 
Chapter 2, and in particular that of Sec. 2.1, we shall refer to 

Ip; Q (u) = G Of* s F* | C e M = R 4 x 9"} (9.2) 

|;as a coframe of the quantum frame Q (u). 

Ik; . : We can now extend the Einstein convention in (2.1), defined there for summations 
over pairs of contravariant and covariant discrete indices with equal values, to integrations 
over continuous indices. Thus, we shall write, in accordance with (7.16), 

j «F = ^0 ; := dZ(0 *F^ , V*F e Of = F , (9.3) 

: where, as we have seen already in Secs. 3.2 and 3.4, the outcome of the above integration 
is independent of the choice of the hypersurface £ within the extended phase space (M. 

§||' Let us use asterisks to denote the antilinear functional defined by taking the complex 

conjugate of the image of the map in (9.1). Then, instead of expressing the quantum metric 
in F in terms of the 1-forms in (8.2), namely as we did in (8.1), we can express it in the 
. form 






with respect to a quantum frame Q(w). Indeed, in accordance with (9.3), the Hermitian 
metric G assumes in the dual of F® F the same value as in (8.3a): 




¥[,1F 2 gF . 


(9.5) 
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■ shared by other fundamental observables, such as position, momentum, etc. Furthermore, 
generally speaking, the resolution generators <P U for such frames, which physically play 
the role of their origins, are uniquely determined (cf. [P], Secs. 1.7 and 2.7) by the 
adopted representation of the fundamental kinematical group in 9f- namely of the Galilei 
group or the Poincard group in the nonrelativistic or the relativistic context, respectively, 
i nas a u«**»8 — r — - ---■-■?©*------ ' Consequently, when viewed as physical states of quantum objects, the elements of such 

probability density in (7.2). .. that the same is not generally true $ frames are, in principle, uniquely determined by measurement procedures as Hilbert space 

P ~ ' other hand, note should be taken of the fret th . . . p sucb as g|§§| vectors, and not just as rays. We can therefore say that the elements of quantum frames 


We thus see that the analogies between toTtTefexS'S the f 

as probability amplitude that gives rise m the ig 


r On die other hand, note should be taken or me ^ ^ such as thc jj vectors, and not just as rays. We can therefore say that the elements or quantum rrames 

of the components of the same vector with respect to > an although it runs counter If ^ represent quantum states which provide the reference phases, in relation to which the 

one in (7.17). This is an established measur<. * f superselection rules, any M iM,relative geometric phases of nearby (in the Fubim-Study metric) state vectors can be 
to the still wide-spread popular belief that, in the aosenc f assigned 'M Iff measured and compared in the course of a certain quantum evolution. Indeed, any of the 

orthonormal basis in a Hilbert space iti of quantum state vectors can b 8 gi|jj & ^us far envisaged (Anandan and Aharonov, 1988) measurement procedures of geometric 

to a complete set of‘observables’. . . , . fr&neT »\ mathematical ft* 3phases for cyclic quantum evolutions can be, in principle, adapted to supply procedures for 

A rationalization of that behef can be amved at only if the general ma ^ measurement of such relative phases for quantum state vectors, which can be expanded 

A rationalization or _ „ . . self-adioint operators are wi ; of coordinate wave functions assigned to that vector by the map in (9.1). 

W: In this monograph we shall be concerned primarily with those quantum frames which 

nf a ouantum system, suujcm ^ -v . . . „ • __ are inertial, i.e., whose propagation in time is governed by a free Hamiltonian If 0 . When 

- J Wicrnpr (19631 pointed out, even in nonrelativistic quantum mecnamt^ u is | g| cons atuents of such frames are sufficiently massive in relation to the quantum systems 

H °T ’ tl !a ien measurement procedures even to (appropriately r whose localization^ they are employed, their behavior approaches that of classical 

not known SSe momentum operators - not to mention the I^vafrng Lertial frames - as can be seen from (7.9). 

products of to* 1 * P. se if_ a dioint operators. Moreover, in general, procedures for%^| G n the other hand> we can also entertain the possibility of non-inertial frames that are 

m ^ u e nrprke measurement of most self-adjoint operators cannot exist even in prmci- M ^ upon 5y forces w hich, in the nonrelativistic regime, give rise to time-dependent 

^ b 3^r P P ?here are serious limitations on the measurability of an arbitrary S Hamiltonians H(t). In such cases, the SQM wave functions representing those frames are 

Pjf ifmathernatical elegance of von Neumann's original postulate that all self-adjoint op-jj fc^ rivable from the non relativistic SQM propagator in (6.15) - and again an approximately 
blurm cnrahle ” (Wigner, 1981, p. 298). . D classical behavior can be discerned under certain physical conditions, 

erators are measur . v gl iSformation^ly complete (Prugovebki, 1977b; Busch jUgg To UIuslTate this pdnt> ]et us cons ider a quantum frame which at r = 0 coincides with 

1987 )^prantun/ffames oblate these problems, touts of I £ .'.«*«* defined by (2.13) and (7.6) for the spin zero case. In that case 

pie, uniquely determined by measuring its Neumann's postulate that, in the v 

sudl a quantum frame. Hence, te » » «•**££ ^ ^ rf a ^ 

absence of superselection rules, any J* P 15 . (he F u bini-Study distance of a 

turn system represents an observable: ac yt ^ ^ o ^ rnhj ,hiiitv density, whose mea^j|S|||gw 


<2>“ = £/(0,q,v,/)<*>“, & u = £, e L\ R 6 ), C = (0><I>v) 


(9.6) 


turn system represents an observable: acc^ingiov/^.^7“ '~ de nsity, whose where, according to (2.12) and (2.19), the proper state vector 

quantum state to a quantum frame is 0 n the other hand, the same is || f 
surement can unambiguously determine a/jy q d ma j or motivation for von;|j jj|g 

never true of orthononnal frames - a ' for spin 1/2 quantum^it 

Neumann’s postulate. For example, even va t ^ the “ sp i n -up” and “spin-^ 

observables, the measurement o t e an ine the q UantU m spin state. It was 'ttim 

meaLemenbtheoretiodto to, t^establ^l 


(9.7) 


that reason, as 


as on accoum arbitrarily precise measure-* 

Wigner (1952), as well as by Pxdni inpnnciplefeasible, that stochasncM 
ments of those probabthttes for s o P P as spin coordinate values-; 

spin values were originally ' Schrick (1982a) and Busch 

measured in relation to a quantum spin Rentability of this concept -; 

(1986 1988) established the measurement-theore P c r h r0 eck (1989). ' ^4 

^issssA'sa=sts& i £S —-ssi 


<5 M (q,p) = J R3 exp(tq-k)|(p-k)|(k)d 3 k , 

corresponds to the quantum object marking its origin, and the representation U in (9.6) is 
^ the one specified in (2.7). In the Schrodinger picture, the coordinate wave function of its 
lit constituent which at r = 0 was located at the stochastic mean position q(0), and displayed 
there the stochastic mean velocity v(0) = p(0)/m , evolves with the passage of time into 




^”q(0>,v(0)(O - (| U(f,0) > U(t,0) T 


,-m-) 


df 


(9.8) 


gSfiWe note that the above coordinate wave function is indeed a special case of (6.16). 

g|iiR- Under the mild conditions on the proper state vector & a of the quantum frame origin 

§j|(stich as those that make the approximation in (7.9) valid), and under additional relatively 
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mild conditions on the potential in (6.11), the solution of the following equation (cf. [P], 
Eq. (4.23), Sec. 3.4), 


i jL<r> u 

1 £ V q(0.T(t) 


.• Pa d 

dV 

d ' 

\_m dq A 

dq A 

dP a. 


<T> U 

V q(0.v(0 


provides, modulo a phase factor 41 , a good approximation to the wave function m (9.8)^ 


,(q,p /m) « exp[i(q • p - q(t) • P<0)K<o.v(o( < *’P/ m > * 


(9.10)| 


We recognize in the second term between square brackets in (9.10) the Liouvtlle operator g 
for evolution in classical statistical mechanics. Hence, modulo a phase factor supplied.by j 
the classical Hamiltonian between the first set of square brackets in (9.9), the solution of;| 
(9.9) for the approximate coordinate wave functions in (9.10) coincides with that provided £ 
by the solutions (q(0,p(0) of the corresponding classical problem formulated in thephas^m 
space F= R 6 . Moreover, that classical Hamiltonian compensates for the last term present in | 
(8 28) For stochastic phase space wave functions which are sufficiently sharply peaked| 
around the classical values (q(f).p(*)), we easily obtain from the multiplication lawgg 
(2.8), or by a direct computation of (9.8) based on (2.12), the following approximate, 

formula, 


{k =-w) ■ • 


Hence, when the quantum evolution in (9.6) gives rise to a closed path in £ this suppi^| 
the following classical approximation of the geometric phase for that evolution 4 : 


0(0-2$ P A dq A =2\ s dp A a dq A , A = 1,2,3 


We observe that in (9.12) y is the closed path in the classical phase space F VlL 
This path corresponds to the closed path in (8.27) in the case where ¥'(a) is the element q 
the quantum frame labelled by (0,q(a),p(a)), in accordance with (9.6). Furthermore,^ 


(9.12) S r is a surface enclosed by y in the phase space F- R 6 . Hence, in view of(8|| 

^ . . . j _rnmniP.tft tor til 1 


the analogy between the quantum case and its classical approximation is complete far ti 
geometric phase of such nonrelativistic quantum frames. .|j- 

Nonrelativistic quantum frames play a most fundamental role in the formulatio ■ 
eeometro 43 -stochastic (GS) quantization in Newton-Cartan spacetimes, presented in » 
next chapter. The main purpose of this formulation is to provide a test case of the ma 
ideas of the GS method of quantization in general, and of the validity of the fomiulatio^ 
GS propagation as an embodiment of the equivalence principle, in particular, ea e 
interested in these aspects can, therefore, skip the next chapter, and later consult it o jf- 
those occasions when in subsequent chapters reference is made to some of its pnncip 
results. 


t 
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1 Cf. Note 2 to Chapter 1, and Sec. 5.6. Thus far few connections have been established (Hajra and Bandy- 
.. opadhyay, 1991) between the various “stochastic” formulations of quantum mechanics and quantum field 

theory - of which the Parisi-Wu (1981) is the best known in elementary particle physics circles. 

2 Strictly speaking, the elements of L 2 (R 3 ) are not the square-integrable functions y/(x) themselves, but 
rather equivalence classes consisting of such functions that are equal almost everywhere in R 3 with 
respect to the Lebesgue measure (cf. [PQ], Sec. 4.2 in Chapter If). Hence the value of yr(x) can be 
changed at will on a set of Lebesgue measure zero (such as on a finite or countably infinite set) without 

£ _ changing the quantum state vector represented by that wave function. 

: 3 xhe family of Bor el sets on a locally compact topological space equals the Boolean cr-algebra generated 
u by the open sets of that topological space - i.e., heuristically speaking, it consists of sets obtained by 
£ taking countable unions and intersections of open sets, and then indefinitely repeating these operations. 
| In the case of R n the family of Borel sets can be obtained by applying the same operations to the family 
7 . of all intervals in R" - cf. Sec. 1.3 in Chapter II of [PQ]. 

4 Recall that, by definition, the characteristic function of any given subset of a set S is defined everywhere 
in S by assigning 1 to points within that subset, and 0 to points outside that subset. 

5 For functions from L 2 (R 3 ) which are square-integrable but not integrable, the Lebesgue integral in 
(1.10) does not exist, so that the Fourier transform has to be extended into the Fourier-PIancherel 
transform, which involves limiting the integration to bounded Borel sets in R 3 , and then taking a limit- 
in-the-mean [PQ]. For the sake of simplicity in notation, in this monograph we shall not explicitly 

| display this limit-in-the-mean, but rather tacitly assume its presence whenever required. 

6 A nonzero operator E is called positive (symbolically written E > 0) if {yi\Ey/) S 0 for all vectors i/r in 
its domain of definition within a given Hilbert space. Ludwig (1983, 1985), as well as some of his 
followers (Kraus, 1983), call positive operators, associated with QM measurement procedures, effects, 
so that in their terminology a POV measure could be called an effect-valued measure. 

|f In conventional probability theory, conditional probability measures P A (B) ~ F(B|A) := P(BnA)/P(A ) 
% are defined in terms of normalized probability measures P for all measurable subsets B of a measurable 
J set A - cf., e.g.. Sec. 33 in (Billingley, 1979). However, QM probabilities are normalized over space 
for each instant in time, so that in dealing with probability measures over sets in spacetime, there are no 
finite probabilities over all of spacetime. Hence for A compact in spacetime, or for a spacetime segment 
M which is finite in time (and given, in the special relativistic regime, by all events between two given 
instants, determined with respect to a given Lorentz frame), we shall refer to P A (P) as a relative 
probability measure. Indeed, it obviously does not make sense to add the relative probabilities in two 
such disjoint spacetime segments, so as to say, for example, that the probability of observing a particle 
in that union equals the sum of probabilities in the constituent spacetime segments. Hence for relative 
probability measures, as opposed to conditional probability measures, Pa(B) might not represent a 
probability on the family of all the measurable subsets B of a given measurable set A, but rather only 
for a subfamily determined within the context of such operational considerations as the above ones. 

It follows from the definition of Bochner integrals (cf. Appendix 3.7 in Chapter V of [PQ]) that the 
expectation value of the operator on the left-hand side of (2.3) is equal to the Lebesgue integral of the 
expectation values of the projectors on the right-hand side. 

These independently discovered and rediscovered nonrelativistic POV measures have led to a wealth of 
new ideas and results in various branches of physics and mathematics that previously seemed unrelated - 
as exemplified in a variety of monographs, such as those by Davies (1976), by Helstrom (1976), and by 
Holevo (1982) - in addition to [P]. The short review article by Busch et al. (1989), written with the 
professed goal of making the physics community at large aware of the existence of these results, and 
therefore hopefully preventing the wasteful duplication of effort invested in their constant rediscovery by 
new researchers entering the field, provides an extensive bibliography on the subject - and yet it cannot 
help omitting a significant number of important references - cf., e.g., (Martens and de Muinck, 1990) 
for some additional recent references. 

The notion of coherent states can be traced to the work of SchrOdinger (1926), who studied them as 
nonspreading wave packets for quantum oscillators; von Neumann (1932), who employed them to 
partition phase space into cells; Bloch and Nordsieck (1937), who used them to treat the “infrared 
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catastrophy”; and 11 

well as the realization of their si^ance for q tu ^ P^ tQ homogene0 us (coset) spaces for jig 
Glauber (1963) on the subject. The B c ^ r ^ " Girardello (1972), as well as by Perelomov 
locally compact groups was first b J ® siye m0 nograph on the subject (Perelomov, 1986), 'g 

(1972). The latter subsequently pubhshrim extensi e ^ & variety of groups. 

which systematically deals with the denvatio order of magnitude, the role of such a test - ? 

11 For position measurements down to the molecular ” . i evel , hadrons can play the role of exSij 

body could be played, e.g, by a hydrogen Of course, as discussed in Sec.'g 

tended test bodies in position measurements down elemen tary quantum objects are extended^. 

1.5, one of the central theses m this monogmph 'S that all elemer j q* ^ ^ ^ ^ 

(albeit not necessarily m the stnnglike sense of G ‘ S ’ Q that pointlike localization loses its 

a lower bound on the linear d^ensionsoftha j more ^ half . a . century a go by Born (1938, jg 

cal raison Th at this nnghtbedie case w and foun ders of quantum mechanics. It ^ 

1949), Dirac (1949), Heisenberg (1938,1943), ana 0 P , chapter 12 that their clear-cut s*§s 

is due primarily to the post-World War ll histonc^ f succeed t0 steer quantum physics on the , |7 

admonishments, such as the following one by Dm c, ^ mendone d in Sec. 1.1: “Present-day |£ 

right course much earlier, despite the mitral faduK hich . g su ffi c i e nt but it is very likely to bejgg 

atomic theories involve die assumption of locali JVJ b& built up in terms of dynamical variables gf 
too stringent. The assumption requires that metha y loc ^ lize d at two points lying outsidejp 

that are each localized at some point m space-Ume Poiss0 n bracke tl. A less drastic assump^M 

each other's light-cones being assumed to have zero P^. I ^ such ^ the P-b . of lw0 dynamtcaldj 
tion may be adequate, e.g., that there is a ^ separat ion is space-like and greater than I 

variables must vanish if they are locahzed at wo points a J de d. 

X, but need not vanish if it is less than X. ( D • ' m brfef review Q f the salient features 

12 For the sake of simplicity and clarity °f exposiuon, Jfo p ^ ghlforwar d choice of phase space ray ;; |gf 

nonrelativistic SQM we have concenttattedon the: t tr g entation can obviou sly describe | 

representation for the Galilei group, "^ ly "well as the quantum test parricle have the same . | 

only the case where the quantum system P h e phase spa ce ray representations of the §jj 

or spins and for ‘res, pan.Ce,-j| 

‘system’ particles - cf. (All and PrugoveCki, 198 ). SDectia l measure of the three operators of jg 

13 Note also that this density does not (i.e., HermiUan) with respect | 

multiplication by x“, a - 1,2,3, since thes P jhereforeproposed a new form of quantum n jjai 

to the inner product in (3.3). Stueckelberg ( ^uare-integrablein time as well as in space, i. e., 
chanics, in which die wave functions wouUl be sqm r t gr » ^ piron (1973) t0 the many-body g 

•**■* *" J c,,B,e,ra " oe, “ l I 

on quantum mechanics and classical spacetime • sUuctar ®.. . . scrvc as a (h y n0 means exhaus-g 
14 Cf. Kilnay (1971) and Hegcrfcldt (1989) for review art . ^ 0 f the key results reviewed 

live) guide to the literature on this subject. The woe t 1 h^ y ^ ^ ^ Hegerfe i dt 's (19?4)|gj 

these articles have remained unknown ev f ^^hed tecture notes on localizability in quantum^, 
theorem is not even mentioned in the most recently pu* h d ^ Qf [BR]t ^ we ll as nvMj 

mechanics (Bacry, 1988), and dial m Chapter^ (Greiner, 1990), the Newton-Wigner (l949)o?|jj 
most recent textbook on relativistic 9 u ^ nta onerators” despite Wigner's own clarification feljj 

erators are sUU presented as r ® IaU ^ ls _ ,c P be however,’deemed encouraging for the future 9|J|jp*- 
misconception (cf. [WQ], pp. 310-313). rp! ’, iv ; st ; c QM such as the one published in the i||Lg 
subject that some textbooks on convenuon^ relativistic^QM^ ^ ^ ^ nQ logically consisg| 

known Landau senes, point out already in the 1 1982 4) _ Hencei at least their rea^ 

and complete relativistic quantum theory &£***»£ “tout the foundations of this subject * 
are not left with very basic and elementary {1989) have indee d established the existenj 

15 More recent results by Alt et al. and by t es of locally compact groups. Thisg 

Sp” between .he Galhei and te Poincare eases, on P ns!l,, 
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established in (PrugoveHd, 1978c,d), and further studied by Ali and Prugovefiki (1986). Their theory 
provides a generalization of Perelomov's (1972,1986) treatment of an already generalized notion of co¬ 
herent states. The need for such a generalization emerged from the limitations imposed by physical con¬ 
siderations on the, to a large extent, parallel treatment of coherent states for the Galilei and Poincare 
group - originally presented in (PrugoveCki, 1978c,d) for the spin-0 states, obtained upon setting j = 0 
in (2.12) and (4.10), respectively. Indeed, comparison with Perelomov's (1986) prescription reveals that 
the states in (2.12) are generalized coherent states in the sense of Perelomov, but for the isochronous 
Galilei subgroup, rather than for the full Galilei group. In SQM this restriction to the isochronous case 
V'- of l = const slices of Newtonian spacetime is required on physical grounds. As a matter of fact, if Pere- 
lomov’s construction is applied to the entire Galilei group, it results in unphysical wave functions, i.e., 
wave functions which are square integrable in the time as well as in the space variables, and as such can 
describe only quantum objects which materialize out of nowhere, and which, with the passage of time, 
rescind back into nowhere, even when left alone. On the other hand, due to lack of absolute simultaneity 
in special relativity, there is no isochronous subgroup of the Poincare group. Hence, the states in (4.10) 
3 re of necessity generalized coherent states for the entire Poincard group, but not in the sense of 
Perelomov, since the action of time translations, resulting from the representation in (4.4), upon the 
-resolution generator is related neither to a character of the subgroup of time translations, nor to an iso¬ 
tropy group for the quantum state represented by that resolution generator. The technical details of such 
constructions, as well as the prospects for further applications and generalization, are discussed from a 
general group-theoretical point of view by Ali and Antoine (1989), and by Antoine (1990). Particular 
derivations of this kind of generalized coherent states for the de Sitter group in two and in four spacetime 
dimensions can be found in (Ali et al., 1990) and in (Drechsler and PrugoveCki, 1991), respectively. 

16 classical relativistic phase space is defined (Ehlers, 1971) in the CGR context as a submanifold of the 
■ • \ cotangent bundle obtained by restricting the domain of the covectors in each cotangent space to the 
forward mass hyperboloids (3.12) for each of the rest masses of the considered particles. In the special- 
relativistic context, a classical relativistic phase space can be therefore obviously identified with the di¬ 
rect topological product of Minkowski space and those forward mass hyperboloids, so that in any given 
;.r global Lorentz frame its elements are labeled by the 8-tuples (q,p) that appear in (4.3) and (4.4). The 
f|£ measure of integration for the inner product in (4.1), expressed in manifestly covariant form in (4.8b), is 
i v the measure generally adopted in such classical relativistic phase spaces (Ehlers, 1971), but it has the ef- 
;. feet of making the representation in (4.4) globally non-unitary on L 2 (R 6 ) - although all its irreducible 
vt components (4.7) are unitary. This mathematical inconvenience can be, however, easily rectified by 
||§ adding an extra relativistically invariant term to the inner product in (4.1), and then extending L 2 (R 6 ) by 
£ constructing an equipped Hilbert space (PrugoveCki, 1973). The corresponding extension of the represen- 
|§qi tation in (4.4) is then unitary - cf. (Ali and Antoine, 1989), p. 35. 

|||? All the results in this section were originally derived for the spin zero case (PrugoveCki, 1978a; Ali et 
fs - al., 1981), but were later generalized to the case of arbitrary spin values (PrugoveCki, 1980; Ali et al., 
1988, Brooke and Schroeck, 1989). However, for the sake of simplicity we shall review in this section 
only the case of zero spin. 

Hi? Recall from Note 2 that p(x,f) is not, in general, uniquely defined for all xe R 3 , but rather its values can 
be changed at will on sets of Lebesgue measure zero. On the other hand, the stochastic phase space wave 
I? functions are always continuous, so that p^(q,/) are always uniquely defined for all qeR 3 . However, in 
|| order for their sharp-point limits in (5.4) to exist, the configuration space wave function also has to be 
Hi continuous. Similarly, for the sharp momentum limits in (5.5) to exist, the momentum space wave 
fg!; function has to be continuous - as it will be the case if the corresponding configuration space wave 
functions are in addition Lebesgue integrable over R 3 . The set of vectors in L Z (R 3 ) which are 
| continuous, as well as Lebesgue integrable over R 3 , is dense in the Hilbert space L 2 (R 3 ), but it is not 
_ equal to it (cf. [PQJ, Sec. 5.4 of Chapter II). 

|t|? The results by Hegerfeldt (1985) on approximate localization “with exponentially bounded tails” indicate 
LV that, if we assume that the probability density in (5.12) is exponentially bounded in iql at q° = 0 in 
©V some Lorentz frame, then it does not stay exponentially bounded at any later time (as it should, in 
accordance with Einstein causality), despite the established fact that asymptotic causality is satisfied as 
.. q° -> <» (Greenwood and PrugoveCki, 1984). If this result would turn out to be true also for less 
f restrictive modes of approximate localization (Kosinski and Maslanka, 1990), that would mean that the 
0 _ GS mode of propagation introduced in the general relativistic context in Sec. 5.4 is, even in the case of 
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flat spacetime, the only mode of quantum propagation in strict abidance with Einstein causality - i.e.,. > 
that the geometro-stochastic framework has to be used also in the special relativistic regime m order to 
satisfy strict Einstein causality, and at the same time retain a relativistically consistent notion of':| 
quantum particle localization. On the other hand, in Sec. 5.7 we shall discuss the possibility that at the : 
quantum level the requirements of strict Einstein causality could be relaxed when one is not dealing with j 
pointlike quantum particles. . . J' 

20 This interpretation is merely heuristic at the mathematical as well as at the physical level: mathemati- j 

cally since the time evolution operator in (1.4.3) is applied to such objects as the ket vectors (x(t’)) > 
which do not belong to the Hilbert space L 2 (R 3 ); physically, since the square of the absolute value of f 
the propagator in (1.4.3) does not yield a bona fide probability density, because it is not integrable iiu 
xe R 3 . The first difficulty can be removed by the use of rigged or equipped Hilbert spaces (Antoine, * 
1969; Prugovebki, 1973), but the second one remains, and can be dealt with only by regarding the 
propagator of a point quantum particle as a renormalized limit (involving an infinite renormalization) of £ 
propagators for state vectors in L 2 (R 3 ). m . . „ -• ; 

2 1 The adoption of the wave function (6.6) - which modulo the normalization factor (2/t) (cf. (2.19)) , 
equals the ground state of the nonrelativistic harmonic oscillator - as a model for fundamental extended 
particles “within” which classical spacetime concepts lose their meaning, was first proposed by Land|| 
(1939). The discovery by Hofstadter of the extended nature of hadrons was based on form factor 
measurements in scattering experiments, which generally provided values around 10 cm for their rms 
radii. Later on, with the advent of quark models for hadrons, nonrelativistic harmonic oscillator wave| 
functions were used in formulating static quark-antiquark models of mesons (Close, 1969). The ground | 
states of the nonrelativistic harmonic oscillators were also shown to provide state vectors for optimal ... 
localization in stochastic phase space (Ali and PrugoveCki, 1977a), and to play a central role in model$|| 
for the actual simultaneous measurement of the stochastic positions and momenta of quantum particles 

(Busch, 1985a). . . . . ’ 

22 The choice of factor in front of the integral in (6.19) is largely a matter of convention, since in . Iwm 
relativistic regime the Feynman propagator is always defined on the basis of vacuum expectation values 
of time-ordered products of field operators, i.e., by means of a two-point function, rather than on the || 
basis of the propagation of Klein-Gordon particles. The definition in (6.19) is the one given in [SI], pp. vM 
442-444 and it is, by a 2 i factor, distinct from the one given in [IQ], p. 124. As mentioned in Note 18 : 
to Chapter 1, Feynman’s (1950) treatment of propagation of Klein-Gordon particles was earned out b|j 
means of a Schrddinger equation involving a fictitious time parameter, “somewhat analogous to proper, 
time” (Feynman's, 1950, p. 453). That fictitious time parameter was, however, introduced primarily b|p 
blind mathematical analogy” ([ST], p. 226) with the path-integration method in the nonrelativistic case, 
rather than on physical grounds that could impart to that formal mathematical procedure any kind of 
operational meaning. However, in Sec. 5.7 we shall discuss the possibility of imparling a physical; 
meaning to this parameter. 

23 The value of the normalization constant in (6.26) can be deduced form the reproducibility property 

(6.24). The computation has been explicitly carried out in [P], p. 120, for the case where, for 
dimensional reasons, one of the factors used in the exponential is slightly different from the one to. 
(6.26) . In this context, recall that throughout this monograph Planck dimensionless units are used,;m j 
which the Planck length has the value one, so that it does not explicitly make its appearance as one of / 
the factors in the exponential function in (6.26). ... 

24 In fact the consensus is that in conventional relativistic quantum field theory this series is merely an 
asymptotic series (Dyson, 1952). In the context of the numerologically most successful model, namely-;; 
QED, Schwinger describes the situation as follows: “If one excludes the consideration of bound states, i 
is possible to expand the elements of a scattering matrix in powers of the coupling constant, an 

examine the effect of charge and mass renormalization.It appeared that, for any process, to, 

coefficient of each power in the renormalized coupling constant was completely finite (Dyson, iy )■ 
This highly satisfactory result did not mean, however, that the act of renormalization had, in i seij, 
produced a more correct theory [emphasis added]. The convergence of the power series is not estabhshea, 
and the series doubtless has the significance of an asymptotic expansion.” (Schwinger, 1958, pp. X1 - 
xiv). This last statement means that, even if one assumes that an S-matrix itself actually exists,- 
partial sums of the renormalizectrexpansion do not converge to the actual values of 5-matnx elem fV/ 
On the other hand, as it was mentioned in Sec. 1.2, the existence of the S-matrix has never 
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established for any nontrivial four-dimensional model in conventional quantum field theory. On the 
gcontrary, protracted efforts in that direction have led to the conclusion that “arguments favoring triviality 
;ggg. : . [of such models] seem to be stronger” (Glimm and Jaffe, 1987, p. 120), even in the case of QED. 

-g-g 25 This concept was first introduced in (PrugoveCki, 198Id), after it was realized that, from an operational 
fjH§ point of view, in the special relativistic regime the distribution in (5.12) cannot be interpreted as a 
| v probability density for stochastic values with respect to classical frames of reference - as is the case with 
its nonrelativistic counterpart in (5.2). Indeed, if that were the case, then a special relativistic counterpart 
of (5.4) would hold - but the lack of absolute simultaneity in special relativity makes that impossible. 
ggg,i- The operational interpretation of quantum frames was later elaborated in Sec. 4.3 of [P], in the context 
gggjgg of extending their operational significance to the general relativistic regime (cf. Sec. 11.5 for a 
mpg recapitulation). From the observations made in (PrugoveCki, 1982b) it is very clear, however, that the 
same basic operational interpretation applies in the nonrelativistic regime - as explicitly demonstrated 
also by Aharanov and Kaufherr (1984). The general treatment of these, and related geometric issues, in 
the present and in the next section coincides with the one in (PrugoveCki, 1991c). 
ppl.26 Such extensions were studied in a quantum mechanical context by Antoine (1969), PrugoveCki (1973), 
M ; .g- and many others, and supply a mathematically rigorous interpretation of the Dirac (1930) formalism. 

i§?7 A gfoup G of transformations g: X -» X acts on a set X effectively if g(x) = x for all x e X implies 
WM '' ^ at 9 = e (j- e -» that g equals the identity transformation), it acts freely if g(x)*x except when g = e , 
told it acts transitively if for any xpe 'e X there is a g e G such that g (x) - x'\ the action of G on X is 
f rom the le f* if te'9")(x) = g'igXx )) for all xeX and all g',g"eG , and it is from the right if (g'g")(x) - 
tilt;-'? 9 "(g'(x)) for all xeX and all g\g" e G (cf. [C], p. 153). In accordance with general conventions in 
|lgf-modem differential geometry, which we implicitly adopted already in Chapter 2 (cf. Notes 11 and 15 to 
||| Chapter 2), we consider that transformations act from the right on the set X when X consists of frames. 

|1 The concept of generalized coherent state is discussed at length by Perelomov (1986), but a further 

1§|> generalization of Perelomov’s method of construction is required (cf. Note 15) in order to cope with the 
tili situation in relativistic SQM - such as was the case in Sec. 3.4. 

Cf- Chapter 13, §2 in [BR], or Chapter IV, §2.1 in [PQ], for a discussion of the fundamental signifi- 
gi;. cance of unit Hilbert rays to the formulation and interpretation of quantum theory in general. The con- 
ill? ce P [ of ray was introduced in quantum theory already by Dirac (1930). 

Experimental designs for such measurements can be deduced from the marginality properties (2.17)- 
( 2 -f8), and are the subject of a considerable amount of literature (Busch, 1985, 1987; Yamamoto and 
Haus, 1986; Busch and Schroeck, 1989; Busch and Lahti, 1990; Schroeck and Foulis, 1990; etc.), 
JlE Which is systemati cally ^viewed by Busch et al. (1991) and by Schroeck (1991). It should be noted that 
site ort i 1onorrn al bases, in any Hilbert space of dimension larger than one, constitute complete systems of 
vectors [PQ], but are not informationally complete: even if the transition probabilities with respect to 
Bp®-/ all the elements of an orthonormal basis can be actually measured, they uniquely determine a quantum 
IS®! state only if that state is represented by an element of that orthonormal basis. 

J|gj Cf- Sec. 3 of (PrugoveCki, 1978a). Similar conclusions were more recently reached in (Aharonov and 
'I Kaufherr, 1984) and in (Anandan and Aharonov, 1988). In fact, this latter work also employs the term 
I “quantum frame”, and discusses its implementability in practice. However, this work derives some of 
mathematical features of quantum frames by geometric phase arguments that are similar to the ones 
employed in the next section, rather than by the primarily analytic methods employed in the original 
'gP work on the subject (PrugoveCki, 1977a, 1978a,b). 

jlfes? 1 fact, the SQM method of quantization emerged from the observation that in the nonrelativistic context 
method assigns quantum counterparts to classical observables which are functions of position and 
j gf ? momentum variables with respect to a given classical inertial frame (PrugoveCki, 1978d). More recently, 
led to the conclusion that various choices of resolution generators (i.e., of proper quantum state vec- 
!§& 1015 marking the origin of a quantum frame) leads, during the ensuing transition to the quantum regime, 
II to various orderings of those classical variables (Ali and Doebner, 1990). 

Cf- [KN], p. 134. In general, Chapter IX of [KN] deals with finite-dimensional complex manifolds, but 
j; many of its basic definitions and results can be generalized to the case of infinite-dimensional complex 
S|5 Banach manifolds (Lang, 1972), defined in Chapter VII of [C] by extending the concept of chart and 
-- atlas, presented in Sec. 2.1, to that case. That can be accomplished in a very straightforward manner by 
gg replacing in (2.1.1) and (2.1.2) R 4 with any (real or complex, finite or infinite-dimensional) Banach 
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33 Cf also (6 3 2a) for the case of Dirac quantum frames, but take note of the fact that the set I in (6.3.2a) 

U. also (,o.3.za; incorporate the spm vanables s. The incorporations^ 

SL—S over 1 is part of ft, integration wift respect ft the resulting measure || 

34 This similarity has resulted in the usage of the term ‘‘overcomplete family” to describe continuous resoglf 
^ ions o the identity on account of the fact that their elements are not generally linearly independent : fi 

space) sense, i.e., that a given element of a quantum frame can be approximated 

basr-UkToSStohbowever^av«Jd 

SSstan be (cf. Sec. 2.7), suff.ce in tamping quantum states m the fibres above th| 

35 nll?s%c,ur 2 et a real vector space T^is a linear one-to-one map J of the vecftr space Vonm fi 
whic/is such that J 2 = -1, where 1 is the identity operator in that vector space (cf. [K], p. 11 )., r 

36 This principai bundle also resul. ft 

operator acts on the orthonormal basis singled out in (7.17). Let V(X,Wi) enote e s 

St Stent of the coset space DMVfft *0 whose members map •, 

OPt*) denotes the isotropy subgroup of *, so thatI/WWO» Ic “'22’ 
since V(P C *) and are isomorphic. The base space of this pnucrpal bundle can be fte.ntogg 

L an S manner wift the projective Hilbert space *by identifying fte urn, 
each unit vector *with UMIUWmiH 1), and consequently also with the homoge P 
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U(?f)IU(jKw{)®U{ 1). This construction can be used to motivate the introduction of the homogeneous 
coordinates in (8.1 la) for the case of p = 1. Since analogous identifications can be carried out for all the 
remaining w p ,p = 2,3..., the introduction of all the other charts in (8.11) can be viewed from a similar 
i?.-> ‘ perspective. In these mathematical considerations, note should be taken of the fact that, according to a 
theorem by Kuiper (1965), the infinite-dimensional group U{ty is contractible to a point, 
f h- 37 The detailed argument runs as follows (cf. Anandan and Aharonov, 1990, p. 1698): For the self-adjoint 
operator A whose matrix elements in the orthonormal basis in (7.17) are all equal to zero, with the 
If exception of <w 3 |Aw 2 ) = <w 2 |Aw 3 > = 1, it is easily computed that exp(iAf) = (cos 0 1 + *(s*n /)A by 
expanding the exponential in a power series. Consequently, C = { *F(t) = exp(iAf)w 3 1 1 e R l ) is a 
Sllr- smooth curve in S, and since <a(d^t)/df) = {'F(t)\d'f'(t)/dt) = <Wj|iAw 3 > = 0, it must coincide with the 
Iffc-r horizontal Uft of 77(0 (cf. Sec. 2.5). On account of (4{d't'(t)/dt\d'F(t)/dt)) m dt = 2({iA'I l (t)\iA'¥(t))) m dt 
'W§f : -2 dl being, in accordance with (8.12a) and (8.14a), the length element along C, we get from (8.18) 
s|f§|| that x- 2/. On the other hand, for any two given unit rays in (7.10), we can choose representatives y/j 
Pip. and yr 2 as well as an othonormal basis in 27 which is such that y\ - w i and yr 2 = (cos t)w\ + i(sin t)w 2 
llt|| for some / e R 1 . Hence, we have cos t = (yr,|y/ 2 ). and since t// 2 = exp(iAr)V6 , we can join those 
representatives by means of the corresponding horizontal lift C . This means that the corresponding 
value of x is the Fubini-Study distance between the two given unit rays in 2*, so that cos r/2 - (i/'ily^) 
= K'f'il 7^)1 for an y two unit vector representatives and fj of those two unit rays. 

|8 Cf. [C], p. 216, or (Lang, 1972), Ch. IX, or (Abraham el al. t 1988), §7.2. However, since in all these 
references, which otherwise deal with infinite-dimensional manifolds (the last two doing that from the 
outset), this fundamental theorem is nevertheless stated and proved only for the finite-dimensional case, 
the validity of the expression involving the surface integral in (8.23) can be deemed established only 
when the path C is entirely contained within a finite-dimensional subspace of 27. 

39 Cf. also Sec. 7.8 and Chapter 12 for further discussions of this fact. 

|40 In the nonrelativistic context, the first detailed studies of such measurement-theoretical procedures have 
been apparently carried out independently by Aharonov and Kaufherr (1984), and by Busch (1985) - cf. 
also Notes 29 and 30. 

41 This phase factor corresponds to a particular choice of stochastic phase space gauge, and it is essential 
when comparing the quantum to the classical regime, since such comparisons are intrinsically gauge- 
dependent - cf. (PrugoveCki, 1978b). 

42 This result can be compared with the one presented on p. 7 of (Anandan, 1990) for the case, de facto, of 
quantum frames with the configuration space resolution generators (i.e., proper state vectors) defined in 
(6.6). However, the present general argument establishes its validity even for the cases of nonrelativistic 
quantum frames whose constituents do not necessarily possess proper state vectors of optimal extension 
in phase space. 

In addition to the extensive use of geometric techniques, the method of geometro-stochastic quantization 
and the method of geometric quantization (Sniatycki, 1980; Woodhouse, 1980; Hurt, 1983), developed 
by Kostant (1970) and Souriau (1970), share several common mathematical features in their first stages, 
namely in the nonrelativistic SQM stage for the former, and in the prequatization stage for the latter. 
Indeed, in those stages both methods make use of L 2 spaces over classical phase space (cf. Sec. 3.2). 
Moreover, it has been shown (Ali and Emch, 1986) that the choice of resolution generator in the former 
is equivalent to the choice of polarization of phase space in the latter. The method of quantization 
proposed by Berezin (1975) further bridges the technical gap between the Kostant-Souriau geometric 
quantization method and the non-relativistic SQM quantization method outlined in this chapter, since in 
its application of geometric techniques it makes extensive use of coherent states. Berezin's method is 
discussed in detail in Chapter 16 of (Perelomov, 1986), with particular emphasis on its applicability to 
general homogeneous Kahler manifolds. Hence, in the nonrelativistic regime the Kostant-Souriau as 
well as the Berezin method of quantization are more general than the SQM method outlined in Sec. 3.2. 
However, their methodologies do not extend to the special relativistic regime, due to their emphasis on 
the existence of quantum counterparts of classical algebras of observables (cf. Note 31), which, on 
account of the difficulties with sharp localization in relativistic quantum theory, presents such 
approaches with severe foundational problems. This is even more true in the general relativistic regime, 
with which most of the subsequent chapters will be dealing. 


Ml 
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Chapter 4 


Nonrelativistic Newton-Cartan 
Quantum Geometries 


m 


The basic physical principles and ideas of geometro-stochastic (GS) quantum theory were 
described in Secs. 1.3-1.5, and their implementation within a general relativistic context 
will be carried out in the next and subsequent chapters. However, as a basic testing ground- 
for these principles and ideas in general, and of the central concept of GS propagation in ; 
particular, we shall choose in this chapter the more familiar, as well as experimentally more 
extensively investigated, territory of nonrelativistic quantum theory. In this realm the cqn||L 
cept of sharp localization gives rise to no foundational inconsistencies at the theoretical & 
level, and the experimental confirmation of the conventional theory is indubitable and 
conclusive. Thus, we shall demonstrate that in the nonrelativistic context the proposed GS 
framework merges in the sharp-point limit (cf. Sec. 3.5) into a framework that is equivalent 
to conventional nonrelativistic quantum mechanics in the presence of an external Newtonian 
gravitational field. In this manner, we shall reach the assurance that the GS framework; 
gives rise to no inconsistencies with that part of quantum theory that has already receiyM 
experimental confirmation under the empirical limitations stipulated by the imposition of 1 
nonrelativistic regime. Hence, the motivation for the investigations in this chapter is, in this 
last respect, analogous to the motivation for considering the linearized gravity approxima-.. 
tion of the classical theory of general relativity (CGR): the existence of such a weak-gravity 
limit, in which classical general relativistic solutions merge into their Newtonian counter-, 
parts, has provided, at the inception 1 of general relativity, the necessary assurance that the 
CGR framework does not give rise to any conflict with the wealth of observational data 
supporting Newtonian theory, despite the total dissimilarities in the mathematical structures 
of these two frameworks for describing gravitational phenomena. fl| 

The work by Cartan (1923,1924) brought these two frameworks for classical gravity 
considerably closer by showing that the Newtonian framework can be recast in a fully ge- 
ometrized form, which came to be known as Newton-Cartan spacetime 2 . Furthermore, 
Trautman (1963, 1966) and Havas (1964) were later able to show that Newton's gravita¬ 
tional field equations could be recast in a form involving the curvature tensor of a.suitabU^ 
connection (cf. Sec. 4.1), which bears a close similarity to Einstein's field equations (c|g 
Sec. 2.7). Hence, the transition from general relativity to Newton-Cartan theory could be • 
eventually carefully worked out (Kiinzle, 1972, 1976) with full mathematical rigor.d| 
therefore became natural to formulate a generalized type of Schrodinger equation on 
Newton-Cartan spacetimes (Kuchar, 1980; Duval and Kiinzle, 1984; Duval et al., 1985)in 5 
order to geometrically describe nonrelativistic quantum particles in free fall in an extern^ 


Newtonian gravitational field, and thus belter understand the role that the equivalence prin- 
ciple plays in the formulation of relativistic quantum theories in curved spacetime. 

The Newton-Cartan quantum geometries described in this chapter are based on the 
opposite type of approach to this same problem (Prugovebki, 1987a; Dc Bievre, 1989a): 
the equivalence principle is assigned the central role of guiding principle in formulating a 
concept of GS propagation of quantum panicles in free fall in an external Newtonian gravi¬ 
tational field. The fact that such propagation is, in the sharp-point limit, in agreement with 
the conventional theory (usually based on the Schrodinger equation for such a field) is then 
deduced as a consequence of fundamental theoretical significance: this agreement provides 
direct evidence for the validity of the equivalence principle at the quantum level, and, by 
implication, also of the idea of GS propagation as a mathematical embodiment of that 
fundamental principle. Consequently, in the next chapter the idea of GS propagation can be 
extrapolated to the relativistic regime with the total assurance that, in the weak-gravity 
nonrelativistic sharp-point limit, the resulting geometro-stochastic framework does not give 
rise to conflicts with the observational data supporting conventional theory. As this is the 
main purpose of the present chapter, readers not interested in such a verification can skip it. 

We shall first review in Sec. 4.1 the most basic ideas and results of the classical 
Newton-Cartan theory of spacetime, using the fibre-theoretical language and tools of Chap¬ 
ter 2. We shall then adapt these classical ideas to the quantum framework by constructing in 
Sec. 4.2 Bargmann frame bundles, and in Sec. 4.3 quantum fibre bundles associated with 
these principal frame bundles, whose typical fibres are the SQM Hilbert spaces described in 
Sec. 3.2. Upon formulating in Sec. 4.4 parallel transport and deriving GS propagators 
within these quantum bundles, we demonstrate that in the sharp-point limit GS propagation 
indeed merges into conventional propagation governed by a Schrodinger equation. 


Classical Newton-Cartan Geometries 

The concept of Newton-Cartan spacetime can be formulated with the greatest degree of 
generality as part of the theory of Galilean manifolds (Dombrowski and Horneffer, 1964; 
Kiinzle, 1972). By definition, a Galilean manifold is a 4-dimensional manifold M which 
carries a Galilei structure provided by a contravariant degenerate space metric y of signa¬ 
ture (0; 1,1,1), as well as a covariant degenerate time metric ft of signature (1;0,0,0), with 
the two metrics interrelated in such a manner that 

jJ! / v Ar= 0 . P = ft, dx* , y = ® d v , fi,v = 0,1,2, 3 . (1.1) 

Upre specifically, the presence of a space metric and a time metric with the aforementioned 
signatures means that, in the tangent space T X M of each reM, there are special types of 
linear frames {e, j i - 0,1,2,3), called Galilei frames, which are such that 


0=0°, y = S AB e A ®e B , 


A,B = 1,2,3 , 


■^nere (6 ) denote the duals of these frames. In turn, this implies that there are sections s 
of the general linear frame bundle GLM - i.e., moving frames defining Cartan gauges (cf. 
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Sec. 2.6) - whose domains cover M, and in which (1.2) is satisfied, so that we can call 

them Galilei moving frames. . „ „ . . . . . , fjl 

We observe that the Galilei moving frames are similar to the vierbeins m CGR (cf.|jg 
Sec. 2.3) - albeit they do not diagonalize a non-degenerate 4-dimensional metric. On : fii||| | 
other hand, the presence of the time metric p can be related to the absolute time of | 
Newtonian physics. Indeed, all vectors X in each tangent space T X M_can be classified as ■- 
being timelike if flX) * 0 and spacelike if ftX) = 0. Furthermore, if the maximal hyper^ 
surfaces o t in M, whose tangent vectors are spacelike at each one of their points, fohatejj 
M then they can be indexed by a parameter t determining a scalar field globally defined on'Jj 
M and such that dt = p. Hence, the three-dimensional manifolds a, take over the role that j 
absolute space plays in Newtonian mechanics, and t takes over the role of absolute time. Inyjj 
each of these space manifolds c,, the space metric y in M induces a Riemanman memjj 
which, upon the later introduction of a suitable connection, can be used to determine 
(absolute) spatial distances between its points, which are the hallmark of the Newtonian 
theory of absolute space and time. Thus, indeed, the time metric operationa y corresponds | 
to measurements with standard clocks, whereas the space metric operationally correspond^ 
to measurements with rigid rods - whose existence does not contradict the principles ^ 
Newtonian mechanics, as it does those of relativistic physics (Stachel, 1980). J 

With these interpretations in mind, it is not difficult to establish that if we introduce j 
the Galilei frame bundle HM as the subbundle of GLM consisting of Galilei frames, thenjj 
HM becomes a principal frame bundle whose structure group is the homogeneous Galuejg 
group, i.e., the group of Galilei transformations with zero spacetime translations, which, J 
acts from the right on the Galilei frames in HM as follows (Duval and Kunzle, 977): |J 

(0,0, v,/?): (e Q ,e A ) « = e 0 +e A v\e A '= e B R B A ), v e R 3 , ReSOQ). (13) | 
Since (1.3) can be obviously written in the alternative form (Duval et al. , 1985), 


e i '=e j A J i (y t R) , 


A(\,R) = 1 ° D g GL(4,R) , 
v K 


in which the homogeneous Galilei transformation (0,0,v,/?) has been identified with a4x|j 
matrix Ae GL(4,R), we see that the homogeneous Galilei group can be identified w^||J 
subgroup H(4,R) of GL(4,R), and that in the presence of a Galilei: 5 ™^ re fg 

linear frame bundle GLM is reducible (cf. Sec. 2.3) to the Galilei frame bundle //M thag 
has H(4,R) as its structure group (Kunzle, 1972). 

A symmetric Galilei connection on a Galilean manifold (M,#y) can be now defin(|| 
as a torsion-free (cf. Sec. 2.6) connection on the Galilei frame bundle WM thatis , 
compatible (cf. Sec. 2.6) with the space metric y and the time metric (3 (Kunzle, 

Duval et al, 1985). More specifically, this definition means that it V* denotes thecorr^ 
sponding covariant derivative of a Galilei connection (cf. See. 2.5), then at any x e. , i 


V x 0 = O = V x y 


■VyX = [X,Y] , VX,YeT x M 


Since B and y arc degenerate metrics, the fundamental lemma ot RiemannLn - 
geometry does not apply, so that there can be many symmetric Galilei connections ong 
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jVl endowed with a Galilei structure. However, amongst Galilei connections, a distin¬ 
guished role is played by Newtonian connections, defined as those symmetric Galilei con- 
Gnections w hose curvature tensors satisfy the following type of constraints (Cartan, 1923, 
fl924): 

fc. r"«V = r y 'R i ti» . = 0 ,1,2,3 . ( 1 . 6 ) 

The curvature tensor components in (1.6) are given by (2.6.26), with V denoting the 
operator of covariant differentiation for that Newtonian connection in any moving frame. 

|%■ A Galilean manifold (M,)3,y) with a Newtonian connection is called a Newton- 

tcartan manifold. Newton-Cartan spacetimes can be constructed as Newton-Cartan man- 
; jfolds in which, for a prescribed mass density p, the following counterparts of the Einstein 
field equations (2.7.3) are satisfied: 

R ij = Anpj3fi j , Rj =R% . (1.7) 


MlM The essential observation is that for the Newtonian connection on a Newton-Cartan 
manifold there is a scalar field 0, defined globally on M, as well as a connection that is 
locally flat (i.e., whose curvature tensor is zero at all x e M), and which is such that the 
curvature tensor components of the Newtonian connection can be expressed in the form 4 

|p| tfjki = 2 Pj - twM > 0 - 8 ) 

j!l|' where the semicolons in front of subscript indices indicate covariant differentiation with 
jJJt respect to that flat connection. If we introduce the Cartan connection coefficients 


ry=e'(v*). 


ry= ei (v*) • 


^ for the Newton-Cartan connection and for the flat connection, respectively (cf. the first of 
the equations in (2.6.24a)), then the two are related as follows (Friedman, 1983, p. 100): 

■J *V / VrVA • < uo > 

As a consequence, Galilean inertial coordinates with x° = t can be introduced in M in 
ywhich the connection coefficients of the flat connection vanish identically, so that (1.10) 
. assumes a very simple form: 

r\ y =a-5^dy v d^/dx\ p„ = s ;, r ' v =dia g (o,i.u). <ui) 

lit these coordinates the scalar field 0 plays the role of gravitational potential, since in them 
| the field equations (1.7) assume the form of a Poisson equation (Kunzle, 1972): 


A X 0(x,r) = 47tp(x,0 , 


x e R 3 , t = e R 1 


( 1 . 12 ) 
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In this manner the conventional Newtonian classical mechanics for particles moving 
in the external gravitational field described by that potential is basically recovered.! 
However, it has to be mentioned that since the Newton-Cartan theory is fundamentally af 
local theory of spacetime, its local field equations are not capable of singling out a unique 
Newtonian potential and a corresponding unique class of Galilean inertial coordinates,i 
except if additional global assumptions are made (Friedman, 1983, Sec. 111.4). Therefore, 
whenever we later compare the GS propagation in a Newton-Cartan spacetime with the 
conventional quantum propagation in a Newtonian spacetime identifiable with R 3 xR 1 (cf.f" 
Sec. 4.4), we shall implicitly assume that such conditions have been imposed, so that a • 
unique Newtonian potential is available for the Schrodinger equation governing that con- | 
ventional form of quantum propagation. ' ;t| 

In a Newton-Cartan spacetime, a classical test particle is in free fall if and only if its \ 
motion takes place along timelike geodesics, i.e., along curves that satisfy the geodesic 
equation for the given Newtonian connection in any of the forms presented in (2.7.10), and. ^ 
whose tangent vectors are everywhere timelike. Therefore, the analogy with the situation in " 
CGR is very close, so that we can, almost verbatim, transfer to the present situation all the ; 
key concepts discussed in the last part of Sec. 2.7. \’<B| 

Thus, we shall say that a Cartan gauge, given by a section s of the general linear ;? 
frame bundle GLM, is adapted to a smooth curve y if the connection coefficients Vj k of § 
the Newton-Cartan connection vanish at all x e y which lie in the domain of definition 
of that gauge. In particular, a Galilei gauge adapted to y corresponds to a section s of the >| 
Galilei frame bundle HM for which C jk = 0 at all x e y which lie in M*. As was the ca||j 
with the corresponding vierbein gauges in Sec. 2.7, such adapted Galilei gauges can be 
obtained by restricting an arbitrary section s' of HM to a 3-dimensional hypersurface 
intersected by y at one point x’, constructing a smooth flow [C] containing y and depicted ;-, 
by curves which similarly intersect that hypersurface at other points in a neighborhood of ; 
x', and then parallel transporting all the frames at those points along the curves of the p 
given flow. Since the Newtonian connection is compatible with both the space and the time s; 
metric of a Newton-Cartan spacetime, the parallel transports of Galilei frames will also be v 
Galilei frames, so that a section s of HM that has the above required property will be - 
obtained in this manner. _ _ 

A section s of the general linear frame bundle GLM that is adapted to a timeUk||| 
geodesic y in a Newton-Cartan spacetime will be called an inertial moving frame in ffee||| 
fall along the geodesic y if, for a suitable choice of affine parameter X , all the frame : 
elements e 0 (x) in its restriction 


Newton-Cartan Geometries 


121 


^ = ((^(^-,« 3 W)|^eynM s } c: s 


(1.13); 


* ■ 5 ; 

to y are equal to the tangent vectors to that geodesic. If, in particular, all the frames m s r 
are Galilei frames, we shall call s an inertial Galilei moving frame for the geodesic y, sinS|g 


r i jk (x) = e i [V ej{x) e k (x)) = 0 , Vx€/nM s 


< 1.101 


so that (1.13) depicts a Galilei frame that is in free-fall, and which moves in such a manner , 
that an observer situated at its origin has the geodesic y as his worldline. 


mm 

I: 




g T These local inertial Galilei moving frames should be distinguished from the global 
Galilei frames with respect to which the inertial Galilean coordinates occurring in (1.12) are 
defined, and which become the Newtonian spacetime coordinates used in Sec. 3.1 if M is 
identifiable with R 3 xR l (cf. Sec. 4.4). These global Galilei frames are inertial with respect 
to the flat connection rather than with respect to the Newton-Cartan connection. As we see 
: from (1.11), these two connections coincide if and only if the potential <p is equal 
everywhere to a constant, i.e., if there is no Newtonian gravitational field. Given the fact 
"that gravitational fields are ever-present, since they are long-range and cannot be screened, 
"we see that, strictly speaking, the pre-CGR concept of inertial frame that underlies 
Newtonian mechanics, as well as special relativity, refers to a physically fictional situation. 


it 


Jlp *4.2. Newton-Cartan Connections in Bargmann Frame Bundles 

. In order to construct a quantum Newton-Cartan bundle with typical fibre equal to one of the 
_4piilbert spaces P f L 2 (R 6 ) described in Sec. 3.2, we have to extend the Galilei frame bundle 
//M, since these spaces are reproducing kernel Hilbert spaces related to ray representations 
of the full Galilei group, rather than to representations of its subgroup consisting of only 
homogeneous Galilei transformations. Hence, we have to first extend HM into a bundle 
(?M consisting of the affine Galilei frames (a,eft. These frames are the nonrelativistic 
counterparts of the Poincarti frames in Sec. 2.3. All the general results pertaining to affine 
frame bundles that were discussed in Sec. 2.3, as well as in Sec. 2.6, naturally apply also 
; to GM. Li particular, in accordance with (2.6.17), any Newton-Cartan connection defined 
I - on some Galilei frame bundle HM can be extended in a unique manner to GM. 


. T We recaI1 now that ray representations of the Galilei group, such as the ones defined 
1,1 b y (3.1.16) or (3.2.7), can be regarded as ordinary representations of a central extension of 
the Galilei group. We note that there is such a central extension for each value of m > 0, but 
: f!) at substitution 0 —> O' = m 0 provides an isomorphism between the one for any 
. given mass m > 0 and the one for m = 1. The central extension of the Galilei group for m = 
; . 1 is known also under the name of Bargmann group . 

*||jP;;; As can be seen from (3.1.18), the general element (0,fi,a,v^) of the Bargmann 
| ; group consists of the general element of the Galilei group to which a phase 0 e R 1 is added, 
|||§§d its group multiplication law is given by 

J|- (0',6',b',v',H')-(0,6,b,v,H) 

= (0'+0 + (| v' 2 b + x’-R r b), 6' +b , b' +R ' b + 6v', v' +R' v, R' R) . (2.1 a) 

;|fence, a Bargmann frame (% ,a,ej) is correspondingly obtained by adding to an affine 
j^ahlei frame (a,ej) a vector % from the domain R l in which the 0-variable assumes its 
gmes - which is therefore merely a real number 5 . The Bargmann frame bundle £M over 
can be now defined as the principal bundle whose general element is a Bargmann frame 
over some x e M, and whose structure group is the Bargmann group. 

act i° n > from the right, of the Bargmann group on Bargmann frames (y,a,ei) 
|BM is given by (Duval and Kunzle, 1977): 

jj • : (x,a,e 0 ,e A ) ^ {y\a f = a+^ V,e\ = <? 0 +e A v A ,e\ = e B R B A ) , (2.1b) 







X ' = X + 0 - v A b A (1- b°/2) + v B a B + v A v A a°/2 , 
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(2.1c'— 


U A := 8ab v * » A,B - 1,2,3 , 


{ = 0,1,2,3 . 


Consequently, the Newton-Cartan connection that was previously extended to GM can k 
nowISr Extended into a connection on JJM, with a connecuon form to that can be | 
expressed, in accordance with (2.5.8), as ||| 

& = &% + G) A f A +\(0 AB f AB + (0*h > SI 

where (f- F A , Fab- U constitutes a basis in the Lie algebra of the Bargmann group 6 . I|jj 
any given point u , BM, represented in some given chart in M by a Bargmann frame with; i • 


B-a'WW, e^efd/dx*, i = 0.1.2.3 . fjj^ 

the corresponding Cartan connection forms that o«mr in (22)»d»** 

e>‘ = , # = e l dx “ ■ . (2 ' 4a - 

+/>{*') . ( tfl 

o, M =o;8 BC (de l c + n v e’dx‘‘) , (2 '1 

<»» .4i + 8 u * A a‘ 

where the connection coefficients T V are computed from iteconditions 
such coordinates, %-m in (2.4d) assumes the form : : J 

y,, = Vo- 5 >“-i 5 >» s - e “' ■ f 

With the Newton-Cartan connection form CO on the Bargmann frame bundle BM 
specified, we can compute the parallel transport 

t y (x",x’) : « J -=(xU'),«W.e i (^) h u x „ = (%(x' T ),a(x’ T ),e i (x'')) ( 

of Bargmann frames along any smooth curve r = WOI" f'mm a iT 

M and ending at *” = x(b) e M, by computmg ^tzontal rft y _ MMI« - 
of y described in Sec. 2.4. This computahon can be named out by i™P°sin& “ 
ra M the condition <o(X*(0) = 0 on the tangent vectors X (f) of y - thus ensun g 
these vectors are the horizontal lifts of the vectors X(t) tangent to the curve y. 

In pSticular, this computation can be carried out for thecase where y is a 
geodesic^ M, whose inertial Galilean coordinates therefore satisfy the geodesic equ 
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x l +rUi°) 2 =a , r A m = d<p/9x\ r° m = o, ( 2 . 7 ) 

obtained by using (1.11) in (2.7.10b). In that case a section s of BM containing the frames 

u xW ~(x( x (r)),a(x(r)) > e i (x(T))) = T r (x(t\x(0))u xm y retO.^) , (2.8) 

describes an inertial Bargmann frame in free fall along y that is analogous to an inertial 
Galilean frame. Using (2.3)-(2.5) and (2.7) we find that 

:f - a(x(T)) = |V(x(0))—Ti^T)]^ , d {l =d/dx' 1 , (2.9a) 

e 0 (x(T)) = [e%(x(0))+(x A ('u)-x A (.0))5»/x°('cy]d ll , (2.9b) 

Pf e A (x(r)) = e A (*(0))<^ , (2.9c) 

XW*)) = x(xm + lf%i 2 (t)-Mm,t)]dt-i-vx A (0)8 tB x a (0)/x\z) . <2.9d) 

Comparison with (2.1) shows that 

u x(r) = (X(*(0)), a? (x(0))^ p , ef (x(0))<^)-(0 t ,6“,b r ,v l .,/) , re[0,°o), (2.10a) 

Qr=\f ( %x\t)-<p(x(t)Mdt-iTX A (0)S AB x B (0 )/x\t) € R 1 , (2.10b) 

b, — -?x(t) e R 4 , v t =[x(T)-x(0)]/i°(T)GR ! , (2.10c) 

where it should be noted that the integral in (2.10b) equals, for mass m = 1, the classical 
action that is used in Feynman path integration [ST]. This fact indicates the possibility of a 
geometric interpretation of the Feynman path integral method, which will eventually emerge 
from the considerations in the remainder of this chapter. 

*4.3. Quantum Newton-Cartan Bundles 

Wc can now construct a vector bundle K with typical fibre V equal to the family of all 
solutions (3.2.5) of the free Schrddinger equation which belong to one of the Hilbert 
spaces P ? L 2 (R 6 ) described in Sec. 3.2, 

F = |«f| *P(y,q-,v):= e‘ x ^ 0 (q,mv), = exp(-iH Q q 0 )y^ e P^L 2 (R 6 )| , (3.1) 

and with structure group equal to the Bargmann group, i.e., to the central extension of the 
Galilei group. This construction can be achieved by taking the G-product [I,Kj of the 
Bargmann frame bundle AM with the typical fibre F , where in the present case the role of 
G is played by the Bargmann group. 





In general, for any given principal bundle (P, IT, M,G) and given topological space 
F on which the group G acts from the left as a topological group of transformations [BR ( 

I], their G-product P x G F is defined as follows ([K], p. 54): On the topological product 
P x F, the elements g of the group G act from the right by mapping each («,VP) e P x F 
into (u,Y) • g := (u • g , g~' • Y) e P x F; the set P x G F is then defined as the family 0 f 
equivalence classes !P of elements in P x F, whereby two such elements (u\¥"), 

( u",Y") e P x F are deemed equivalent if there is some geG such that = 

(u\Y r ) - g . The map which takes each (n,*f0 e P x F into x = J7(w) € M then induces ! 
projection map iz : P x G F -» M, which is continuous if P x G F is endowed with the 
natural topology induced in it by the topological product of P and F. Furthermore, if F is a 
manifold, and if G acts on it from the left as a Lie group of transformations [I], then a 
differentiable structure can be introduced in P x G F by first noting that each reM has a 
neighborhood for which the set is homeomorphic to Of x G, and then impos¬ 

ing the requirement that the corresponding if 1 {Of) be an open submanifold of P x G F that 
is diffeomorphic to Of x F. It then follows that (P x G F,7T, M) is a fibre bundle associated ^ 
with the principal bundle (P, J7, M,G), and that the natural projection 7 P x F P x G F 
produces diffeomorphisms iWm 


Y YeF 


u e TI~\x) , f'eF, = r , (x) , 


(3.2a) ;i 


between the fibres n'(x ) of that associated bundle and its standard fibre F. |J 

We can now define the Newton-Cartan quantum bundle E as being equal to the G- 
product (BM) x G F, where F is given by (3.1). In the context of such quantum bundles ; 
the maps in (3.2a) will be called generalized soldering maps*, since they can be used tcf 
solder Bargmann frames to their corresponding quantum counterparts - cf. (3.7). These 
soldering maps can be alternatively expressed as maps between wave function amplitudes, 

o£: no «-> no > u = (x,a,e i )Gir 1 (x)czBM , (3.2b| 

C = (x,fl+g i e i ,t; A e A )eR 1 xT x Mx7;M , C = (X.9>v)e R 8 , (3.2c) 

where the complex number Y (£) can be regarded as the frame-independent value of *FgF 
at any given £ e R'xT x MxT x M with v° = 0, to which the wave function amplitude *F(0 is 
then assigned from the standard fibre. We observe that, in the transition from one choice of 
section of BM to another, these wave functions are related in the following manner, 

c^'o(c7“)- 1 : Y w n=Uz(Q(x),b\x)Mx)Mx),R(x))'r , ( 

iXi.x),a{x),e i {x)) = (%'(*),«'(*),< (*)MG(*)»&VW*)»v(*).-R(*)) » C 

where the representation in (3.3a) is the extension of the ray representation in (3.2.16) Of 
the Galilei group into the following representation of the Bargmann group, 

17^0,6°, b,v,K) = exp(im0)P^ U(b° ,b,\,R) : Y(x,q°, q,P) 

*f"(x,g\q,p) = Y(x\q° - b°,R~'[q - b- \(q° - 6 0 )1 Jr*[p - mv]), ( 
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X'= X + w(0-^v 2 (q'°-6°) + v-(q-b)) , (3.4b) 

: : obtained in accordance with (3.1.18) and (3.2.7). Thus, the fibres F x of E consist, at any 
| x e M, of the equivalence classes of such wave functions constructed in accordance with 
£ (3.2). Hence, for each choice of section s of the Bargmann frame bundle BM, the 

V soldering maps in (3.2) provide the local trivialization maps generically defined in (2.2.4), 
| so that (3.3a) gives rise to (2.2.6). Thus, the Newton-Cartan quantum bundle E indeed has 
T the Bargmann group, defined in the preceding section, as its structure group, and it is also 

V associated to the principle bundle BM in the sense of the definition in Sec. 2.2. 

The fibres F x of E are Hilbert spaces with inner products defined as follows, 

= ViCmOdZJO . % = %-<%%, (3.5) 

<. where the integration can be carried out along any of the following surfaces, 

= {C| C = (%>< 7 >v), x,Q° = const.} , dZJO = m*d\d\ , (3.6) 

I with respect to the above measure. Those elements Y of each fibre which are normalized 
| with respect to the above inner product will be called local state vectors . 

For each choice of Bargmann frame u e BM, the family 

H“ =(<)"' UfK.nt | f = (x,g°,q,v)eR'} , u s n~'(x) c BM , (3.7) 

|of generalized coherent states within F x is called a quantum frame at * e M (cf. Sec. 3.7). 

According to (3.2.13)-(3.2.15), and in view of the unitarity of the soldering maps, any 
| vector in F x can be expanded in terms of the elements of such a quantum frame as follows: 

V = dZJO'KW? . -PeF, , (3.8a) 

, V? = o;reF . (3.8b) 

The functions in (3.8b) will be therefore referred to as the coordinate wave functions (cf. 

. jSec. 3.9) of the local vector Y with respect to the given quantum frame (3.7). It should be 
noted that on account of the properties of reproducing kernel Hilbert spaces which underlie 
v the basic structure of the fibres F x , all coordinate wave functions are continuous functions 
.. in the index variables £ e R 8 . As a matter of fact, for such choices of proper state vector as 
optimal ones in (3.6.6), they are also smooth functions of £. 

3. . The soldering of the quantum frames to the Bargmann frames in BM, which is 
jimplicit in (3.7), supplies a one-to-one map between BM and the set QM of all such 
quantum frames, which is such that QM assumes in a natural manner the structure of a 
.quantum frame bundle that is isomorphic [C,I] to BM. Hence parallel transport can be 
| defined first within QM on the basis of (2.6), 









■zlx'\x r ) : &r z #“*■ > 


v£eR 8 . 


and then extended to the quantum bundle E in accordance with (3.8): 

T'-JdzjOHCXf* h* r»=.J«uycmO^. (s.% 

This definition of parallel transport of local quantum state vectors is easily seen to 
fram^hldependenton account of the Bargmann gauge covanance of the entue ftamework. 

For any given open domain D on which a section s of the Bargmann bundle BM.g 
defined a section of the Newton-Cartan quantum bundle E is defined as a mapthat assign^ 
to each x € D a vector % e F, in such a manner that the coonhnate wave functions m 
n Xhi that correspond to u = six) are smooth functions of xeD for each fixed choice of 
the index variables £eR 8 . This definition is obviously Bargmann-gauge independent ly 
dependent of the choice of section , of the Ba^mannbundle BM, or, equivalently, of tg 

choice of section over D of the quantum frame bundle QM 'Sjj 

The covariant derivative of such sections (f'* | x e D } of E can be now aetinecyg 

accordance with (2.4.11), by the following strong limit*: 



sggs 

i 


V X V X = sjta■ *( 0 ) = *eM,i(0) = Xe2;M.-(3,l| 


By specializing the general arguments leading to (2.5.22) and (2^5.23) we obtain upon 
using (22) that for my given choice of section r of the Bargmann bundle BM, 

V. = f,„ + «> A (s.X)Fa ; « + ®* (s * X)f * ■ < 3 4 

X X j' 

The operators on the right-hand side of (3.11) are directly related to the self-adjoint infM| 
tesimal generators of the unitary representation ;g| 




|pg | 

: ---k L 2 

gill 


U x . u (Q,b,a y v,R) = (o^) _l ?7^ (0 ,fc, a . v «-R )o x » u-s(x) , 


of the Bargmann group, which correspond, in accordance with (2.5.21), to a basis n|, 

1 to these infinitesimal general 

are the generators of spacetime translations, Galilean velocity boosts, spatial ro a 
phase Jfange^These 5 generators can be easily expressed as differential opera ora 
(3 6 15)) by^using the chain rule in the partial differentiation of the wave function^ ( 
hat results from the action of the representation of the Bargmann group with re^c 
parameters 6, V and as well as with respect to the angles of rotation in the -g 


f j-u = -iPj-H = - d/dq J , F A:u =imQ KU = im(q A +i3l3p*)-Q°3/dq*- U- 

t,,u - -iJ m = -KQ„A, - ■ f * = im f * = m3ld% ■ (3J 


m 

fi 
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Naturally, in case of (3.13), all of these generators are computed in relation to the local 
Bargmann frame u , rather than in relation to global frames in flat Newtonian spacetime. 

In the abbreviated notation introduced in (2.5.23), the operator of covariant differen¬ 
tiation (i.e., the Koszul connection) assumes the form 

: f V = d+i(-&{Pj. u +mco^Q A . a -i(ofJ^. tt +m(o*f^). (3.14) 

L The-infinitesimal generators in (3.14) are self-adjoint but, in general, unbounded operators, 
fwhose domains of definition are therefore dense in F*, but cannot coincide with F* on 
account of the Hellinger-Toeplitz theorem [PQ]. Consequently, the strong limit in (3.10) 
dees not exist for an arbitrary section. Rather, a sufficient condition for the existence of 
ithat limit, at all points in the domain of definition D of some given section {¥*}, is that 
W¥ x belong to a common dense core 10 of all the (self-adjoint) infinitesimal generators in 
(3.13) whose coefficients in (3.11) do not vanish. 

It follows from (3.8) and (3.9a) that the operator for parallel transport in (3.9b) is 
unitary for any smooth curve y. In other words, the parallel transport in the Newton- 
gCartan quantum bundle E is compatible with the metric determined by the inner product 
p(3.5) in the fibres of E. From this fact, or alternatively from the self-adjointness of the 
finfinitesimal generators in (3.13), we can deduce that, within the common domain of 
'-..definition of any two sections of E, we can write down an equation which is analogous in 
. outward appearance to the one in (2.6.22): 




However, it should be noted that, whereas (2.6.22) holds at all points in the common 
domain of definition of two sections of I’M, (3.15) holds only at those points x in the 
common domain of definition of the two sections of E where the above two covariant 
derivatives are defined. 

In this manner, we have established on the Newton-Cartan quantum bundle E a 
quantum geometry incorporating a notion of parallel transport which shares all the basic 
features of its classical counterpart in Sec. 4.1. We now turn to the task of formulating a 
consistent quantum dynamics within the context of such geometries. 


|4,4.Geometro-Stochastic Propagation in Quantum Newton-Cartan Bundles 

sgpp&t 

pie quantum Newton-Cartan geometry introduced in the preceding section admits a notion 
jpf local quantum state vector W for which there is no counterpart in either conventional 
. QM or in SQM. Naturally, in case that, as mentioned in Sec. 4.1, a unique Newtonian 
^potential defined on a corresponding unique class of Galilean inertial coordinates has been 
gled out on the basis of additional global assumptions, and if the resulting Newtonian 
spacetime with flat connection is identifiable with R 3 xR‘, then a bridge can be built be¬ 
tween GS quantum theory and SQM formulated on the same differential manifold M. 

I- Let us first make the above notion of identification more precise by comparing the 
salient features of the two classical spacetimes, which in that case exist side by side. 






Under the above stipulated global conditions, the Newton-Cartan spacetime and the 
Newtonian spacetime both share the same differential manifold M, which can be foliated 
both cases into the same equal-time hypersurfaces: 


M = Ull a < » a t «{*|(3c 1 ,J6 2 > * 3 ) = x, x° = R 3 . 


&S| 

f.: 


Furthermore, the diffeomorphisms indicated in (4.1) for each teR 1 can be constructed in 
both cases by envisaging coherent flows of classical test particles. By definition, such ; 
flow is obtained by locating a point test particle at each point x of an initial-data hypersur- 
face a 0 , imparting to all these particles the same 3-velocity (in the sense that the resulting 
velocity field in cr 0 has zero covariant derivatives, for the flat connection, in any directior 
tangential to a 0 ), and then letting all these test particles move in free fall along the geodesics 
of the connection in the respective spacetime. In this manner coordinates can be assigned to 
points x € M, by first assigning to all x e o 0 a set x of coordinates that are Euclidean (in 
the sense that they are Riemannian normal coordinates with respect to the space metric yf 
and that their coordinate lines are geodesics with respect to the flat connection), and the! 
using the coherent flow to assign corresponding coordinates to points x eo t for vario 
choices of t e R 1 . In this manner, for each choice of constant 3-velocity field v and 
Euclidean coordinates along a 0 , a system of coordinates will result in M, which in the cas 
of a New-tonian spacetime are the inertial Galilean coordinates used in Secs. 3.1-3.2 an 
3.5-3.6. In the case of a Newton-Cartan spacetime, they were first mentioned towards the 
end of Sec. 4.1, and will be henceforth called inertial Newton-Cartan coordinates . 

In the case of a Newtonian spacetime, the connection is flat regardless of whether 
not gravitational sources are present, and the inertial Galilean coordinates, resulting fro 
coherent flows for the same choice of Euclidean coordinates along o 0 but distinct choices ■ 
3-velocity v, are related by the globally defined linear Galilean transformations in (3.1.12 
In the case of a Newton-Cartan spacetime, the connection is not flat in the presence j 
gravitational sources, and although the resulting parallel transports preserve the spati 
distance determined by the space metric y , they do not preserve the Euclidean spati 
distance defined by means of the inertial Galilean coordinates. Hence, although both types 
of flows can give rise to diffeomorphisms between M and R 3 xR l , these diffeomorphisms 
are not identical, and it is only the first one that can be viewed as giving rise to 
identification of M and R 3 xR 1 in all the pertinent geometric aspects. 

Physically, the first type of coherent flow takes place along geodesics that are straij 
lines, and as such could correspond to actual classical motion of isolated nonrelativistic t 
particles only in the total absence of gravitational forces. When gravitational sources 
present, as is the case in the real world around us, it is only the second type of coh 
flow that can take place in the form of free-fall motion along the generally curved g 
of the given Newton-Cartan connection. 

A corresponding type of motion of local quantum state vectors in a quantum Newt 
Cartan bundle E could be envisaged as given by 

V x(t) = r r (x(r),x(0))H' xW , relO,°°) , 

if y is a timelike geodesic in M. However, instead of defining such a motion in p 
geometric terms, we can also view it as being governed by a propagator for p 
transport, whose definition we shall now provide. 




Sill 
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In keeping with the earlier comparison of classical propagation in the Newtonian and 
t Newton-Cartan cases, and in accordance with (3.6.2), the propagator for parallel transport 
gs-along yean be defined, for an arbitrary smooth curve y = {x(r)| a<t<b) starting at x‘ = 
x(a) e M and ending at x" =x(b) e M, and in any choice of Bargmann gauge, as follows: 

K r (x\C-.*',0 = . ( 4 . 3 ) 

It can be then immediately deduced from (3.7) that 

-1 K- r (x(r),C;x(a),C) ^,(0^(0 . (4.4) 

I ; where the integration can be carried out along any of the hypersurfaces (3.6), that lie within 
R'x7VMx 7VM. Furthermore, upon setting T r (x",x f ) = i y (x", x) t r (x, x’) in (4.3), and 
then performing at x similar integrations, we can write, in analogy with (3.6.4), 

K r (x\?;x\0 = K' r (x\C;x",0 

= jK r (x\C‘;x,t)K r (x,t-,x‘,nd£ m (0 . (4.5a) 

- Consequently, by iterating (4.5a), we obtain a counterpart of (3.6.14): 

^ r (x ,£ \x ,£ ) = 

* )<*£„«.) . (4.5b) 

WmtW n=N-l 

jsg; Despite these formal mathematical similarities between the SQM propagators of Sec. 
13.6 and the propagators for parallel transport defined in (4.3), the latter cannot possess a 
indirect physical significance, as was the case with the former. Indeed, according to the 
llpuristic interpretation (Feynman and Hibbs, 1965, pp. 31-38) of the Feynman 
propagators in (3.6.1a), they do not emerge from the propagation of the initial state in 
p|3.6.1b) along a single smooth path, but rather along all possible broken paths consisting 
jjgf straight line segments - i.e., in geometric language, along all possible broken paths built 
t from geodetic segments belonging to timelike geodesics of the flat connection in a 
^Newtonian spacetime. On account of (3.6.14), this interpretation can be also retained for 
AQM propagators, except that in this latter case it is the proper state vector of an extended 
quantum object, rather than of a point particle (cf. Hartle and Kucha?, 1984), that propa¬ 
gates in this manner. On the other hand, the propagator in (4.3) relates to parallel transport 
jfNg a single smooth path, and as a consequence the integrations in (4.5) do not involve 
hypersurfaces embedded in the spacetime manifold M, but rather hypersurfaces embedded 
W the tangent spaces T x M at points along the smooth curve y. 

-Let us therefore adapt the basic physical, as well as mathematical, features of the 
expression (3.6.18) for the general nonrelativistic SQM propagator in the presence of 
eternal non-gravitational fields to the present situation of quantum propagation within a 
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Newton-Cartan bundle^by ^licing g^e "^^spec^vely^ with : 

hypersurfaces Or and cv in (4.1) contai gi ^ t „ * and then connecung pairs 

hypersurfaces o tn corresponding to t o 1 . G by the timelike geodesics of 1 

ofpoints X n -\ andx„ on two successive^ y ^ ^ ^ 

the corresponding Newton-Cartan spacet ^ a ^ Newto J an space time. By carrying 
represent the timelike geodesics of Jec 5 eodetic paths, and in the end going to the; 

out an averaging ^ocedraeover^l^ch b PC k a geomevo . stochas tic propa ga m 

£ e 'mw thefuture Newton-Cartan base location jc e , jjj 

K(*",r;*',o=tonjdr m (&) n^„d£ m (c„)^cc;) if 


' (4 '| 

R=W • rrty r-r C ) denotes the propagator (4.3) for parallel transport g 
In this expression, K{x n £n?n-xM ctiag points and JC n on the two: 

SE"- S“Si«f 

whereas the presence of 


5\q n + a(x n )) , 


L = (xfcO. «(*»)+ u “ c ' (3Cn)) ’ 


ensures that such an inte ™ c 5° n ^ plac ® “Sat^P*^ integrationsg 
£->+U n=N—1 .^:KS§Jls 

Cc . c»=r. rf= mu » ■ n=1 ’ 2 '. lV ' 1 ' ^ 

^aa-^w^wx^w. n=1,2 . N_1 ' |§|j 

In the absence of an external — 
independent. Hence, upon comparing (4.6) with (i.b.m) 

X t (x",p",i>\pV) = limjd’q'„dV N n<f‘>:. di P«‘ i,X * d P " 

X Il(^ p , ( ^ | 


.a Hflt) = cx-p(iH 0 t)Hj(t)Qxp(-iH 0 t) , t<=R l , (4.9b) 

in which the interaction Hamiltonian is e-xpressed in the interaction picture, we immediately 
||e that, in view of (3.1)-(3.2), the two propagators coincide in this case modulo die phase 

Iptor exp[i(x(0-X(^-i))l- , . , , _ , ... , , , 

# : On the other hand, we observe that the physical roles of the x-vanables and the q' 1 - 

lyariables are now different. Indeed, in the SQM approach the q-variables were inertial 
Galilei stochastic coordinates which marked the mean position of the stochastic values in 
I/a 2.21), and the (x,O-variables marked the points of a classical Newtonian spacetime. In 
§M present GS approach the ^-variables are internal gauge variables related to a choice of 
section of the Bargmann bundle, and therefore also of the affine Galilei bundle. As such, 
they no longer label points on hypersurfaces o, in the base manifold M, but rather points in 
the tangent space at some x s o t . It is only via the exponential map defined by the Newton- 
Icartan connection that they can be uniquely mapped into points in some neighborhood of a 
I base location reO/ina manner that approximately preserves the spatial metric relationships 
in the corresponding neighborhood of the point of contact between the tangent space 7*0, 
and Ci • In this manner, the ^-variables can be related to geometro-stochastic fluctuations 
around the base location * e M reflecting the fact that the points of a quantum Newton- 
Cartan spacetime are not the points of a finite-dimensional manifold, but rather of an 
infinite-dimensional manifold, which in addition to classical degrees of freedom also 
||g§OTporates quantum degrees of freedom directly in its geometry. 

lli The presence of additional ordinary quantum fluctuations emerges from the natural 
- ^interpretation of the GS wave function {*P*>1 x(t) e o, } obtained, in a quantum Newton- 
Cartan spacetime, by the propagation of a local state vector l F t (o) from a base location x(0) 
eo 0 to hypersurfaces o, in its future, where the coordinate wave functions will be 

KV = Jk(*( 0 , 6 *( 0 ),O WO*5.(0 . (4.10) 

Comparing with the flat Newtonian spacetime situation, we see that 

r<X.*W.P)^S» > Ko). C(x(t)) = (x,-a‘(x(t))y), P = mv, (4.11) 
should be interpreted as a conditional probability amplitude, i.e., that 


m \ B W(%Mt),p)\ 2 d 3 xrf 3p , 


x(t) o (x,t) , BcR 6 , 


represents the conditional probability that, provided a local state were prepared at jc( 0) 
.6a 0 , then the quantum object of mass m and zero spin 11 originally in that state would be 
found, by measurements of stochastic position and momentum performed at the global 
Galilean time t with test particles of mass m and proper state vectors £ , to display phase 
space values with inertial Galilei coordinates within the Borel subset B . 

It now remains to investigate how the GS propagator in (4.6) compares with the 
SQM propagator in (4.9a) for an interaction Hamiltonian containing the gravitational 
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potential <p in addition to a potential V from non-gravitational sources. In the inertial Galilei 
coordinates X*,A- 1,2,3, which in Sec. 3.6 were incorporated into the triple q e R , such 
an interaction is given by ■ \ t 

H / (i) = y(Q,Q + m0(Q>*) , Q A =x A + id/dp A , A = 1,2,3. (4.13)■; 

In view of the fact that the quantum Newton-Cartan framework is Galilei gauge 

invariant, we can carry out the comparison in any choice of section of the Galilei frame. 

bundle HM. Hence, let us choose the holonomic frame {^1 fi= 0,1,2,3}, which'§jg| 
corresponds to partial derivatives with respect to the inertial Galilei variables in some global -■ 
Galilei inertial frame. This frame can be extended into a holonomic Bargmann frame with a x r 
s o , « a and % = 0, in which the Newton-Cartan connection coefficients in (3.14) are 
therefore given, in accordance with (1.11) and (2.4), by 

= dx l , ( 0 A ={d<p/dx A )dx\ ©f = o , C 0 $=<t>dx° . (4.14) 

Let us now consider the parallel transports along the timelike geodesic y(* n -i,*n) of||| 
the n -1 quantum frame in (4.6), 


exp ti(x?-xt_ l )P A (x„)\0g' « , . <»t' ) ** ■ (4.19b) 

We note that the first of the identifications in (4.19b) involves a space translation, in view 
y of the fact that the inertial Galilei coordinates x A are taken with respect to a fixed global 
> Galilei frame, whereas the chosen section of the Bargmann bundle contains only local 
y inertial Galilei frames, whose origins are in all cases at the points of contact of the 
f respective tangent spaces T X M to the base manifold M. 

Assuming that the classical gravitational potential is given by an analytic function, we 
p can expand its quantum counterpart into a power series around each point x n e M, so that 



(KQ, t) = <p(x n ) + (j) A (x n )(Q A -x A )+ 


• ( 4 - 2 °) 




(4.15) ^ 


If t denotes the affine parameter for that geodesic, then the covariant derivative of (4.15)| 
is equal to zero everywhere along y(x n . lv r„). Hence, from (3.14) and (4.14), we get 

d T & n _ t = + *«-i • ^ = ^<(4.16g 

upon setting q°= 0 with respect to the frame u = u(xjs)) that belongs to the chosej}g 
section of the Bargmann frame bundle BM at a given x b (t) e , y(x nAr x: n ) . In the limit e -- 
max(? n -t n .i) -> +0 , we can therefore insert in (4.8a) 

i )0 £ ( *"" l) = exp[ i(*J-^) p A) y| 

-i(H 0 (xJ+m<p(xJ+m(d<f)/dx A )Q A (.xJ)(t n -t n _ i ) + O((t n -t n _ l ) 2 )]<P^*- l \ (4.1|| 

where all the infinitesimal generators are computed at the end point of each geodetic arc: y 

HM = -P rMXn) , = Qa(*) = Qjvm ■ < 41 

In performing now the comparison between (4.8a) and (4.9a), the following corre¬ 
spondences should be taken into account, 

ff 0 (*„)off 0 . P A (x.) o P A =-W/* A , Q A 0t„)«Q A -*,f. (4.19a 


Consequently, the GS propagator in (4.8) corresponds to an SQM propagator in (4.9) with 
yy; a truncated gravitational potential, obtained by neglecting in (4.20) quadratic and higher 
f§f terms. Such an approximation is obviously satisfactory for gravitational forces which, for 
§y each x n e o, n , do not vary significantly over spatial neighborhoods that are so small that the 
H presence of the proper state vector in the fibre above that base location gives rise to geo- 
|p metro-stochastic spatial fluctuations that are comparable to their size. 

J§ For example, let us consider the optimally localized (in phase space) proper state 
‘ vectors that correspond to (3.6.6). In accordance with (3.6.9), for any such choice of 
proper state vector, the elements of the quantum frame in (3.7) can be written out in the 
following explicit form: 

< X) (0 = <2*rVAC 5 . ) m exp{i( Z - x') - [(q - q') 2 /8^ f „]} 

X exp{-y/ 2 el-, )p 2 (p- p’f - *(q - q') • (p + p') -(i if/ZmXp 1 + p' 2 )]}, (4.21a) 

q° = Q'°~q 0 , C = d lt (x),p A d A (x)/m) , £'=(%',g'' 1 ,p' / Vm).(4.21b) 

g|. 

®*%is obvious from (4.21a) that the aforementioned approximation holds good if the external 
gravitational force has negligible variations over regions whose linear dimensions are of the 
same order as l . This is indeed the case under normal observational circumstances if l is 
of the same order of magnitude as the Planck length - as we shall assume to be the case in 
the remainder of this monograph. Moreover, upon performing on the free-fall propagators 
within (4.8a) the same type of renormalization as in taking the sharp-point limit in (3.6.10), 
as well as renormalizations compensating for the lack of stochastic momentum variables of 
integration in that limit, we obtain 


| (7cl2iy n K^ ) (x\C;x,C) 


exp[i(%"-y')]#(x",f";x',i') , (4.22) 


where the propagator on the right-hand side is the Feynman propagator in (3.6.12) with the 
interaction Hamiltonian in (4.13). 
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Thus, we can indeed claim to in the 

coincides with conventional quantum prop S7. ation f or point particles in geometro- 

more directly by formulating the ey p P g free-fall parallel transport of 

stochastic terms by means of the for the GS propagator 


Notes to Chapter 4 


D . n Qjm invpctipations of the agreement in weak gravitational fields 
1 As authoritatively recounted by Pais (19 ), 8 t eventually were to become part of the CGR J 

between Newtonian theory and gravitanonal rt _ __ Einst y ein already in the ten-year period 7 

framework can be traced to a senes of PJP P * cons iderations was played by attempts to 

preceding his seminal 1916 paper.■ A “Jjjj ° nrecession [M W] of the planet Mercury by supplying ; 
derive quantitative estimates of the penhelio" p gravitational interaction is transmitted with the 

1 

P. Frank (1909) and H. Weyl (1923) ^ ^ ^ fiox l2 3 on p . 297 of m 7g 

Newton-Cartan and the Einstein classical the ry gr obvious physical as well as mathematical : 

3 There are no null vectors in the Newton-Ca as Corresponding Lorentzian manifolds, can be 
reasons. However, Galilean manifolds, as we .. ? n ma nifolds (Ktinzle and Duval, 1986), 7 
simultaneously embedded m 5 _ dimensional ps 5 -dimensional counterparts of Galilean _ 

and in that manner they can be represented by coordinates X s 

manifolds ar eBargmann manifolds W - hose t ^ P S LteS of the Galilei group (cf. (3.1.18)). The .', 7 
corresponding to the phase vanaWeO in t 5 . d imensional counterparts of Lorentzian 

4 tapcseu ft. colons M,. - 

ESSfcSrS.ov.rb, veeu-rs *,= fl* -at belong to the 5-dimensional, 

will become clear in the next section - cf. p intQ the equiva i en ce class ¥ £ r^oJM 

7 This is the map which takes die pan {»,*). ^ Nomizu , 1963). Note that this reference ;f 
containing it - cf. Proposition 5.4 on p. 5 ($■ y th i s result, as well as other results and 

deals with finite-dimensional manifolds andmanifolds and bundles (cf. Chapter V® 
definitions in it, remain valid in the case ofmfimte reference, as well as in -- 

in [C]), such as the bundle with> 
some other references (ef.,e.g.. Sec 33 m W). V J p is a principal bundle with tb|g 

fibre F and structure group G is that of a G -product r x G r , k - r 

— ■— sudiei in ^ 
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™n(n-anh as “soldered” to the (tangent spaces of the) base manifold by such maps. In the previous 
V lerfSing tTth quanmm bundled (PrugoveOd, 1987-89; PrugoveOd and Warlow 1989) the 
soldering map! were associated with sections s of the principal bundle P, rather than with the individual 
• dements in it. The same pattern of construction could be followed in the present case by soldenng th 
quantum frames directly to the Bargmann frames of the bundle in accordance wi* (3.7), and 
subsequently defining the wave functions 'F in (3.2b), by means of (3.8b), as components of fibre 
coordinates. Such a method of construction will be actually presented from Chapter 6 onwards once the 
auantum frame bundles become sufficiently familiar to be regarded as the fundamental pnncipd bundles 
Si which various other quantum bundles are associated, rather than as some auxiliary mathematic^ 
oSts. we give here, as well as in Sec. 5.1, an alternative formulation for pedagogical reasons,. and 
■ also because it is more in keeping with the definition in standard physics literature [C,U of associated 
f., Sdles as G-products P x G F, where P is a principal bundle consisting of classical rather than 
• quantum frames. However, the former point of view actually becomes mandatory in the GS quantization 
. . of non-Abelian gauge fields, where the use of classical frame bundles becomes insufficient, and 
Grassmannian gauge degrees of freedom of quantum origin have to be introduced. ... 

9 r„ all the cases treated in Chapter 2 the vector bundles had finite-dimensional fibres, so font the^limits; in 
p n 4 . 11 ), as well as (2.5.20), could be unambiguously defined as in vector calculus, i.e., by taking die 
R corresponding limits for vector components in an arbitrary vector basis. In the present case the fibres are 
7 infiSe-dimensional Hilbert spaces, so that a number of inequivalent topologies are of importsce, of 
v which the weak topology and the strong (or norm) topology [PQ] play the most significant roles. In a 
P particular context, the choice of topology is conditioned by fundamental p 

: : ' of (3.10), the central theorem is a theorem which bears no specific name in the literature; (in [PQ), p. 
7 288, it is denoted as Theorem 3.1), but which is very closely related to the well-known St o.^s thcore ^ 
i. This central theorem states that if A is a self-adjoint operator, then the vectw-valued function e*p(£0£ 
wUl be differentiable in the strong sense at / = 0 (and therefore also at all other t e R ) if and only if e 
B. vector y belongs to the domain of definition of A - which in case of unbounded only dense m the 
■ 7 ; . gi ve n TOlbert space. This theorem therefore ensures the existence of the strong limit in (3.10) under th 

©-subsequently discussed conditions. . 

■TO A core 0 f a se if-adjoint operator A is a domain of essential self-adjointness, i.e , a f linear sprce to‘which 
If restriction of A has a unique self-adjoint extension - which, of- course, is A itself (cf. [PQ], p. 366 

- for a more general definition that applies to any closed operator). The most suimblecorw for Ae 
© covariant derivative operators in (3.11) are obtained by taking the linear spans of aU elements of qoan- 
f. turn frames belonging to some section of the quantum frame bundle QM, whose domain ofdefimtio 
£ contains the points where the covariant derivative is being computed - cf. Theorem A.2 in (PrugoveCki 

and Warlow, 1989b). . . ,. 

11 As mentioned in Note 12 to Chapter 3, the case of an arbitraiy choice of spin and mass can be treated by 

ita suitable choice of SQM system of covariance. 

This formulation and verification of (4.22) was explicitly earned out at the 
fc • (1989a), who constructed a quantum Newton-Cartan bundle with L \R ) as typicd fibre, and ( p y) 
R used quantum frames <P i;k (x,<? 0 ,q) built from the plane waves <& k (q) = {2a) expO^q) “ cf. Eqs. 
R (3 .6b,c) on p. 735 of (De Bievre, 1989a). Such a construction reflects the fact that m QM textbooks, a 
i plane wave <t» k (x) is routinely interpreted as providing the “probability amplitudes for observing a quan- 
: r - turn point particle of 3-momentum k at the spatial location x in relation to a given moOal I bma ^(which 
/■■■ is conventionally always envisaged as being macroscopic and behaving m a totally etesicd manner). O 
R. course, plane waves do not belong to L\ r\ but the resulting framework can be made ^^ aUca ‘l y 
R: more rigorous by using typical fibres which are rigged or equipped Hilbert spaces' 1969 

•v' Pnigovedki, 1973). However, the long-standing difficulties with the precise mathematical mean g 
i Feynman path integrals still remain even under those circumstances. Moreover, phymcal difficulties 
m stemming from the uncertainty principle are also present, since the elements of such bundles by titotr 
7~ very definition, represent sharply localized states - and yet some of those elements are given m the form 
Hjpof plane waves which purportedly correspond to sharp values of 3-momentum. On the o her hand aU 
v these difficulties can be removed by regarding plane waves as representing sharpy-point hmits of 
7 . states giving rise to POV measures associated with systems of covariance in L (R ) - namely or states 
| represented by wave functions belonging to L 2 (R 3 ), such as the ones in (3.6.7). 




Chapter 5 


Relativistic Klein-Gordon 
Quantum Geometries 


; J1H 

In this chapter we shall adapt to the relativistic regime the construction of the nonrelativistic ?§g 
quantum bundles presented in the preceding chapter. The central idea in this adaptation is to 
cast in the role of standard fibres for quantum bundles the Hilbert spaces that carry the 
systems of covariance for the Poincare group described in Sec. 3.4. The main reason for 
this choice of typical fibres is that, for physical as well as mathematical reasons, it is nc|||| 
possible to consistently combine the fundamental principles of general relativity with a 
fibre-theoretical framework based on the adoption of standard fibres that are equal to the 
Hilbert spaces of the conventional special relativistic quantum mechanics, and which carry, 
the systems of imprimitivity for the Poincare group described in Sec. 3.3. -fil l 

Indeed, at the physical level, the equivalence principle and the concept of locality arej|| 
fundamental to general relativity. Consequently, a fibre-theoretical framework for quantum 1 1 
general relativity has to be based on fibres containing local state vectors, as was the case 
even in the nonrelativistic context of the Newton-Cartan geometries studied in the preceding *g; 
chapter. In case such local state vectors represent the quantum states of point particles, the ^ 
existence of such states would entail the sharp localization of those particles at the points ( jjfHg j 
the base spacetime manifold M. On the other hand, basic kinematical considerations, as jf 
well as basic quantum measurement schemes, require the adoption of fibres which consis t^ 
of wave functions in the momentum representation. However, for a quantum point partid|jjg 
which is already known to be located at a given point x g M, the existence of local quantutrf||| 
states, represented by wave functions of arbitrarily narrow spreads in momentum space in a 
classical spacetime, is in obvious violation of the Heisenberg uncertainty principle 1 . :|||| 
At the mathematical level, the adoption of standard fibres equal to the Hilbert spaces 
of the conventional special relativistic quantum mechanics would entail the casting of the^ 
plane waves <& x -,kk ?) in the role of quantum frames 2 at each x e M. Already in the non-rela- 
tivistic regime this gives rise to the mathematical difficulties, mentioned in Sec. 3.6, with 
path integrals for propagators of such quantum states. However, those difficulties can be 
ignored at the formal computational level; moreover, under certain physically stringent^ 
conditions, rigorous mathematical variations of those path integration methods have been.|| 
devised 3 . On the other hand, in the special relativistic regime, the adoption of plane waves gg 
as the basic vehicle of quantum propagation leads to the well-known divergences of con-^ 
ventional quantum field theory, for which no effective cures have been found in the realistK^jg 
case of 4-dimensionai Minkowski space - albeit the renormalization programme has P r0 *pjg 
vided algorithms for computing numerical results. Furthermore, the presence of spacetime 
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curvature gives rise to additional difficulties with formal renormalization schemes already in 
t he semi-classical regime of quantum field theory in curved spacetime 4 , and leads to an 
unending regressive sequence of renormalizations in the case of perturbative expansions in 
quantum gravity, thus making the renormalization idea totally ineffective in that context 
even as a purely computational tool 5 . 

H For all of the above reasons, as well as the additional ones which were discussed at 
some length in Chapter 1, we shall not adopt as standard fibres of the quantum bundles in 
this chapter the Hilbert spaces of Sec. 3.3, but rather those of Sec. 3.4, with their corre¬ 
sponding irreducible representations of the Poincare group and related systems of covari¬ 
ance. Of course, at first sight it might be thought that such a choice of fibres violates the 
general relativistic concept of locality, since we have seen in Chapter 3 that the quantum 
states in those Hilbert spaces are not sharply localizable in Minkowski space. However, 
from the point of view of its physical interpretation, the geometry of Minkowski space is a 
-classical geometry. Hence, if we do not adhere to the dogma that the geometry of Nature is 
given a priori in the form of a classical geometry 6 , then we can tackle the task of searching 
for alternative quantum geometries, in which fibre-theoretical adaptations of such quantum 
states are local by virtue of the mathematical structure and of the physical interpretation of 
■those geometries. 

The first step in that search was already undertaken in the preceding chapter in the 
nonrelativistic regime. However, in that context, such a step was not mandatory either from 
i the mathematical or from the physical point of view. On the other hand, the mathematical as 
well as the physical ideas introduced in that chapter can be adapted to the relativistic 
regime, and, as we shall see in the remainder of this monograph, they lead to a host of 
relativistic quantum geometries, which cover the entire range of relativistic models which 
Have thus far proven to be of importance in quantum physics. These geometries will be 
presented in the subsequent chapters in order of their increasing level of mathematical so¬ 
phistication, as well as of their overall physical significance. 

The Klein-Gordon quantum geometries studied in this chapter are the simplest both 
physically as well as mathematically. In introducing them, we follow the pattern set out in 
the preceding chapter. Thus, in Sec. 5.1 we define Klein-Gordon quantum bundles. In 
Sec. 5.2 we formulate parallel transport and connections in such bundles, and in Sec. 5.3 
we study related geometric concepts. In Sec. 5.4 we introduce the concept of GS propaga¬ 
tion, and in See. 5.5 we deal with its physical interpretation. In Secs. 5.6-5.7 we discuss 
alternative formulations of GS propagation, and their physical implications. 

5.1. Klein-Gordon Quantum Bundles 

We shall construct in this section a Klein-Gordon quantum bundle E over a given 
Lorentzian manifold M by the method developed in Sec. 4.3 in the context of quantum 
Newton-Cartan bundles. To underline the similarities, in this and the next section we shall 
tollow the same order and method of exposition as in Sec. 4.3. On the other hand, this will 
eventually also bring out in stronger relief the differences between the nonrelativistic and 
relativistic case, due to the presence of the light-conc structure in the latter context. 

We start by first choosing as standard fibre F the family of all positive-energy 
solutions (3.4.2) of the free Klein-Gordon equation which belong to one of the Hilbert 
spaces described in Sec. 3.4, 










Chapters 


F = jV l F(q,v):=y qli ({0,q),mv) , y q0 = exp {-iP 0 q°)¥ 0 e l \ L . (1.1) jjf 

The above Hilbert space F can be also described, in keeping with the specialization jjj 
(3.4.10) to the spin-zero case, as consisting of all functions ®ggg 

Y(q,v) = Z- f \ m \ u0>Q cxp[-imq-u]/(u-v)^(,u)dQ{u) , i|||jj 

obtained, for a yet unspecified renormalization constant Z /iW , as Y varies over J||| 
functions that are square-integrable, along the forward 4-velocity hyperboloid V , wgjg 
respect to the following Lorentz-invariant measure on it, 

dim = S(u 2 - D d*u , v" = (u| »*:-«*,-1. > °} • (1 4| 

The fixed function / in (1.2), which characterizes the typical fibre F as well as the system j I 
of covariance in it will be called the quantum spacetime form factor of the Klein-Gordon ;j 
auantum bundle which we are constructing. We note that the set of all availab e quan urn* 
spacetime form factors / stands in one-to-one correspondence withthe set of resokti^ 
generators rj of stochastic phase space systems of covariance, which can be obta nedgg| 
the spin-zero case from the SQM framework formulated in Sec. 3.4. 

We define now the Klein-Gordon quantum bundle E with typical fibre F as a bundte| 
associated with the Poincare frame bundle PM described in Sec. 2.3, by setting 11 equal to ; 
"he Gproduct (PM) x G F of the Hilbert space in (1.1) with the.principal bundle PM. |ji 
m Sec. 4 3, the natural projection (PM) X F (PM) x 0 F gtves nse to te| 

generalized soldering maps ' .aJIIIII 




u e IT 1 (x) c PM , 


»PgF x cE , 


v£jg||g8ffl 

which can be also expressed as maps between wave function amplitudes, 

a“ x : no H y(£) , « = («>«<) (1 ' 5a) 'f 

o = (fl+ q\ A> e T X M x V, + c T,M x T.M , f = (?,») eR 4 xVcR 8 . <^| 

For any given value of f in (1.5b), the complex number •?(© in (1.5a) can be . 

L frame-independent value of -PeF*, to which the soldering map assigns 
wave function amplitude <P(0 belonging to an element Fm the standard fibreHF. r 
transi ti on from one choice of section of PM to another, these wave functions are related by 
the adaptation to 4-velocity variables v , |ji 

U v (b,A) : 'F(q t v) t-> 'i'Xq y v) = 'f'{A~\q-b),A' l v) , *PeF , 0-6) J 

of the Poincare transformations defined by (3.4.14a) in combination with (3.4.4). Conse^g 
quently, these transition maps can be expressed as follows. 


(1.7a) 

(1.7b) 


(?’ o(a^) -1 : *P ^=tf,(&(x),A(*))«P , 
p (a(x), e { (a:)) = («' (x), e\ ( x)) ■ (b(x) , A (x)) , 

.^o that they underline the fact that the fibres F*of E consist at each rsM of equivalence 
i classes of all the wave functions resulting from all possible changes of Poincarg gauge . 

3 For each choice of section s of the Poincare frame bundle PM, the generalized 
soldering maps in (1.4) provide the local trivialization maps 

If; (p s ; »p h-> (x,c^*P)eM s xF , *Pe F x c tt‘(M s ) , u = s(x) , (1.8) 

5P&: 

1 eenerically defined in (2.2.4). Hence, the Klein-Gordon quantum bundle E indeed emerges 
P as a fibre bundle associated with the principal bundle PM in the sense of the definition in 
See. 2.2. 

p. The fibres F x of E are Hilbert spaces which carry the inner products 

;■ {*$%) = hWO'WQdXQ , = ■ % = <% • d-9) 

where the integration is to be performed with respect to the measure 

dXO = 2vMv 2 -l)d(jL l (q)d A v = 2v fl do ll {q)dQ(v) , (l- 10 ) 


along any of the following surfaces 

§^|f Z = [C\ C = (?>t>)> Q° = const., ugV + ] . (1-11) 

Ipthe renormalization constant Zfa in (1.2) can be now fixed so that 
1 |S = f. >0 *!*(«) %{u)dn(u) . (1.12) 

HP p£S7 

; S'.In view of (3.4.15a), the inner product in (1.9) can be also written in the form 

jjj {%]%) = iZ /im ^^(q,v)d ft %(q,v)do tl (q)dO(v) , (1.13) 

with the new renormalization constant Z^ m adjusted to the use of 4-velocity variables in 
such a manner that (1.12) remains true. A straightforward computation then yields (cf. [P], 
;f|Sec. 2.6): 


Zj] m = (2|/(i/>f dOfp) . 


(l.H) 


On account of the Lorentz covariance of the framework, the integration in (1.9), or in 
(1.13b can be also carried out alone the Lorentz transforms of any of the surfaces in 
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(1,11). Furthermore, in view of the existence of the conserved currents in (3.5.13) and 
(3.5.17) for choices of quantum spacetime form factors / that are real, the hyperplane corn -1 
ponent of these surfaces can be deformed into an arbitrary spacelike Cauchy surface. | 
Hence, throughout the remainder of this monograph we shall assume that the quantum 
spacetime form factors f are real functions. Although, as functions of v , it is sufficient 
that they be defined only on the interval [1,+°°), in order to be able to later define their off- 
shell derivatives, quantum-frame congruence, sharp-point limits, etc., we shall assume that 
they are defined for all values within [0,+^). All these conditions are certainly satisfied for j 
the quantum spacetime form factors in Eq. (5.5) of Sec. 5.5, that correspond to the adop-;| 
tion of GS exciton proper state vectors which are eigenstates of Bom's quantum metric j 
operator (cf. [P], p. 204) for any positive-valued choice of the fundamental length i. 

The elements ‘f'of each fibre which are normalized with respect to the above inner ;, 
product will be called local Klein-Gordon state vectors . Furthermore, for each choice of 
Poincare frame u e PM, the family 

{^‘=«r l ! 7 ,(g,A„)ti|f = (?, t ;)6K 4 xV t } . u s IT 1 (*)cPM . (l.l|j 

of generalized coherent states within F* will be called a Klein-Gordon quantum frame at* 
eM. Indeed, according to (3.4.U)-(3.4.13), and in view of the unitarity of the generalize^ 
soldering maps embedded in the definition of the inner product in (1.9), we can expand an 
arbitrary vector H* in F* as follows: 


s?(0 *(*¥!*) - 


Ve F, . 


(1.16a) 

(1.16b) 


Hence, each Klein-Gordon quantum frame at * provides a resolution of the identity l x in : 
the fibre F x above *: : v?,. 


| |^)«C)(^| =i, , 


VPeF, 


We note that, for a given quantum spacetime form factor /, the quantum frames 
above the same base point*, corresponding to all the possible choices of rest mass m >0 

= Z ?,m\ u « > o ex P [im(q - q') «]/(«• v')f(u • u) dQ{u) ( 1.1 

are congruent, in the sense that they can be all obtained from the standard quantum frame, 
that corresponds to unit mass in Planck units (i.e., to the Planck mass [W]), 

= Z / 2 J U » > 0 ex P[^ -«')• u )f( u ■‘ v) dQ( ^ * (L19 ^ 

by the following rescaling 7 procedure: 
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| = , (. Z f /Z /im f = m 3 . (1.20) 

The functions in (1.16b) will be called the coordinate wave functions (cf. Sec. 3.9) 
H of the local vector *F with respect to the Klein-Gordon quantum frame in (1.15). These 
; coordinate wave functions are always continuous functions in the index variable and for 
H§*such quantum frames as the standard ground-exciton Klein-Gordon frames that will be 
introduced in Sec. 5.5, they are actually smooth functions of £ (cf. (5.8)). 

The soldering of the Klein-Gordon quantum frames to the Poincare frames in PM, 
|| implicitly carried out in (1.15), supplies a one-to-one map (cf. (3.7.1)) 

p : u o Q(k) = {<%“ | £eR 4 xV + } , u e PM , (1.21) 

g§| between the Poincare frame bundle PM and the Klein-Gordon quantum frame bundle 

XM = {Q(«)| Be PM} = U«„{Q(“)|“ e ^(*)} • (1-22) 

This bijective map is a bundle isomorphism [C,I], in the sense that it obviously preserves 
HI the fibre structure, and that we have: 

K- u-(b,A) o {^ (t ’ /l) |CeR 4 xF + } , V (b,A) e ISO 0 (3,l) . (1.23) 

lift 

||jThe existence of this bundle isomorphism will be used in the next section to define parallel 
jjj transport within the Klein-Gordon quantum bundle E. 


5.2. Parallel Transport in Klein-Gordon Bundles 

; The relationship of the quantum frame bundle FM defined in (1.22) to the Klein-Gordon 
■ quantum bundle E is very similar to the relationship of the Poincare frame bundle PM to 
the tangent bundle TM. This analogy can be underlined by a suitable choice of notation. 
Hf7 By using the Lorentzian metric g on M, we can expand any tangent vectors X at * 
|feM in any Poincare frame (a,e.) above the same point* as follows: 


Ilf:. X^a+X'e; , X i = e i {X-a) = rj iJ g(e jt X~a) . (2.1) 

la?Let us therefore introduce the following linear functionals on F x (cf. Sec. 3.8): 

JjJf •f'K> (dyv)-*** , . (2.2) 

ll^jP*fce they are continuous, they belong to the dual F x * of the Hilbert space F* Custom- 
is identified with F*by using the Riesz theorem [PQJ. However, we shall view 
It ■** as an entity that is separate from F x , and therefore view the linear functionals in (2.2) 
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as constituting a coframe of the . 
“a"in M i“e of any W-al fibre F, wc can write in each F,, j 

(2 3y' 

y; 4 .., jg| 

where the integration is independent of the choice of X, so that in analogy* with (2.1): 

^ = ■ Ifjj 

This also demonstrates 

(1.9), indeed play a role ve ^7 ^ nal °^ handles in general In fact, while constructing 

bsass ^ssssss^' ~ 

with Klein-Gordon (r,s)-tensor bundles, 


E r,J = (PM)x G F r> * , 


G = ISO 0 (3,l) , 


&fl| 


whose typical fibres are Hilbert tit % 

S?^ can be identic in a natar,J| 

manner with the Hilbert tensor products-' 


r/ = (P x f r ®(K? 


...<g)F x ®F* 


Hence, we can generalize (1.16) and (2.3) as follows: 

^ ^®---®^ ?r ®^ C; ®-®^’ , 

ipfr-fr f , ^ ® • • • ® ® 0 Cl ® • • • ® I » 


«P eFi’ s 


*F e F r,s . 


, „ c in Ser 4 3 we define a section of the \ 

Following the same procedure as in Sec. 4.J, ^ ^ wMch a sect ion s of the'V; 

amapthat assigns to each rcD avector 

in such a manner that the coordinate wave functions ggM 




s : x u(x) , 


——-i^^S£S^£S2£'ESiS-Sp 

the Poincare covariance of the Klein Oorao q Qf section s of the p 0 incar6 frame|g 
£*£ tSS-eSd'lo arbitrary regions D , which might not lie *-* 
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the domain of a single section of the Poincard frame bundle, by covering those regions with 
overlapping open sets, such that each one of those sets lies within the domain of a single 
section s of PM. In particular, it can be extended to the case of a global section of E, 
whose domain of definition D equals all of M. 

The above definitions extend in an obvious manner to sections of arbitrary Klein- 
Gordon tensor bundles E r>J . By analogy with (3.8.7), we can therefore define a quantum 
metric on M as a section G of E 0 - 2 , which in any quantum frame {&$} has the form 


ififi ■»* 


G = 0^(0^)* ®0 




The quantum metric therefore generically assumes values in the dual of F* 0F* (which is 
identifiable with the Hilbert-Schmidt class over F*), and is such that 




'f'.f'eF, , 


in complete analogy with the corresponding relation (3.8.8) in the typical fibre F. 

Connections on the Poincare frame bundle PM that are compatible with a Lorentzian 
metric g were discussed in Sec. 2.6. We referred there to such connections as Riemann- 
Cartan connections. We shall regard the affine extension to PM of the Levi-Civita connec¬ 
tion on a Lorentzian manifold 10 as a special case of such connections, which corresponds 
to the case of zero-torsion form for the pull-back to LM defined in (2.6.17). 

For any choice of Riemann-Cartan connection on PM, a corresponding parallel 
transport along any piecewise smooth curve y, connecting /eM tox" eM, can be de¬ 
fined first within PM by the “horizontal lift” procedure described in Sec. 2.4, 

jf| r r (x",x') : u x . =(a',e-) l-> u x » = (a ”>«") , (2.11) 

and then extended to 7TVI, 


J: % Y (x",x') : X'=a’+X i e' i X"=a”+XV? , (2.12) 

as well as to T^^M bundles in general. In a totally analogous manner we can take the paral¬ 
lel transport within AHVI, 

jf§ r y {x'\x') : i—» &"*' . < 213 ) 

. and extend it, in accordance with the general types of expansions in (2.4) and (2.7), to the 
Klein-Gordon quantum bundle E, 

g- T Y (x”,x') : 'F'='P c 0? x i-> ¥"'= , (2.14) 


as well as to Er,s bundles in general: 




^•"?r g ® . ... ® 0 U x-’^ -<r g ^ &“x" 0^ 


. (2.15) 
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Naturally, this definition of parallel transport within the Klein-Gordon quantum bundle, as : 
well as within Klein-Gordon tensor bundles in general, is frame independent on account of 

the Poincare covariance of all those bundles. . . . -<5§i' 

Given the compatibility of a Riemann-Cartan connection with the Lorentzian metric, it | 
follows from (2.13) that the operator for parallel transport in (2.14) is unitary for any 
smooth curve y. This means that the parallel transport in the Klein-Gordon quantum jjjj 
bundle E is compatible with the quantum metric G in (2.9) and (2.10). . J®; 

The covariant derivative of a section {'F x \x<eD} of E can be now defined as in . 
(4.3.10), i.e., by the strong limit 11 

V x % • .*((» : x c VI. xfO) "■ X <* 7',M. (2.16) j 

This definition can be also applied to sections of arbitrary Klein-Gordon tensor bundles,-^g| 

but we shall postpone its study in that context until Chapter 7. . j§| 

To express (2.16) in a form analogous to (2.6.19), we choose any section s of the :||g 
Poincare frame bundle PM, and insert i|||||p 

a s x [T r (x t x(t))^ m -%] 

= (o^d) - <«) + [c/,(^(x,x(0)^ a y (x,x(f))) - l]^(/)^(r) » ( 2 * 17a )» 

T y (x,^(0)s(x(t)) = s(x)-(^(x,j:(0),A;(x,x(0)) , (2 - 17b) 


in (2.16), noting that 


d x V x := (o^r’s-lto ){a- x(l) r xW -<4%) = [X^Ctf)] <P ? “ 


(2.18)« 


exists due to the smoothness property of any section of E. We therefore obtain that, for||p| 
given choice of section s of the Poincare frame bundle PM, - -' m 

. : ’pp 

where the operators on the right-hand side of (2.19) are the infinitesimal generators of the S 
unitary representation 'J| 


C/ x;K (6,yl) = (o^r 1 ^(6,A)<4 , u = s(x) , (2 ‘3 

of the Poincard group. These generators are obtained, in accordance with (2.6.20), fr° m .* 
basis of the Lie algebra iso( 3,1) of ISO 0 (3,l). For the Poincare frame (<*,«;) assignedj 
the chosen section s at some x e M s , it is natural to parametrize the spacetime translation 
in (1.6) by means of the components b l of b, the spatial rotations around each of the 
e u i = 1,2,3, by their rotation angles, and the Lorentz boosts in the direction of those sam j 
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axes by the parameter that imparts to them the formal appearance of Lorentz “rotations”, so 
that, for example, in the case of the Lorentz boosts in the direction of e 3 we have 

( a,e o ,e l ,e 2 ,e 3 )-(O,Ay) = (a,e' 0 (i}),e l ,e 2 ,e' 3 G>)) , (2.21a) 

e' 0 (iS) — e 0 cosht? + e 3 sinh# , e 3 ($) = «? 0 sinhi? + e 3 cosht? , (2.21b) 

q°(&y= q° cosht? - q 3 sinht? , q 3 (t?)’= q 3 cosht? -q° sinhtf . (2.21c) 

From (1.2) and (1.6), we can then immediately deduce that the infinitesimal generators of 
spacetime translations and spatial rotations are given in the present spin-zero context by 12 
(cf. [P], Sec. 2.7), 

•: P j; u = —iPj;u > M? = iMi k = i(QiP u k - Q k u Pj) , (2.22a) 

I. Pj-u = 1 <VV, Qi =q j -id/dpj , Pj = TM] jk v k . (2.22b) 

We note, however, that in order to preserve for the infinitesimal generators of Lorentz 
boosts the same formal appearance as for those of spatial rotations, we have to extend the 
wave functions in (1.2) off the 4-velocity shell V + . The following extension, 

V'(q,v) = Zj\ m j u0>o exp[-imq-u]f(l-±(u-v) 2 )'r(u)da(u) , (2.23) 

obviously coincides for all v e V + with the expression in (1.2), and leads to ^-operators for 
which (2.22a) holds true for all ten generators of the representation (2.20) of the Poincare 
group 13 - as can be verified in the representative case of Lorentz boosts in the direction of 
e 3 by substituting into (2.23) in place of q the expression for q’ that follows from (2.21c), 
in conjunction with a similar substitution for v\ and then perform the partial differentiation 
with respect to the parameter i?. 

The operator of covariant differentiation (i.e., the Koszul connection on E), 
genetically defined by (2.5.23), assumes now the form 

| V = , d = 0 i a i , .3,:=^. (2.24) 

§Since the representations in (2.20) are unitary, their infinitesimal generators in (2.22) are 
self-adjoint operators despite the fact that the ^-operators in (2.22b) involve off-shell 
differentiation. On the other hand, these infinitesimal generators are unbounded operators, 
whose domains of definition are therefore dense in F* , but cannot coincide with F* on 
account of the Hellinger-Toeplitz theorem [PQ]. Consequently, in a given Poincare gauge 
specified by some section s of PM, the strong limit in (2.16) does not exist for an arbitrary 
section of E. Rather, it exists if and only if the elements of the section {| x eD] belong 
; to the domain of the self-adjoint operator densely defined by the following strong limits 14 : 

V = s-ltai i[u x . u (b s r (x,x(t)),A s r {x,x(t))) - 1,]S'.(2.25) 





Chapters 

146 __________ 

Hence from the compatibility of the quantum connection with the quantum metric G, we 
deduce &at for any two sections of E we can write down an equation which is analogous 
in outward appearance to the one in ( 2 . 6 . 22 ), namely J| 


v*y*|^)+(^|v*^)=x(n|f?) • 


but holds only at those points x in the common domain of definition of the two sections of || 

E where the above two covariant derivatives are defined. ; 

To deal with this domain problem for covanant derivatives of vector fields in E^ w^ 
introduce the concept of coherent section of E: by definition, the section {% U eD) is Jg 
coherent for some choice s of Poincare gauge, if it can be obtained at all x e D b y settm ?M 
£ = <k c for some fixed value of £, where is the seaion^m 

spending to Coherent sections are in the domain of definition of«^td^vafives ^ 
for any choice of Poincare gauge (cf. Prugovecki and Warlow, 1989b, Theorem A 2). jp 
Furthermore, in the particular Poincare gauge s with respect to which they are coherent, the 
term in (2.18) vanishes, and (2.19) assumes the following form: 

V x & xi( = H-0 J (X)Pj;u + i&jk(X)Mi k }* x « • 


To deal now with the domain problem for covariant derivatives of arbmaiy 
of the Klein (Jordon bundle E, we transfer to Poincart gauges 
gauge adapted to a smooth curve, which was defined in Sec. 2.7 . Thns, we shaUsay UraU 
Poincard gauge given by a section s of the Poincare frame bundle GLU, is adapted tqffi 
smooth cun! y if *= connection one-forms in (2.24) vanish at all x « 7 whtch he u *5 
domain of de/nitton M s of tha, gauge. If X 

is adapted, then it can be proven (cf. PrugoveSki and Warlow, J 9 f b - 

the corresponding covariant derivative in the direction X exists for any section 

since it is given by '^Ir 


= d x 'P r +'F^ x & x ,, > 


dx*.=&9jL'r;y\*tf > 


where, for each fixed value of £ , the section is coherent in the Poincare g^| 

adapted to y. Hence, we can always find Poincare gauges in which such basic relatio 
shms as (2 26) have a well-defined meaning, since for any given smooth curve y 
always construct a section of PM adapted to i, by the parallel transport method desenbed 

SeC ' hr 7 this manner we have established that for any Riemann-Cartan connection in P 
defined as in Sec. 2.6, we can introduce in any given Klem-Gordon quantum Dund 
notion of parallel transport, as well as a general theory of quantum 
with the quantum metric in (2.9). These parallel transports m E, and the 9 uamurn c on 
tions related to them, share all the basic features of their classical counterpart 
basing on them the concept of GS propagation arrived at by the considerations in th 
two sections, wc shall assume for physical reasons that the connection adop ed 
7c affinetension of the Levi-Civita connection. However, from a mathematical poi. 
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vjeWj most definitions and results in the next couple of sections apply equally well to the 
- generic case of Riemann-Cartan connections. 

*5.3. Quantum Torsion and the Klein-Gordon Quantum Connection 

Tn the preceding section we defined a quantum metric G on the Klein-Gordon quantum 
bundle E, as well as a family of quantum connections V in E corresponding to various 
Ichoices of Riemann-Cartan connections in PM. In this context, a quantum connection can 
Ibe viewed as a Koszul connection [SC], namely as an operator for covariant differentiation 
-on E, that assigns a vector field in E to any two vector fields X and 4 y in TM and 
jfe respectively - and does that in such a manner that the four properties in (2.4.12) are 
satisfied for any vector field in E (i.e., for any section of E) assuming values within its 
domain of definition. Thus, by analogy with the definition of connections in some text¬ 
books on CGR (Hawking and Ellis, 1973; Straumann, 1984), we could extend this defini¬ 
tion of quantum connection to Klein-Gordon (r,s)-tensor fields assuming values in E r - S by 
imposing the Leibniz rule and the commutativity of V with contractions. Given the fact that 
v/e already have a concept of parallel transport in E r,,y , based on (2.15), the outcome of 
\such an approach is identical with the more direct definition 15 of the quantum connection V 
on E r,s obtained by setting equal to (2.16) for generic sections of E r ' s . However, 
quantum counterparts of basic classical geometric concepts can be then introduced. 

|£v For quantum connections, we can define a quantum torsion field by analogy with 
( 2 . 6 . 10 ), namely as an operator-valued form which, for any given section 16 s of the 
Lorentz frame bundle LM, assigns to any two vector fields X and Y from TM a linear 
operator acting on sections T of E, as well as on sections of E r " 5 in general, as follows, 

TO: V = <M -{G) jk M ] u k , (3.1) 

provided, of course, that the values assumed by Y are within the common (dense) domain 
of all the operators occurring in the above mapping. In (3.1) the operators d x and dy are 
defined as in (2.18), whereas their hatted counterparts act in a similar manner on the 
internal gauge variables, i.e., in the case of sections of E they act in the following manner: 

dx'F^d^)]^ , d ll ('F<)\ x ~d'P!;/3x' 1 , <F='F ( 0 ( , (3.2) 

: 4r = [X i 5 ; (v'0]<P { , 9 i ('F^=d'l*/dq i , f = (9,c). (3.3) 

if ? We can now ask the question as to which of the quantum connections in E, as well as 
in E r,s in general, possess quantum torsion operators which identically equal zero, so that 

| V x d Y 'F~V Y d X 'f' S (dxdy-dydx)^ . (3.4) 

. Upon comparing (2.19) with the covariant derivative (2.6.19) for sections of 
arbitrary finite-dimensional vector bundles associated with the Poincare frame bundle PM, 
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it can be expected that the answer will be arrived at by considering the affine extension to 
PM of the linear Levi-Gvita connection, whose connection coefficients were computed in 
(2.7.4) and (2.7.6). Hence, we surmise that this affine Levi-Civita connection is the only 
Riemann-Cartan connection which leads to a quantum connection that is torsion-free - and 
which we therefore will call the Klein-Gordon quantum connection. However, in view of ; 
the technicalities entailed in dealing with infinite-dimensional fibre bundles, such as the 
domain problems for covariant derivatives, as well as the fact that their fibres are complex - 
rather than real vector spaces, this result cannot be claimed to follow directly 17 from the \ 
fundamental lemma of Riemannian geometry. Rather, it warrants subsequent more careful 
consideration, which will be based on introducing a quantum counterpart of the notion of 
torsion form 0 of a linear 18 connection in GLM, that was defined in Sec. 2.6. 

The existence of the bundle isomorphism p in (1.21) enables us to transfer the basic • 
concepts of connection form and of canonical form, defined in Secs 2.5 and 2.6, respec- § 
tively, from the Lorentz frame bundle LM to the subbundle K L M = p(LM) of the Klein-g 
Gordon quantum frame bundle ATM. Thus, let us introduce in the typical fibre F of the : - 

Klein-Gordon quantum bundle the (densely defined) operators, 

d x : ‘F )~> rdY/dq 1 , XeR 4 , «FeF . 0.5) 

We can then rewrite the soldering map (2.6.5), expressed in Sec. 2.6 as a map from fj 
vectors in PM to vectors within the typical fibre R 4 of PM, as a corresponding map, §g 

Us 


r . r : cr,y) ^ (o^)- 1 [e(x,Y)J , x,yet p{u) k l m . ( 3 .io) 

> It is clear from the above construction that the quantum torsion form in (3.9) is zero if 
and only if its classical counterpart in (2.6.6) equals zero. In turn, the quantum torsion field 
in (3.1) is zero if and only if the quantum torsion form in (3.9) is zero. Hence, we have 
arrived at the desired conclusion: the Klein-Gordon quantum connection has zero quantum 
torsion, and is the only quantum connection which has this property. 

_ F° r any quantum connection form in (3.8), we can define its quantum curvature form 

by analogy with (2.5.16a): 


Q(X,Y) = d©(X,Y) + [d>(X),©(Y)] , 


X,YeF p / K vX L M . 


u = (e 0 ,...,e 3 )e LM , X = X l e i eT x M, x-Tlu , 


Similarly, for any quantum connection V we can define, by analogy with (2.6.11), the 
quantum curvature field as follows: 

j§ R(X,Y): IPh V J4 r V r «F-V F V^*F-V W] *F . (3.12) 

It should be noted, however, that the quantum curvature field in (3.12) is not, in general, 
the one that emerges from the quantum curvature form in (3.11). Rather, that role is played 
by the operator between the round brackets in the following decomposition: 


(3.6b) ' 


from operators acting within the fibres of E into operators acting within its typical fibre F.| 
Consequently, we can now define a quantum canonical form of M as a map from thef 
tangent bundle TK L M into operators acting within the typical fibre F of the Klein-Gordon : 
quantum bundle (cf. (2.4.5)): : 

e : X H> , X = p,Xe T p(u) K L M , X = a a (IZ,X) . (3jj 

Similarly, to any (linear) Riemann-Cartan connection form 0 ) in PM we can assign a corre¬ 
sponding quantum connection form in KJA by setting (cf. (2.4.5)): -'ff; 


i&ijiffX) MJ , 


XeT pW K L M . 


We can now define, by analogy with (2.6.6), the following quantum torsion form, f 

0: (X, Y) H» d0(X, Y) + ©(X) 0(Y) - ©(Y) 0(X) , X, Y e T p{u) K L M , (3,9) 

which assigns an operator acting within the typical fibre F to each pair of vectors tangent to 
K l M. It is easy to check that the quantum torsion field in (3.1) is related to the above 
quantum torsion form in a manner analogous to that in (2.6.9), namely that 


j|. j?(X,Y)-( V*V F - VyV*-V^yj) + S(X,Y) . (3.13) 

By comparing the respective expressions for quantum curvature forms, we can 
establish that the two quantum curvatures in (3.13) are equal if and only if the torsion ten- 
jp. sor equals zero, as is the case also in the similar relationship between linear connections in 
and their affine counterparts in GAM - cf. Proposition 3.4 in [K], p. 130. In the 
11 present context, this singles out again the Klein-Gordon connection as the one and only 
|| quantum connection for which these two quantum curvature fields are equal. Thus, the 
Klein-Gordon quantum connection displays many desired geometric features in a unique 
§ manner. Consequently, in the remainder of this chapter we shall give preference to this 
|| unique quantum connection of zero quantum torsion, and deal with it exclusively. 

gjggsj^j' 

5.4. Geometro-Stochastic Propagation in Klein-Gordon Quantum Bundles 

fr* ^ 1S section we shall formulate the GS propagation of local quantum states in the Klein- 
Gordon quantum bundle E, based on the parallel transport of those states, 


^ (T) = * r (4TU(0))*F x(0) , 


^(T) 6 F *(t) 


x(t)ey , t e [0,°°) , (4.1) 


|l|\ thatls Seemed by the Klein-Gordon quantum connection. It should be noted that all the 
| ^sequent considerations can be very easily transferred to arbitrary Klein-Gordon tensor 
g| - ^dles. In fact, this task will be implicitly carried out in Chapter 7, in the context of Klein- 
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Gordon^ ^ Klein .Q or( j on quantum connection, as well as for any other quantum con- ■:* 
nection in E, the propagator for parallel transport can be defined along any smooth curve y ^ 
- a < t < b) joining any two points x' = x(a) eMto x - x(b) e M, and with respect ^ 

to any choice of Poincare gauge. Its definition, A reaBB 

K/x\C;r,t')=(^y ) \^ x "- x ') 0 ^ ) ) • C’.C'6R 4 xv* . (4.2j* 

is totally analogous to the corresponding definition in (4.4.2) for Newton-Cartan quanf^^S 

connections.insertin ^ between the ope rator for parallel transport and the local state 
vector on the right-hand side of (4.1), and then taking (1.16) into consideration, it can |gg 

immediately deduced that 


= \K r {xW,M 0).O {CMC 


(43) 


where the integration can be carried out along any of the hypersurfaces described in Sec.; 
5.1, in the paragraph following equation (1.14). Furthermore, upon inserting t r (x , x 
tJx", x) tJx ,*9 into the right-hand side of the inner product in (4.2), and perfoirnmg a M 
similar integration at x ey.we arrive at the following relativistic counterpart of (4.4.5a). 


KJx", = K;(x\C'-X,C) 


(4.4) ' | 


= \K Y (x\C'-,xX)K Y (x^x\C)dm • 

Consequently, by iteration we can also obtain the relativistic counterpart of (4.4.5b). 

K y (x" 1 C";x',C')- f ( x n>Cn> x n-vCn-i ) 

' t— >+o J 

x YlK r (x n ,L;x n ~„C„-t) duo . m 




n—N-\ 
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The idea is now, in essence, to proceed by analogy with the i c f liuti ™ iffi 

propagation in Newton-Cartan quantum bundles, presented in Sec^A and to 
extrapolate this last result into a definition of GS propagation m the Klem-Gordon 
bundle E. Hence, pursuing that analogy, we surmise that GS P™P‘!8 a IO " ^“^ J 
place along broken paths consisting of arcs of timebke geodesics of the Le 
nection in M, and that along each such broken path, it should be earned out by the a *1 
transport in (4.1), which is governed by the Klein-Gordon quantum connection defiwftgpi 
the preceding section. However, at this point we encounter the first physicid d fferenc^ 
between the present relativistic situation, and its nonrelauvistic counterpart trea 
Chapter 4, which has fundamental geometric implications: whereas in Newton-Cart^ 
manif o lds we were able to foliate in (4.4.1) the base manifold in a unique manner, due to 
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the existence of a time metric ft that led to a global time parameter t which could play the 
role of absolute time, this is no longer 19 the case with the Lorentzian base manifold M of 
the present Klein-Gordon quantum bundles. 

’ On the other hand, there are good arguments 20 supporting the thesis that in CGR all 
the physically realistic classical models of spacetime must be described by globally 
hyperbolic manifolds M (cf. [M,W] or Sec. 11.1). Hence, although there is no absolute or 
preferred time parameter in CGR, any globally hyperbolic spacetime manifold can be 
viewed from a geometrodynamic perspective, namely as an evolution of 3-geometries 


S = {(Mf ) ,^ 3) )|t€lcR'} . 


(4.6) 


The above set S then describes a family of diffeomorphic 3-dimensional Riemannian mani¬ 
folds, whose metrics evolve smoothly in such a manner that, taken in conjunction, they 
give rise to the metric g of a Lorentzian manifold M (cf. Sec. 11.1 for further details). 

From a more traditional CGR point of view, the 3-geometries in (4.6) are obtained as 
foliations of an already given 4-dimensional classical spacetime manifold M, 


M ~ U, 


f el°' 


o, ={jt|(jc\jc 2 ,* 3 ) = x, x° =r} o Mj 3) 


(4.7) 


into diffeomorphic Cauchy surfaces, which we shall call reference surfaces, and which in 
general are maximal spacelike hypersurfaces in M. The coordinates in (4.6) emerge in a 
natural manner in the context of solving the initial-value problem in CGR (cf. Sec. 11.1; 
[M], Ch. 21; [W], Ch. 10) by the ADM method (Amowitt, Deser and Misner, 1962). As a 
result, t indeed can play the role of a “global time”. However, in CGR there is no single 
“global time”, but rather an infinity of “global times”, that correspond to an infinity of 
j physically as well as mathematically feasible and yet distinct foliations of the form (4.7). 

From a geometrodynamic perspective [M], a classical spacetime can be alternatively 
viewed as an equivalence class of geometrodynamic evolutions of the form (4.6), which 
provide maximal Cauchy developments (cf. Thm. 10.2.2 in [W]), in the sense that they 
cannot be isometrically embedded into some larger Lorentzian manifold, so as to become 
one of its proper subsets; the equivalence relation in this equivalence class can be defined 
by the requirement that two geometrodynamic evolutions are deemed equivalent if the 
I Lorentzian manifolds to which they give rise are isometric (cf. Kuchar, 1976, 1977). 
p.Mathematically, the coordinates in (4.7) can be obtained by following the integral 
■ curves of the vector field d t dual to dt [W]. These timelike integral curves can be opera- 
gtionally interpreted as representing the worldlines of classical point particles. However, 
generically a classical point particle that follows such a worldline might not be in free fall, 
" but rather it might have to be subjected to constant accelerations and decelerations to keep it 
on the prescribed worldline, which operationally require the imposition of some outside 
force field to maintain such a state of motion. On the other hand, we can always choose 
• foliations and coordinate systems that correspond to coherent flows of classical test 
particles, which are operationally defined to a large extent as in the nonrelativistic context of 
Newton-Cartan spacetimes, except that, because of the lack of a flat connection in a generic 
Lorentzian manifold M, we cannot mathematically or operationally define the meaning of a 
, 4-velocity field that is constant along an initial-data Cauchy surface G 0 . Hence, in the 



present CGR context, a coherent flow of classical test particles is operationally defined by 
locating a point test particle at each point in an initial-data Cauchy surface o 0 , imparting to 
these test particles a 4-velocity such that the resulting 4-velocity field is orthogonal to o 0 , 
and then allowing all these test particles to move in free fall along the geodesics of the Levi- 
Civita connection in the considered spacetime. In this manner we can operationally 
introduce synchronous (Gaussian normal) coordinates (cf. [M], p. 717; or [W], p. 42), by 
first covering an initial-data Cauchy surface a 0 with charts that assign to all x e (T 0 one or 
more sets x of coordinates, and then using the coherent flow whose flow lines are 
orthogonal to a 0 to assign corresponding coordinates to points x e c f for various choices: 
of t e R 1 , where t is the proper time of the classical test particles in that flow. The 
synchronous coordinates that result from this procedure provide a system of globally 
defined coordinates, that mathematically come closest 21 to the inertial Newton-Cartan 
coordinates defined in Sec. 4.4, and can be used as a basis in the comparison of GS 
propagation within the Klein-Gordon and Newton-Cartan bundles describing the same 
weak gravitational field from a relativistic and nonrelativistic perspective, respectively. 

In adapting the basic physical and mathematical features of the GS propagation from : 
Newton-Cartan to Klein-Gordon quantum bundles, we do not require, however, the 
adoption of any particular coordinate system. Rather, in defining free-fall GS propagation 
between two points x‘ and x" in the base manifold of a Klein-Gordon bundle E, we only ; 
require the foliation, provided by (4.6) and (4.7), of the segment in that base Lorentzian : 
manifold situated between two hypersurfaces oy and c t “ containing the points x' and x", 
respectively. With that foliation given, we can follow the pattern set in Sec. 4,4, by 
introducing hypersurfaces <, n = 0 , corresponding to t' = f 0 < < • • • < t N = tfjjL 

and then connecting pairs of points x nA and x n on two successive slices o t „and o in by 4 
the timelike geodesics of the Levi-Civita connection in M. 

However, at this point we encounter the second fundamental physical difference be¬ 
tween the present relativistic situation, and its geometrized nonrelativistic counterpart stud¬ 
ied in Chapter 4: the total absence of a light-cone structure in Newton-Cartan manifolds, as 
compared with its existence in Lorentzian manifolds. Thus, albeit in both the nonrelativis¬ 
tic and the relativistic regimes GS propagation is to take place along all possible timelike> 
geodesics of the respective Newton-Cartan and Lorentzian manifolds, in the former casej? 
the tangents X e T Xn M at any point x n e G tn cover the entire tangent space T Xn M (which is| 
isomorphic to R 4 ), except for the subspace of spacelike directions tangential to o tn (which! 
is isomorphic to R 3 , and therefore of lower dimensionality), whereas in the latter case they } 
cover only the interior of the light cone at x n ; hence, the subset of spacelike directions , 1 
which are inaccessible to any relativistically causal propagation, constitutes a submanifold 
of of the same dimensionality as T Xn M itself. .-§1 

The existence of the light-cone structure, in conjunction with the geodesic postulate, 
according to which free-fall relativistic propagation can take place only along timelike^ ' 
geodesics, has profound implications for free-fall GS propagation. . *| 

Indeed, in the nonrelativistic Newton-Cartan theories it is possible that any point x n+ i 
e G tnn can be reached by free-fall propagation from some given point x n e G tn , and con¬ 
versely, a point x n e cy, can receive contributions from all points x n - x e G, n l . That means 
that in a geometrically local nonrelativistic quantum theory, such as the one in Chapter 4, it 
is physically meaningful to insist on “conservation of probability”, since any quantum state 
represented by some local quantum state vector IF e F Xo , x 0 e o 0 , can propagate instanta-: 
ncously to all points along a hypersurface o fl which lies infinitesimally close into its (non- 
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relativistic, and therefore absolute) future. The fact that in Newton-Cartan spacetime mani¬ 
folds there is a flat connection, side-by-side with the Newton-Cartan connection, enabled 
u s to make, in Sec. 4.4, the transition from GS propagation to a time-evolution governed 
by a Schrodmger equation, with a potential that incorporated a Newtonian gravitational po¬ 
tential. In that manner the global unitarity of that evolution was ensured. Hence, once a 
local quantum state had propagated all along < 7 tl , so that the quantum object in that state 
could be detected, with total probability one, anywhere along a,,, then the probability of 
4 detecting it anywhere along a, 2 at a later instant t 2 remained one. Thus, the global proba- 
k'bility of detection anywhere in space was conserved, in accordance with the conventional 
H interpretation of the QM concept of “conservation of probability”. 

On the other hand, in the present general relativistic regime, a local quantum state 
■ vector IF e F* 0 , x 0 e a 0 , can propagate in a strictly causal manner (cf. Sec. 5.7) only to 
I those points along a hypersurface a,, which lie within the chronological future 22 7 + (x 0 ), 
;T: i.e., only to the points x L e <7 fl n/ + (* 0 ); from each x, e <s h nl + (x 0 ) it can then propagate 
||;bnly to points x 2 e etc. Hence, GS propagation that is strictly causal can reach 

only points which lie within the chronological future / + (x 0 ) of the initial base point x 0 . 
IgCqnsequently, for such strictly causal relativistic GS propagation the concept of 
•^“conservation of probability”, in the sense of the conservation of global probability of 
^ detection anywhere in “space”, is not physically meaningful, since not all points along any 
of the hypersurfaces in that foliation are accessible to propagation of a locally prepared state 
Mof an object (cf. also the discussion in Sec. 7.3). In fact, this last remark applies equally 
| weh to the process of observation and detection by any physically realizable family of local 
^ observers , since it would literally take an (uncountable) infinity of such “observers” to 
y monitor all the points along the hypersurfaces of any one of the foliations in ( 4 . 7 ). 
^Furthermore, even if we allow for the existence, in principle, of such a family of 
| “observers”, the outcomes of their “detection” activities would still be inconclusive from 
the point of view of global probability conservation. Indeed, on one hand, according to 
general relativistic principles, there does not exist the possibility of instantaneous exchange 
|'Of information between them; on the other hand, in a curved spacetime it is impossible to 
repetitions of preparatory and observational procedures under the identical global 
^jonditions . However, the possibility of such (systematically unbiased) repetitions is utterly 
^ essential to the concept of the statistical interpretation of conventional quantum mechanics. 

1S in ^ 1S ^ ast respect that the quantum mechanical general relativistic regime is 
- e rcnt, at the deepest epistemological level, not only from the nonrelativistic regime, but 
jaJso from the special relativistic regime. Indeed, in the special relativistic regime, the 
g^tmeture of spacetime is fixed by the adopted geometry of Minkowski space, which is not 
£pnly globally homogeneous and isotropic [W], but also translationally invariant. Hence, 
-any physical phenomenon that can be produced and observed in a finite region in 
ggjinkowski space, can be faithfully reproduced and observed under spatio-temporally 
y Klentical conditions in any other region which can be obtained by spacetime translation 
p firSt region- possibility, however, is completely lacking in curved spacetime, 
jgerefore, whereas it made sense t0 transfer fee SQM concept of globally extended test 
- Spdies from the nonrelativistic regime of Sec. 3.2, to the relativistic regime of Sec. 3.4, 
ptnat concept becomes physically meaningless in the general relativistic context 23 . In fact, 
; any special relativistic physical concept that is based on global probabilistic notions (in the 
gense that it involves probability measures over spacelike hyperplanes, or more generally, 
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over maximal spacelike hypersurfaces in Minkowski space) is bound to lead to paradoxes* J § 
SSL in its original form to Cauchy surfaces in curved classical spacetunes | 
Sted dose epistemological analysis often reveals that during the transferal process such | J 
a concept might have actually lost its physical meaning 25 . . 

The following definition of the geometro-stochastic propagator in a Klein-GordonJ | 
quantum bundle, from the base location x'eMto some future base location x el U ) m |6 
the base Lorentzian manifold M, ' .-|f| J? 

K(x"£"\x £') = lim \k(x Nj C n ;x n ^Xn-i) , ^ 

£->+0 J 

X ]^d<j(.X n ) d£( £„ ) ^ ( x n »*«-l»Cn-1) » 
n=N -1 ' | 

bypasses these difficulties by, first of all, carrying out an ayeraging procedure only | 

relativistically causal broken geodetic paths (ie., paths consisting ofsegmems of * 

directed timelike geodesics), prior to taking the limit £= max( t n -t n .d -»+ 0 , conseq * 

the integration in x n is carried out in (4.8) not over the entire hypersurface a, butrath^ g 
only over G^nZ^-On/-(*")• Second, but equally essential, in (4.8) 
denotes the propagator ( 4 . 2 ) for parallel transport along the timelike geodesic y<z n -M |l 
connecting the pofnts xl and on the two consecutive slices and a*. renormahz|| 

by division with the area of Ot n r\I + (x n . x )r\I (x ). . , 

This renormalization of the propagator for local parallel transport replaces f 

function in (4.4.7). Indeed, in weak gravitational fields we can introduce in the differential^ 

manifold M the linearized theory of gravity as abridge I 

Newtonian or Newton-Cartan theory (cf. [M], Sec. 18.1; or fW), Sec. 4.4). In that 
similarly to the situation in the Newton-Cartan theory, the linearized theory supplies a j 

connection, which is present side-by-side with the Levi-Gvtta counecuon mM, asw*U» § 
a Minkowski metric with which that flat connection is compatible. Thus there are.^ . 
preferential foliations of M into hypcrplanes with respect to that.coexistii"S “mtowski g 
metric, for which we can carry out an identification of the tangent sp x „( <„) ; 

given e o, with o,„ itself. Consequently, after such an identification has been tarn^djHj j 
out? the roles of the integration in e o,„ and * * ») can be interchanged^m vi^ J 

of the deDendence of the propagators on only the difference in the Minkowski coordinates. J 
of g o ( „ and of q n g 7 *(o fa ). 'lbe resulting integration in q n takes place effectively ov I 

the surface G^n/^Jn/and on account of the continuity properties of SQMgg 

propagators, division by the area of o,„ n/ + (x«.,)n/-(x") produces in the hunt 
max(f»-l„. l ) -> +0 the effect of a 5 -function at what was the point of contact between ggg j 

and Tr (G/) prior to their identification. . 

When an external gravitational field is absent in M parallel transport ^ as |jj 
as in the Klein-Gordon quantum bundle E, becomes path independent. Consequently, ftgjj 
performance in equation (4.8) of the integrations in dZ(Q at fixed choices of x„ 

1 ,n- 1, merely reproduces the formula (4.5), but with a renormalization constant on ^ 

right-hand side, and for a piecewise smooth rather than for a smooth curv . ^ gS 
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renormalization constant gets cancelled, however, upon performing the integrations with 
respect to all the surface measures do(x n ). 

This means that, in the special relativistic regime, and upon adopting sections s of the 
Poincare frame bundle PM which represent global Lorentz frames (cf. Sec. 2.3), the 
present concept of GS propagation faithfully reproduces, within the chronological future of 
each point in M, the probability amplitudes of the relativistic SQM propagators. Indeed, in 
such Poincare gauges, the identification (2.3.12) between 5 and a global Lorentz frame L 
can be carried out, and it leads to an identification of all the fibres F* with the typical fibre 
'jr “so that the SQM framework of Sec. 3.4 is recovered. 

5.5, The Physical Interpretation of the GS Klein-Gordon Framework 

The agreement between the SQM approach and the special relativistic regime of the GS 
approach to quantum propagation is essential in endowing both these mathematical 
frameworks with a consistent physical interpretation. This point becomes very clear when 
we compare the situation in the relativistic regime with that in the nonrelativistic regime. 

Indeed, as we have seen in Sec. 3.1, in the nonrelativistic quantum regime there is a 
theory of sharp point particle localization, which can be deemed to be physically, consistent 
if we accept all the basic physical premises of nonrelativistic physics. Therefore, on 
account of the marginality properties in (3.2.17), in the nonrelativistic SQM approach the 
q-variables could be consistently interpreted as representing inertial Galilei stochastic 
coordinates, which marked the mean position of the stochastic values in (3.2.21), whereas 
the (x, 0 -variables could be interpreted as coordinates marking the points of a classical 
Newtonian spacetime. In that context, an operationally deterministic interpretation could be 
assigned to the (x,r)-variables by means of coherent flows of classical test particles, for 
which t played the role of absolute time variable. 

In the quantum special relativistic regime these possibilities are lacking for two fun¬ 
damental reasons: 1) Hegerfeldt’s (1974) theorem precludes the possibility of a theory of 
i sharp point particle localization, which is physically consistent with the basic physical 
premises of relativistic physics, so that there is no counterpart of (3.2.17); 2) the lack of a 
frame independent concept of simultaneity prohibits the assignment of a special status to the 

■ time variable, so that there cannot be a physically consistent counterpart of the stochastic 
R value in (3.2.21) for position measurements, in which the time variable does not appear. In 

.this last respect, even if there were such stochastic values in a given global Lorentz frame, 
in the transition to a boosted global Lorentz frame the space stochastic fluctuations would 
become spacetime stochastic fluctuations, in a manner in which'the space and time degrees 
|pf freedom would be inseparably intertwined. Thus, in the relativistic SQM framework, 
^neither the q-variables nor the (x, 0 -variables can play, in a physically consistent manner, 

. the role which they played in the nonrelativistic SQM framework of Sec. 3.2. 

|g- On the other hand, we observe that in the present GS approach the roles of the (x,0- 

■ ■ variables and of the ^‘-variables are physically and mathematically quite different than they 
/■ were in Sec. 3.2: the (x,0-variables have lost their direct physical significance as opera¬ 
tionally defined coordinates, and are merely abstract mathematical coordinates, with t 

: merely labelling the 3-geometries of a geometrodynamic evolution depicted in (4.6), or the 
•kypersurfaces in a foliation depicted in (4.7), and with x labelling points x in these 3-di- 
mensional manifolds, in the purely mathematical sense of being assigned to each x g g< by 





charts (cf. Sec. 2.1); the ^'-variables are internal Poincard gauge variables, related to a 
choice of section of the Poincare bundle PM, so that they no longer label points on hyper¬ 
surfaces ct, in the base manifold M, but rather points in the tangent space at various x e o,. 
It is only via the exponential map, determined by the Levi-Civita connection in M, that the 
values which these gauge variables assume can be uniquely mapped into Riemann normal 
coordinates [M] of points in certain neighborhoods 9b of a base location x e M, in a man¬ 
ner which approximately preserves the spatio-temporal metric relationships between suffi¬ 
ciently small neighborhoods 9b , and corresponding neighborhoods of the point of contact 
between the tangent space T X M and M, in the following sense (cf. [M], §11.6): if l eR 1 
denotes the maximum linear dimension of a neighborhood 9b , and R the maximum curva¬ 
ture radius within it (cf. Sec. 2.7), then the aforementioned spatio-temporal relationships 
are preserved up to terms of the second order in l/R in the Taylor expansion of the Lorent- 
zian metric at x . _ 

By using the exponential map on points in labelled by the ^‘-variables, we can 
introduce the relative probability densities 26 


p“(exp x q,v) = <*£ fli>6) (<?,P) 


u = (a,e t ) e n~‘(x) , 


q = a+q^i gT x M , v e V + c R 4 , 0 = (1,0,0,0) e R 4 , (5.1b) 

and thus provide quantitative measures for the geometro-stochastic fluctuations of the quan-: 
turn metric G in (2.9) in the aforementioned neighborhoods 9b • These GS quantum 
metric fluctuations at each base location teM reflect the fact that the points of a Kleim; 
Gordon quantum bundle are not the points of a finite-dimensional classical spacetime 
manifold, but rather those of an infinite-dimensional quantum spacetime manifold, which 
incorporates directly in its geometry quantum degrees of freedom, in addition to those 
degrees of freedom which are present also in classical spacetimes. These local GS metric 
fluctuations should be therefore distinguished from the quantum fluctuations around glob-; 
ally computed mean values of wave functions, which are present in all quantum theories. || 
The presence in the GS framework of this nonlocal type of quantum fluctuations 
emerges when we follow the propagation of a local state vector f^( 0 )»front a base location 
*(0) e o 0 to hypersurfaces <7, in its future, which is governed by the GS propagator in 
(4.8). The coordinate wave functions 


^(,)(0 = J *(x(f), C;*(0),O % <0) (OdZ(O 


(5.2) f 


then give rise to GS wave functions { ¥**(/) !*(0 e G,n/ + (x(0))}. More generally, any. 
physically feasible distribution { l F*( 0 ) | x(t) e o 0 }, obtained by the superposition principle 
from GS wave functions on any chosen initial-data hypersurface a 0 , will give rise to GS 
wave packets { 'Bx(t) I x(t) e o r } for t > 0. 

By the extrapolation of the treatment of Newton-Cartan quantum bundles, the values 
which a GS wave function { \ x(t) s o,n/ + (x(0))} assumes at the points of contact, 


¥ (x(t\v)=l0< x m% 


ax(t)) = (-a i (x(t)),v i ) , 
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are to be interpreted as relative probability amplitudes. Thus 


L| Y(x,vf dl(x,v) , 


Sell V* c 7M , 


represents the conditional probability that, if a local state ^ (0) of a quantum object of rest 
mass m and zero spin were prepared at*(0) e o 0 , then that quantum object would be found 
v- by measurements of stochastic position and momentum, performed along o t with test 
-bodies which are GS excitons of rest mass 27 m and proper state vectors t ], to be located 
within the Borel subset B in general relativistic stochastic phase space, 
i.. We note that in the present GS regime we can, in principle, distinguish operationally 
between quantum fluctuations related to the spread-out nature of GS wave functions, and 
local GS metric fluctuations: the former are restricted to the chronological future I + (x ) of a 
base point x where a preparatory measurement procedure has been carried out, whereas the 
latter can display contributions outside the causal future J + (x), since they are related to 
fundamental uncertainties in the metric relationships of a quantum spacetime, and are 
directly related to the fundamental length that enters the quantum spacetime form factor/ 

It is important, as well as instructive, to examine the above physical interpretations 
for the special case of Klein-Gordon quantum frames corresponding to spin zero GS exci¬ 
tons of rest mass m , whose proper state vectors are the ground states of Born's (1938, 
1949) quantum metric operator. Their explicit mathematical forms can be derived for the 
fundamental quantum spacetime form factor (cf. Sec. 12.5 for a discussion of its signifi¬ 
cance, as well as of the physical reasons and justification for such a choice) 


ft(u-v) = exp(~£u-v) , 


i > o 


by adapting the expressions in (3.6.27)-(3.6.28) to the 4-velocity dependent measure in 
(1.10). This leads to the following renormalization factors: 

z t,m = (4J<fv|/,(i; 0 )| 2 ) 1/2 = (8 jv 4 K 2 ) l/z . ( 5>6) 

The corresponding standard quantum frame elements, 

5- = Z /J u0>o exp{[i(4 -q')- ^(u'+u)]• u] dQ(u) , (5.7) 

can be therefore computed as in (3.6.28). We thus obtain the following explicit formula for 
standard ground-exciton Klein-Gordon quantum frames: 

It 271 Kl (^- g+ mm+ ^) 


z t 4<q + i?v (q + iiv). 


|| Q=q-q', v=v + v\ q,q'<E R 4 , v,v'e V + . 

These quantum frames are the relativistic counterparts of those in (4.4.21). 


Chapters 


Klein-Gordon Geometries 


For the choice of fundamental quantum spacetime form factor given in (5.5), the||jjjl 
integration in (1.14) can be easily carried out, with the following result: . |gjjj| 


Z lm = K 2 (2^)/mKj(2f) = (2m)" 1 dln[</K,(2GJ/^ . 


(5.9) ' 


It is interesting to note the behavior of both renormalization constants in the sharp- 
point limit: >.d||l f 

Z iim =(e 3 nf/4K‘ i T m +0(t U2 ) ■ +°° * (5 * 10a ) V; 

z 0n = (tm)-' + 0 ( 1 )-—> +~ • ( 5 mmm 


Thus we see that upon performing “infinite renormalizations” to (5.7), in the special 
relativistic regime the GS propagator will merge into the free Feynman propagator for s J n§jgj 
zero particles - with the antiparticle contribution coming from the backward 4-veloci^ ^g 
hyperboloid (cf. Chapter 7). 

*5.6. GS Propagation in Klein-Gordon Bundles and Quantum Diffusions JgS 

The concept of GS propagation in Klein-Gordon quantum bundles, formulated in Sec. 5. ||lii 
relied on the equivalence principle to provide the guidance needed in making the transitto||||| 
from the special relativistic regime treated in Sec. 3.4 to the present general relativistic ^ 
regime. However, the equivalence principle cannot generally guarantee the uniqueness of 
this transition (Friedman, 1983, pp. 200-204). It is, therefore, worthwhile to investigate 
alternative formulations of the concept of GS propagation, which are capable of proyi^™ 
useful mathematical techniques as well as additional insights into this concept Thereftm^g 
in this section we shall investigate the possibility of using the Ito-Dynkin method m th§jjj 

formulation of GS propagation. . _ . , . , "-Mmm 

The concept of GS propagation formulated in Sec. 5.4 emphasized the geometnCj||| 
aspect, whereas the stochastic aspect was manifested primarily by the random rcian neEjjgf g g 
which all possible broken causal paths were chosen for the parallel transports wtagpjlj 
superpositions gave rise to a GS propagator between two base locations This procedure's . j 
strongly reminiscent of the Ito-Dynkin treatment of stochastic parallel transport, that jjj 
subsequently inspired the development of stochastic diff^tial gemnetty metho^ 
(Daletskii, 1983; Belopolskaya and Dalecky, 1990). Indeed, at first Ito (1962) formu atea^jj 
the concept of Brownian motion in curved Riemannian manifolds, and used it to detin 
stochastic parallel transport in certain tensor bundles over such manifolds. IIoweve£g| 
subsequently Dynkin (1968), as well as Ito (1975) himself, showed that no 
was required for such a formulation, and that a concept of stochastic parallel transport^ 
could be defined, by means of stochastic equations, in tensor bundles over any finUc- gj 
dimensional manifold M with a connection. Furthermore, they also showed that sachgg 
parallel transport can be alternatively formulated as a limit-m-probability of ordinary parallel 
transports that took place along broken paths consisting of geodesic arcs. , 

The formal analogy between the Ito-Dynkin procedure and the one under > g ^ 
definition of the GS propagator in (4.8) is unmistakable, but there arc also esseno^... 


Wi differences. First of all, the Ito-Dynkin procedure requires an external universal time 
pj- parameter t that assumes values within the interval R + =[0,+<~), and which, therefore, is not 
fg§ incorporated into the geometric structure of the manifold M itself. Hence, no notion of 
W- relativistic causality can be directly incorporated into their framework. Second, the Ito- 
m pynkin procedure deals with a well-defined probability measure over all continuous paths 
zM jn the manifold M, which is derived from the Wiener measure in the typical fibre of the 
Hf tangent bundle 7M, and which is therefore not ordinarily present in the quantum regime. 
|||-; Nevertheless, the existence of deeper roots for the formal analogy between GS 
^propagation and diffusion processes in curved manifolds is suggested by the Feynman 
; (1950) treatment of path integrals for the Klein-Gordon equation by means of a 
^Schrodinger equation with a fictitious-time parameter, by the Parisi-Wu (1981) stochastic 
v quantization method (Rivers, 1987; Damgaard and Hiiffel, 1987), which uses a fictitious- 
time parameter related to “white noise” sources, and by the fundamental role which Wiener 
processes play in Euclidean quantum field theory 28 (Glimm and Jaffe, 1987). We shall, 

:; therefore, base our present investigation of the possibility of a diffusion-based formulation 
of GS propagation on the introduction of an auxiliary parameter t related to diffusion 
Jj processes in the base manifold M of the Klein-Gordon quantum bundle E. 
jjjf We begin by observing that the derivation of the irreducible systems of covariance in 
i|(3-4.14) was based on Hilbert spaces of positive-energy solutions (3.4.2) of the Klein- 
| 7 Gordon equations in (3.4.3). Those equations can be, however, extracted also from the 
' following heat equations, 

(a, + id'd°)Mq„v) = 0 , ?„ e R*. d„ = d/d q ; = -d\ a = 1,2,3.4 . (6.1) 

by considering solutions in t s R + =[0,+°°) for which there are analytic continuations to 
pure imaginary values it , t £ 0, of %, and for the 4-th component of q u , so that 29 

jji <Pm(4u’<lo>v) = J Q + exp(-im 2 f/2) f, t (S\ 0 Aql,v)dt , tfeR\ (6.2) 

g!p well-defined. Such analytic continuations are routinely employed in the transition from 
the Euclidean to the Minkowski regime in quantum theory (cf. [I], Sec. 3-1-5; [ST], 
Chapter 9; Rivers, 1987, Chapter 6). Thus, by such standard techniques, we arrive at 
^ solutions of the following Klein-Gordon equations, 

jjjf [d^+m 2 )(p m (q u ,v) = 0, d^djdq* = 7]^ , jU,v = 0,l,2,3 . (6.3) 

'Ihese solutions are the analytic continuations of the solutions of the heat equation in 
(6.1) that are subjected to a subsidiary condition involving the rest mass m in such a 
manner that m 2 / 2 plays the role of eigenvalue for a formal “proper time operator” id, : 


(~ id t + T d ad a )fu, m Ul v ,u) = 0 , 




After these solutions of the Klein-Gordon equation in (6.3) are obtained, they can be cast 
into equivalence classes, modulo Lorcntz boosts A u to 4-vclocities V , by setting: 




<p m (A v q,v) = <p m (q,v) , 


Vq = q 5 eR + xR 3 , 


VugV + cR 4 . ( 6 .< 

We can now reinterpret the diffusion equation for v = (1,0,0,0) e R 4 in (6.1) as a 
Fokker-Planck equation 30 for Brownian motion in R 4 of a “phlogiston” - to borrow 
terminology employed by Rivers (1987). Its solutions for initial conditions f 0 (q) at t = q 
that are continuous and Lebesgue-integrable in R 4 can be then expressed in the form | 

fr(q?v) = E Q,qUMx,s)^-~ J r4 Mq'MwAqld'q' , v = (1,0,0,0) , (£6) 

where p denotes the transition density of a Wiener process in R 4 (Arnold, 1974): 

p(z,q-T',q') = r))- 2 txp[-\q- q f far- t')] , (6.7a 

T > T'e R 1 , q,q'e R 4 , \q-qf = 'Zljq* ~ q' a f . (6.7b 

Similarly, in accordance with (6.5), for each v e V + we can interpret 

/ T (^,u) = £ 0j9 [/ 0 (^ r .„)]:= j R< f o (q’,v)p(t, qu ;0,q')d*q' , . (6.8a) 

Mq\o)^f 0 (Ajq’,v) , v =A u v e V* c R 4 , (6.8b)Jg§ 

also as a Wiener process that runs with respect to the global Lorentz frame 


{er = ^A|a = 4.1,2.3} , ef = v , 

e A =v = (1,0,0,0), = (0,1,0,0), e 2 « (0,0,1,0), e 3 = (0,0,0,1) 


which is viewed, however, as an orthonormal frame with respect to a Euclidean metric in 
R 4 , so that the formula (6.7) still applies, with the q - components replaced by the q v -1 ^ 
components with respect to these frames. .. i||| 

We have thus associated with the family of all global Lorentz frames in (6.9) a famlij # 
{q%v I v <= F + } of Wiener processes q TJ0 for “phlogistons”, all running simultaneously in 
R 4 and satisfying at % = 0 initial conditions that are interrelated by (6.8b). Of course, these » 
interrelationships do not remain true for t> 0, since this family of Wiener processes is 
obviously left invariant by the group SO(4), rather then by SO 0 (3,l). This indicates that § 
should be viewed as being related to the internal “proper time” of “phlogistons” with reKygg 
spect to the v -dependent frame in (6.9a), rather than to the externally observable 
Minkowski time measured with respect to the global frame in (6.9b). 

This externally observable Minkowski time coordinate with respect to the frames in 
(6.9b), which are interpreted as global Lorentz frames in Minkowski space, is the one 
denoted by q°, and it is introduced in (6.2) by performing in (6.7) and (6.8) analytic 
continuation to pure imaginary values of cf= iq°. Indeed, such a procedure results in the||Bj| 
analytically continued Lorentz covariant families of functions ffll 
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J; fu(q>v) = 4 9 J/o0fo.„)] » t,q° g R + , (6.io) 

which are the SQM counterparts of the functions containing a fictitious-time parameter in 
the Feynman (1950) path integral approach to the propagation of Klein-Gordon particles. 
However, the expectation values in (6.10), and their subsequent counterparts incorporating 
connection-dependent terms, represent the outcome of mathematically well-defined 
functional integrations, which can be performed by the Ito method (Arnold, 1974), or in 
accordance with the procedure for computing Feynman-Kac integrals for quantum propa¬ 
gators (Kac, 1959; Glimm and Jaffe, 1987), rather than by Feynman's (1948) purely 
formal method of path integration. 

•8 11116 ^sition from the SQM special relativistic regime, in which wave functions are 
represented by the elements »£of the typical fibre F of the considered Klein-Gordon 
quantum bundle E, to the Euclidean regime in which the Wiener processes of (6.6)-(6.9) 
operate, can be effected in an unambiguous manner for those quantum spacetime form 
factors / for which the off-velocity shell extensions in (2.23) are well-defined - such as is 
the case with aU those derived (Brooke and Prugovecki, 1984) from Born's quantum 
metric operator. Indeed, in that case the auxiliary wave functions 

f'fa u) = Z-}, m £_^dm J r , exp \-iq- £] /(I - l(v - k/mf)nk/m) d\/ik‘ ,(6.11) 

resulting from analytic extensions to the following ^-values, 


r. k k) , A 4 =Vk 2 + m 2 , keR 3 , (6.12) 

and integrations over mass-values from a fixed small interval around the considered rest 
mass value m, are well-defined for the dense set of vectors in the linear span of the 
coherent states constituting the quantum frame {& ( } in F that is associated with the 
canonical frame in (6.9b). We shall denote by F # the linear space of the corresponding 
Euclidean wave functions specified by the following four-dimensional Fourier transforms, 

fo(q»,v) = -iZ^ m jcxp[iq v .k]f(l-^(v-k/m) 2 )nk/m)d 4 k , (6.13) 


in which the integration extends over the volume in R 4 covered by the mass hyperboloids 
over which the integration in (6.11) is performed. Hence these Euclidean wave functions 
ge the analytic extensions of the ones in (6.11) to pure imaginary values of tf , so that 


/o($,>u)= ¥(q,v) 


f 0 e¥ s 


q^-iq 0 * R + , 


in view of the fact that the inner product in (6.13) is Euclidean. Given now an initial 
uclidean wave function in (6.14), the construction based on (6.6)-(6.9) leads to a 
WaVe fonctl0n which can be related to that initial wave function in 

means of ( 6 - 2 )> or > alternatively, by the following direct-integral decomposition: 
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/K f 0 A » 

*P, = | + ‘P, , 

“ Jr + it,m 2 


% . 2 (<7,u) = exp(-im 2 f/2) ^fou) 

it,m 


This follows easily from the observation that, in accordance with (6.6), 

f r (q u ,v)^-iZf\jcxp[iq v -k-k 2 ^/2]f(l-^(v-k/m) 2 )^(k/Th)d 4 k . (6.16) ^ 

Wm 

We see that in the special relativistic regime it makes no difference which one of the 
Wiener processes q T>v is used, since they all eventually lead to the same quantum propaga¬ 
tion in Minkowski space despite the fact that these diffusion processes display SO(4| 
invariance, rather than SO(3,l) invariance. Naturally, the key to recovering relativistic 
invariance lies in the choice of initial conditions, which belong to Hilbert spaces that carry :;: 
relativistic systems of covariance (cf. Sec. 3.4), and to the analytic continuation method, 
which converts Euclidean into Minkowski metric relationships for wave functions in R 4 . .pf 
We can now extend these considerations to a curved Lorentzian manifold by using 
the Ito-Dynkin method. The most straightforward way to adapt this method to the presents 
situation is to transfer the Brownian motions from R 4 to the Lorentzian manifold M, by¬ 
using the vierbein fields described in Sec. 2.3, and by setting up for an atlas of coordinate 
charts (cf. Sec. 2.1) the stochastic differential equations 

, ir = x:„w. ( 617 a) 

« 4 w=vwi,, vm=w.‘vw ■ <.•* ■ < 6 -ni>> 

The solutions of the above equations obviously describe interrelated diffusion processes i| 
M. In fact, if we view the basic diffusion process 

dtc^c-r) = . *'«>) = *' , (6.1&* 

as being related to a section s of the Poincare frame bundle PM, whose elements are 

r , , 
s(x) = ^atx),e i ( < x))\e i (x) = X i \x)d^ , i = 0,1,2,3| , xeM 4 , (6.18b 


then, for each v e V + , the process x? p can be viewed as being related to the section Jjg 

**•><*) - {(*x),«?'>(*))|«? , »<Jt) = H/CW'H . i = 0 . 1 . 2 , 3 } . ( 6 - 19 ) j 

These diffusion processes give rise to a stochastic parallel transport that is compatible! 
with the Lorentzian metric in M if we choose the connection coefficients in (6.17a) aimj 
(6.18a) to be those of a connection compatible with that metric - in particular, if we sejy 
them equal to the Christoffel symbols for the Levi-Civita connection (cf. (2.7.4)), as 
shall do in the sequel. Indeed, according to the Ito-Dynkin method, such a stochastic.: 
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parallel transport can be obtained from the deterministic parallel transport, defined in Secs. 
2 . 4 - 2 .6, as follows: all stochastic paths are first approximated with piecewise smooth 
curves y which are constructed from geodesic arcs y(^(T n ^)^c(r n )) of the (in the present 
case) Levi-Civita connection in the Lorentz manifold M, then the geometric type of parallel 
^transport is carried out along all these curves y, and, in the end, a limit-in-probability with 
respc ct to the probability measure of a diffusion process defined by (6.17) is shown to 
; exist as £ =max(T„-T„. 1 ) —> +0 . Thus, the stochastic aspect of the definition manifests 
itself only in taking this last limit. The central role of the diffusion process is to enable the 
■^extension of the geometric concept of parallel transport, which requires curves that are 
piecewise smooth (namely continuous, and consisting of a finite number of sections which 
are C'-smooth, at the very least), to paths which are continuous, but do not possess a 
tangent at any of their points. It is this latter type of paths that particles in all diffusion 
. processes, for which Brownian motion is the prototype, follow with a probability equal to 
one, (Arnold, 1974) - so that there is a zero probability for their following a smooth path. 
On the other hand, it is rather obvious that the stochastic parallel transport based on 

■ (617) and (6.18) is devoid of all direct physical meaning in the relativistic context. Indeed, 
!in the original papers by ltd (1962, 1975) and Dynkin (1968), the parameter t opera¬ 
tionally played the physical role of an external time variable, and the stochastic propagation 
proceeded indiscriminately in all possible directions of the manifold M, which in general 
was not required to possess any kind of metric. However, in the context of (6.16), (6.17) 
and (6.18), t is an abstract parameter - and by referring to it by any such popular labels as 

S 1 “fictitious time”, ‘‘intrinsic time”, “parameter time”, or “historical time” for “phlogistons”, 
we obviously cannot endow it with actual physical meaning. We shall therefore view the 
above Ito-Dynkin method as merely providing the first step in the construction of solutions 
f of the general relativistic Klein-Gordon equation in E, 

(« MV V„V v + m 2 )«P mt =0 , V„=V Jm . = . (6.20) 

Ilf!;; 

g; The next step in this construction is to build, for each choice of section s of the 
f Poincare frame bundle PM, an auxiliary Euclidean quantum bundle E s = P(M*,G) Xq F s . 
. This auxiliary bundle is associated with the principal subbundle P(M S ,G) of LM, which 
HJias as structure group G the group SO(3), regarded as a subgroup of SO 0 (3,l) that leaves 
| invariant the timelike elements of the tetrads in (6.18b). Its standard fibre F s is a Hilbert 
space equal to the completion of the earlier described space F° of Euclidean wave functions 
?in (6.13) with respect to the inner product of the momentum space counterparts of those 
JEuclidean wave functions, i.e., F° is identifiable with the Hilbert space L 2 (Q(Pk), where 
112 is the region in R 4 over which the ^-integration is carried out in (6.13). Consequently, 
I the typical fibre F of E can be embedded in F s , on the basis of (6.13)-(6.14). On the other 
p hand, due to the constitution of F s , we can allow the elements of this Euclidean bundle E s 
§§& propagate in accordance with Ito-Dynkin (1962, 1968) types of stochastic equations. 

■ Thus, we set up in the typical fibre F s the following stochastic differential equations 31 , 


for Euclidean state vector coordinate functions, where 


(6.21a) 
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r„=^-V, = OJ,Pj,,-i&jt&JM? , If = XLiW• (6.21b) 

with n obtained by inserting X = ^ in (2.19). We note that the action of the operators |g| 
on parallel transports of Euclidean state vectors with the wave function coordinates in 
(6.14), carried out along piecewise smooth curves y constructed from geodesic arcs, is 
well-defined if we start at a given x from initial conditions e F* that are in their 
domain. Hence, by the Ito-Dynkin method we can construct the operators 

T.Jx(r).x) ■ F‘ -4 Ff,_. . < 6 - 2 2> ? 


for stochastic parallel transport from x to x(t ) along the stochastic paths y resulting fron|||g 
(6.18). Thus, for any initially prescribed field that has support within 3S 

M s , the GS Euclidean wave functions defined by the expectation values 

' ( 6 - 23 S|j 

can be computed by performing Ito types of integration (Arnold, 1974) over all the : 
stochastic paths joining x and x(t ) which lie within M*. Furthermore, by using the same 
line of argument as in (Dynkin, 1968), we easily establish that these GS Euclidean wayejil 
functions satisfy a heat equation in the base manifold M s of the bundle E 1 : 




*r=Xl =1 v% 


(6.24) - 


We observe that, up to this point, the above procedure is only ISO(3), rather tKm| 
ISO 0 (3,l), gauge invariant. This is witnessed also by the presence of the Riemannian; 
metric in (6.17), which also reflects an underlying ISO(4) gauge invariance. 

To recover Poincare gauge invariance, the transition to the relativistic regime is first 
carried out by analytic continuations which are the reversals of the earlier described ones, 
that effected the transition from the Minkowski to the Euclidean regime. Hence, these 
analytic continuations take us from the real and positive values of t and < 7 4 to the 
corresponding pure imaginary values it and iq°, and are also extended via the vierbein 
fields to the Lorentzian metric in M s , so that (6.24) transcends into a general-relativistic 
counterpart of the Stueckelberg (1941) equation: 


A t , x = \g^^ v % 


■n®VV 


We then impose in the auxiliary Euclidean quantum bundle E 5 the same subsidia 
conditions as in (6.4). This is tantamount to executing in a smooth manner across all; 
fibres direct integral decompositions similar to those in (6.15), 


Jr + ,x,m‘ 


dm 2 , 



„ 2 = exp(-/m z f/2) *P* 2 , 


fClein-Gordon Geometries 


| s0 that (6.23), in combination with (6.24), yields the general-relativistic Klein-Gordon 

| equation in (6.20). 

't--' In the next chapter we shall have to require that a global section s of LM exists, in 
c f§ order to secure the existence on M of a spin structure for the formulation of quantum 
fermion fields. Hence, under those circumstances the recovery of Poincare covariance can 
H! be carried out globally on M. 

§k In this manner we have arrived at a formulation of the propagation of GS excitons in 
gi terms of a stochastic parallel transport of the Ito-Dynkin type, which is based on diffusion 
-'““-'•'processes. Hence, such propagation indeed deserves the name 32 of “quantum diffusion”, 
eft However, although solutions of the Klein-Gordon equations (6.20) are thus obtained, and 
J\\ a Poincare covariant mode of propagation results, this construction obviously does not 
E • incorporate relativistic causality in a form that is acceptable in CGR (cf. [W], Ch. 8 ), since 
the propagation proceeds along all possible stochastic paths, and it therefore does not 
fjgl totally preclude tachyonic behavior. This is a feature which the present procedure shares 
JE with all the other treatments of quantum propagation based on stochastic procedures in the 
Euclidean regime, that were mentioned at the beginning of this section. It therefore war- 
Sf rants closer scrutiny and discussion - which we shall provide in the next section. 


5.7. Relativistic Causality and Quantum Stochasticity 

Ip The concept of quantum stochasticity, which underlies the formulation of GS propagation 
in Sec. 5.4 as well as in Sec. 5.6, is at the epistemological level very different from the 
\ concept of classical stochasticity that underlies Wiener as well as other classical diffusion 
. processes, despite many existing mathematical analogies. Indeed, classical stochasticity is 
||! based on the conception that each single classical particle in a large ensemble of identical 
^ particles follows a single stochastic path, so that the probability measures, such as Wiener 
measures, which one associates with families of stochastic paths, merely reflect the ob¬ 
server's inability to predict which specific path a given particle is going to follow. Hence, 
p classical stochasticity intrinsically deals with ensembles of particles. In contradistinction, 
: the GS propagators formulated in either Sec. 5.4 or in Sec. 5.6 govern the behavior of 
ivsingle GS excitons in the same manner in which Feynman propagators govern the behavior 
6 f single quantum point particles: the GS propagator of a single exciton is a “sum” over all 
possible stochastic paths, where that “sum” does not reflect an averaging over an ensemble, 
but rather a genuine dynamic feature of quantum propagation. Hence, GS quantum 
stochasticity reflects the fact that the quantum propagation of each single GS exciton takes 
place simultaneously over all possible stochastic paths 33 , and is obtained by taking suitable 
“sums” of propagators for parallel transport over all such possible paths - with the funda¬ 
mental difference between the methods used in Sec. 5.4 and Sec. 5.6, respectively, lying in 
the choice of what is a “possible” or “allowed” path, as the subsequent discussion will 
make it clear. 

Thus, geometro-stochastic propagation is stochastic by virtue of the nature of the 
paths along which it proceeds, and by its macroscopic manifestations in the context of 
measurement processes (cf. Sec. 1.4), rather than on the basis of associating with those 
paths an intrinsic probability measure that could remain independent of the nature of the 
measurement process - as is the case in the context of classical stochastic processes. This is 
therefore a totally different conceptualization of stochasticity than in Nelson's (1967,1986) 


■ 
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stochastic mechanics, wMch n _sMly^ |, 

a stochastic dynamics of classical P°“V P ’ h oint 0 f view, quantum dynamics c 
presence of a hypothetic^ background MLR».^J is goveraed by a j | 

describes only ensembles ofquaP behavior proceeds along a family of ' 

classical diffusion process, and w assigned to each measurable family of ' 

stochastic paths, with various probabilities being s ^ r5dinger equation (Guerra, 1981* 
paths by some suitable diffusion mo e r , exc i ton propagates over a single S 

Nelson 1967,1986). In.conBtfct^m, a , rih;;te / ( , 

path. This removing the dichotomy displayed by the orthodox jft 

“waves as well as of particles, tnu 6 , exciton pr0 per state vectors are 

interpretation of quantum mechanics ( - - * * c ^ ons belonging to quantum fibres H. 

represented by internal wave functions ( 1 . manifold M) along stochastic 1 

FA which, however, propagate externally (i.e., in he base ma ^ on the other 11 

paths in the manner of cla S ssicai parti^ he manner which * 

hand are superimposed at each location in the base mannoi mmM 

Classical physics is associated only with the betoviOT of waves. notio „ s 

Hence, the mathematical similarities between <^cau> “ JJ oach of Sec . 5 . 6 jg| 
stochasticity are somewhat deceptive even with probabilistic \ 

adopted: in the classical cases ytic continuation is earned | 

mean values, whereas in the quantum , sical ^ re lativistic-and-quantum regime, 

out in the transition from * eEud ^ amplitudes rather than with a j 

one deals with a genuine superposition stochastic paths is used in both cases 

value. Nevertheless, the fact that the same amily ******* ^ ^ context _ |g| 

raises the question whether relativistic y . s 5 6 the same family of§| 

after such an analytic continuation is ation , a s well as for the act* 

stochastic paths is used for the Ectl ® I J a f, transition frmrfthe Euclidean and classical tqf 
GS “exciton” propagation, so paths allowed in the excif| 

the relativistic and quantum regune imany c ) J, J mations by broken geod^i 

propagation will be noncausa in ^ e ^ ode$ics in the Lorentzian manifold M. 1 ■ 

paths would consist of arcs of nonca g relativistic causality, let us 1 

To answer the question accepted [M,W] conccptbf 

first recall that in the context of classical c , according to which no classu 

general relativistic causality is t at o , manifold M can propagate outsi 

field in a classical spacetime described by a Lornnman ma ^ ^ ^ co J sponding special | i 
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A^ix-x’) = + if, 0 n exp[±i(*'-*)’A]di2 m (A) , x,Jc'eR 

• ft! >0 


(7.3) 


Ife t be other hand, the positive-energy solutions of the Klein-Gordon equation that were 
introduced in (3.3.4) are expressed in terms of a propagator iA^Xx-x') (cf. [SI], p. 169), 


cp{x) = -J ri (+) (x-x')^ (p{x)do^{x) 


d' = d/dx; 


(7.4) 




. w hich does not vanish outside the causal future J + (x0 of any point x'e M, but rather 
fedecreases exponentially in spacelike directions (cf. [IQ], p. Sec. 1-3-1; [SI], Sec. 7c). 

This last fact is in keeping with Hegerfeldt's (1974) theorem as to acausality of 
iS&ntum particle propagation in conventional relativistic quantum mechanics. However it 
» St usually taken as a cause for concern, since the variable x is not deemed to be related 
iStxi a quantum particle position, for the reasons discussed in Sec. 3.3 and in Note 13 to 
llfeapter 3. Moreover, according to the conventional formulation of j£? allt y f ? r q ua ^ tum 
; fields (Wightman and G&rding, 1964; Streater and Wightman, 1964), the input from 
• Einstein causality takes place only in the form of “local (anti)commutatiyity , i.e., via t e 
ll®’oroperties of the commutators for the boson quantum fields, and of the anticommutators for 
- the fermion quantum fields. Thus, those (anti)commutators supposedly obey Einstein 
y causality in the sense that they vanish outside the light cone 35 . For example, for a neutral 
free scalar quantum field <p(x) we have, 

[0(x),0(x')] = iri(x-x') , <p(x) = <p*(x) = ([> {+ \x) + <l> ( -\x) , (7.5) 

where the above Green function A(x-x % defined in (7.2), is indeed "causal’ 1 in that sense. 

% This conventional formulation of “causality” in terms of “local (anti)commutativity 
came, however, under more careful scrutiny (Wightman, 1971,1973) after the discovery 
Ky Velo and Zwanziger (1969) that retarded Green functions are not always Einstein-causal 
feteven in the presence of external fields, but rather that non-perturbative “solutions to familiar 
spin equations propagate acausally, whereas the perturbative solution is causal in every 
order” (Velo and Zwanziger, 1971, p. 9). This means that some “local quantum fields 


(p(x) = ^Anix-x’^tpix^do^x’) , 




wcU^rrown7undanKnt^s^t^^o^^ c ^ldn°G<H^na5^ti<Mi^n 0 ^^^^s^ spJce [Si| 


y{x) = \T(x)~ \ M S R (x,x’\B)B(x)\{r(x)d A x , 

that obey standard relativistically invariant Dirac-type 36 equations [BR] 

[/?"<? p + m + £(x)]y/(x) = 0 , B(x) = -Up* A^x) , 

with the minimal coupling to an external electromagnetic field specified in (7.7), as well as 
other types of couplings (Wightman, 1971, 1973), do not obey Einstein causality since the 
corresponding retarded Green functions, obtained as the solutions ol 


(7.6) 


(7.7) 


-<*<*-*> ■ ^> = * (+) « +4W « • 


(7-2)1 


W 


fd u + in + B(x)]S R {x,x;B) = 5\x-x')I , d^d/dx* , 


(7.8) 
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S r (x,x'-,B) = 0 


x n -x n '< 0 


(7.9) 
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do not vanish when x and x' are spacelike separated; rather, they merely obey “weak 
retardedness”, in the sense that as we proceed to infinity in some spacelike direction, they 
approach zero faster than some power of (x-x r ) 2 . In Wightman's words, “this is a kind of 
instability of relativistic wave equations not anticipated by earlier work by physicists: the 
particles described by the wave equation move faster than light in regions where the 
external perturbation is nonvanishing .” (Wightman, 1973, p. 454). 

The question can be therefore raised whether the original concept of Einstein causality 
should be retained at all in the quantum regime, once the classical concept of locality is 
relinquished in quantum relativistic theory. Indeed, one could argue that the metric tensor 
should be treated in the same manner in which all classical potentials corresponding to 
nongravitational forces are treated in quantum theory, so that “tunnel effects” can take 
place, whereby a quantum particle “tunnels” through those spacetime regions which are 
absolutely forbidden in the classical regime 37 . If the probability amplitudes for such 
“acausal” propagation vanish sufficiently rapidly as one moves away from the light cone - 
as is indeed the case with the SQM propagators in (3.6.28) (Greenwood and Prugoveclti, 
1984) _ then no macroscopically observable conflict with Einstein causality would arise 
under normal circumstances, i.e., in the presence of weak gravitational fields, where the 
linearized gravity approximation can be employed (cf. Sec. 7.2). 

To adapt this point of view to the case of the quantum diffusions of the preceding ||| 
section, let us consider the Stueckelberg (1941) equation with minimal coupling to an pf 
external electromagnetic field, - :vll » 

-mm 

• tTR - ieA(x)){d v - ieA^x))(pfx) , (7.10) 


m 


id x (p x (x) = 


2 M 


which is the Minkowski space counterpart of (6.25). Some of its advocates (Horwitz and 
Piron, 1973; Horwitz 1984, 1992; Horwitz et a/., 1988; Saad et al., 1989) view this equa- jp 
tion as governing the propagation along various worldlines of a relativistic quantum partic^a 
displaying an unsharp mass spectrum - cf. (6.15). In so doing, they allow the possibihf ||| 
of quantum propagation along worldlines which are in part spacelike, while they undergo ||j 
the transition from the “forward” to a “backward” orientation in Minkowski space (cfgjj 
e.g., Arshansky et al. y 1983, p. 1172), that is required by them to represent the transition 
from particle propagation to antiparticle propagation that leads to pair annihilation. 

This gives rise, however, to the question as to the meaning of the parameter % m 
(7.10) - which in that context is dubbed “historical time” (Horwitz, 1984, 1992). It turns 
out (Horwitz et a/., 1988,1991) that as long as one restricts oneself to timelike worldlines, : 
one can interpret t as the proper time of the center of the wave packet (p-fx) representing a 
quantum particle in this approach 38 . However, that interpretation obviously falls by tig 

wayside when one deals with null or with spacelike worldlines. 

On the other hand, in the stochastic approach to the “phlogiston” propagation 
formulated in Sec. 5.6, the role of t can be played by the affine parameter of the broken 
geodesics that approximate the stochastic paths in accordance with the Ito (1962) and ; 
Dynkin (1968) limit-in-probability theorems. Modulo a multiplicative factor and an additive 
term [C,SC], the affine parameter is well defined (cf. (2.7.10)) for any geodesic ofan)| 
connection in any manifold M. Hence, in the present context it is well defined, modulo 


those two constants, upon the adoption of the Levi-Civita connection in the Lorentzian 
manifold M. In turn, those constants can be fixed by the requirement that, for a particular 
choice of initial-data reference surface cf Q in the geometrodynamic evolution in (4.6), r 
should coincide with proper time for those timelike geodesics that are normal to <7 0 - The 
continuity properties of the paths for diffusion processes then uniquely determine the 
values of t along all other paths in such a manner that T is proportional (but not necessarily 
equal) to proper time along all those piecewise smooth paths which are timelike. 

With these possibilities in mind, we are left in the present quantum geometry 
framework with two distinct alternatives for implementing quantum propagation: 1) The 
primarily geometric approach of Sec. 5.4, which abides by strict relativistic causality , in the 
sense that it allows propagation only along stochastic paths that can be approximated by 
broken paths consisting exclusively of arcs of timelike geodesics, and which we can 
therefore describe as representing strictly causal GS propagation . 2) The quantum diffusion 
approach of Sec. 5.6, which also allows propagation along stochastic paths which cannot 
be approximated by causal classical broken paths, but in which, in the present case of a 
single spin-zero exciton, the propagation is governed by the Klein-Gordon equation in 
(6.20); due to the superposition principle, propagation along classical acausal paths will 
produce negligible amplitudes, so that we shall describe as weakly causal GS propagation. 

In this context we note that the strictly causal geometro-stochastic propagation cannot 
be governed by the Klein-Gordon equation, since the single-particle propagator 
violates strict Einstein causality already in the quantum point particle case based on (3.3.5) 
gg§; and (7.4). On the other hand, in the second approach, the question remains as to how to 
formulate a form of relativistic causality which reflects the fact that effect cannot precede 
!|| cause, i.e., that some absolute form of time-ordering is ingrained in the framework. 

A complete answer to that question will not emerge until the GS approach to quantum 
IH gravity is fully developed in Chapter 11. However, a partial answer can be provided even 
at this stage if the geometrodynamic point of view advocated by Wheeler (1962, 1968) is 
adopted. According to that view, in reality the very “object which is central to all of 
lp classical general relativity, the four-dimensional spacetime geometry, simply does not exist, 
except in a classical approximation” ([M], p. 1183). In other words: ‘The dynamic object is 
f§ not spacetime. It is space. The configuration of space changes with time.” ([M], p. 1181). 
|& ■ And indeed, classical general relativity postulates the description of all of spacetime 
by a single four-dimensional Lorentzian manifold M, which despite its dynamical nature 
reflected by the Einstein field equations in (2.7.3), already exists in its entirety - while in 
reality the geometrodynamic evolutions embodied in (4.7) are still taking place , and rela- 
Igtivistic observers are actively partaking in those evolutions. Thus, the CGR point of view is 
;; epistemologically compatible only with a strict global determinism that envisages all of 
physical spacetime as predetermined in its entirety at the very instant of birth of our uni¬ 
verse. Since matter and geometry interact, that means that the evolutions of all matter fields, 
as well as of all non-gravitational radiation fields, also had to be determined, in their min- 
|&utest details, at the instant of creation of the universe. Consequently, all the fundamental 
0 quantum epistemological notions which are based on the intervention of observers in the 
^ quantum measurement process, and which are therefore fundamentally stochastic in nature, 
|have no place at all in such a conceptualization. In fact, the very act of “measurement”, as 
| opposed to mere “observation” in the sense of a passive registration of physical events, is 
consistent with such a deterministic point of view, which postulates the actual existence 
if 0ntoto of a unique classical spacetime, whose geometry is nevertheless dynamically influ- 
'Sgfep-:-. 
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enced bv all states of motion of the matter present in it, including that which m part consti-. J 
tutes “observers” (cf. Sec. 11.12 for a fuller discussion of all these foundational issues) jg 
OnSe other hand, according to the full-fledged theory of quantum spacetime that 
will emerge in Chapter 11, such a quantum spacetime is to be mathematically described by ^ 
Mle constitutinganinfinite-dimensionalsupermamfold. Such asupermaiu- |J 
fold cf be folkted in an infinity of ways, thus arriving at various geometrodynamic evolu- 
tions (4 6 ) deSng a universe in theprocess of evolution, in which matter can dynami- gj 
S and creaMy Leract with geometry* This, however, can give rise to various base jj 
Lorentzian manifolds (M,g), which can play the role of “classical spacetimes in quantum 1 
S wMch various classical gravitational fields provide mere approximations of a |jg 
Znmm field. However, as we shall first see in Chapter 7, and then elaborate* 

f^ubfqu^nTchapters, the fact that these external gravitational fields represent 

than accurate reflections of physical reality, taken in conjunction with the ocal 
nature of geometro-stochastic propagation, avoids the need of introducing an epistemologi-* 
TX Questionable (BaUentine! 1973; Shimony, 1978) interpretation of such zgeometro-M 
stchM anturn framework in terns of the many-world “scenario” advocated by Everett ggl 

of the form (4.6) provides the required | f 

basis for the fonnulation of weak relativistic causality: S e °“®“' s, ° c ^ a ? f nC 1 

weakly causal with respect to a given geometrodynamic evolution (4.6) if it takes place By 
Ttochasric mralM transport only along paths which arc the limits, in the Ito-Dynkm sense, | 
of broken paths consisting of arcs of geodesics that jorn points lym^on «*«***« g 
reference surfaces in the geometrodynamic evoluUon provided by (4.6). Ihus, P ro pagat^^ 
along certain spacelike geodesic arcs is allowed by such a weak causality criterion. On the _ 
other hand, tlf time-reversal of such propagation is ruled out, thus providing the assurance ,gj 

rework based on the Sfoeckelber^quatio jj 
(7 10) the particle propagation along portions of worldlines that are oriented backward m 
Minkowski) time ilformally allowed, but it is interpreted as 
antiparticle propagation that takes place “forward” in time (Arshansky etal, 1983) The 
same formaf interpretation is provided in the context of 1-eynman s (1950) path-integral J| 
ZroaTto the Klein-Gordon equation (cf. 1ST], p. 227). However, strictly speaking 
there is no room for antiparticles in the context of a single particle theory. Hence such a; jg 
“solution” to the causality problem has to be actually interpreted in the context of many- . 

least two modes of quantum propagation, which are very distinct m .then- physicsd unp M 

tions- the one of Sec. 5.4 obeys strict relativistic causality, whereas the one ui Seo5.t> ^ 
definitely does not. The same, of course, remains true of the quantum geometries foimu . 
lated in subsequent chapters. Epistemologically one should give preference to the s gy 
causal GS propagation, but, as it will be seen in Chapter 7, weakly causal propagat ^g|gg| 
the advantage of being mathematically closer to the formulations of path mte P^ s 
ventional quantum field theory. In the ultimate analysis, itis an expe™>en^Uy dec «e |j 
proposition whether strict Einstein causality is satisfied at the microlevel. How , . ^ 
far no truly decisive experimental tests seem to have been earned out. 
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Notes to Chapter 5 

1 The corresponding situation in the nonrelativistic regime was discussed in Note 12 to Chapter 4. In the 
general relativistic regime the situation is exacerbated by the fact that there are no constant universal 
time hypersurfaces analogous to the absolute time hypersurfaces in Newton-Cartan spacetimes. 
Consequently, it cannot be argued that a plane wave <£ k (x) = (27r) _3/2 exp(z'k-x) is able to represent the 
quantum state of a point particle of sharp 3-momentum k, whose relative probability density |d> k (x)l 2 of 
detection at various locations x at the universal time t - 0 is constant, so that a degenerate form of the 
Heisenberg uncertainty principle is at least formally satisfied. 

2 see the nonrelativistic definition (4.3.7) of such frames, its realization in (4.4.21), as well as Note 12 of 
Chapter 4, and then compare with (3.3.10) and (3.6.20), as well as with the relativistic quantum frames 

%, in Sec. 5.1. 

3 Cf. (Gel’fand and Yaglom, 1960), (Gudder, 1979,1988a) and (Exner, 1985), as well as the key references 
.- cited therein, such as the work of S. Albeverio and R. H 0 egh-Krohn (1976), C. DeWitt-Morette el al. 

(1979), etc. The physically stringent conditions to which we refer involve such assumptions as the 
request that the potentials be represented by bounded functions - which are not satisfied by realistic QM 
models in molecular, atomic or nuclear physics. 

4 Cf., e.g., the comments on the trace-anomaly of quantum fields in curved spacetime on p. 220 of 
(Birrell and Davies, 1986), or on p. 213 of (Fulling, 1989), as well as the concluding section of the 

| second of these two references. 

5 As pointed out by Dirac, the canonical quantization of gravity “involves quantities of the form 8(x-x r ) 
8^(x-xy\ but “there does not exist any general method for handling such quadratic quantities in the 8- 
function, free of inconsistencies” (Dirac, 1968, p. 543). Whether the Feynman “sum over histories” 
might produce, however, at least a computationally feasible algorithm is still unknown - cf., e.g., the 

lif article by B. De Witt in (Markov et al., 1988), p. 94-124. 

6 This is an implicit part of the doctrine of existence of classical reality, discussed in Sec. 1.3, and dis¬ 
missed there on account of its lack of epistemological soundness, reflected in the conceptual “paradoxes” 

.as well as in the mathematical inconsistencies to which it gives rise in the quantum relativistic regime. 

7 The rescaling defining this congruence is similar to the rescaling 0 -> 0' = m 0 , which we defined at the 
' beginning of Sec. 4.2, and which was originally introduced by L 6 vy-Leblond (1971) in order to set up 

an isomorphism between all the central extensions of the Galilei group for various m > 0, and the 
central extension for m = 1, namely the Bargmann group, that emerges as the standard central extension. 
: In fact, we could have also introduced a similar congruence relationship between all quantum Newton- 
Cartan frames - the sole reason for not doing that being to avoid too many repetitive definitions. 

8 Naturally, this analogy would become even more complete if we would restrict ourselves, in the 
classical context, to the Lorentz frame bundle LM - as can indeed be done in the context of CGR. In the 

S quantum context, however, spacetime translational gauge degrees of freedom are embedded into the 
framework on account of the structure of quantum theory at its most fundamental level, and the notation 
in (2.3) reflects that fact, by including them in the values assumed by the ^-indices. 

- 9 Such fibres would be obtained directly if the definition of the quantum tensor bundle in (2.5) were given 
by taking corresponding Whitney products (cf., e.g., Osborn, 1982) of E and E* bundles. That would 
\ have made the analogy with (2.1.11) and (2.1.12) more complete. On the other hand, the tensor bundles 
(: r-TV! of Sec. 2.1 could have been defined as G-products of GLM with their respective standard fibres F 
-•£ = R r x(Rty\ where G = GL(4,R); a reduction of GLM toLM, in conjunction with setting G = 
SOo(3,l), could have been then carried out in the presence of a Lorentzian metric. It should be also noted 
that all the definitions concerning quantum tensor bundles presented in this section, as well as the exten¬ 
di; sion in (2.3) and (2.7) of the Einstein convention, could have been formulated in the context of Newton- 
" Cartan quantum bundles. However, in that context, there is no deeper physical motivation for them. 

As defined in Sec. 2.3, a Lorentzian manifold is a manifold on which a Lorentzian metric field g is 
defined. In CGR, some authors automatically include in this definition also the Levi-Civita connection, 
since historically connections were indeed originally derived from a metric. Throughout this monograph, 
we shall, however, treat connections and metrics as two independent concepts, which become related 
US only when additional assumptions are introduced - of which their mutual compatibility is a most natural 
5 | and significant feature physically as well as mathematically. 
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The remarks in Note 9 to Chapter 4 remain valid. In particular, as discussed shortly, the covariant gf? 
derivative in (2.16) is defined only on a dense set of vectors *F X . jjj * 

12 Similar expressions are routinely provided (cf., e.g., [BL], p. 146) for the infinitesimal generators °f the ||g | 

Poincar6 group in the “configuration"-space representation treated in Sec. 3.3, in which the ^‘-operators ||j 
are represented by operators of multiplication with the coordinate variable x l . It should be noted, 
however, that such operators are not well-defined in the Hilbert space of solutions <p(x) of the Klein- | 

Gordon equation, since in general x i <p(x) is not again a solution of the Klein-Gordon equation. Hence, 

the situation is similar to the one in (2.22), where the problem is solved in (2.23) by extending the |j | 
wave functions off the 4-velocity shell (cf. also Note 13). 

13 The rigorous proof of this statement is quite straightforward (cf. PrugoveCki, 1985, Appendix B), once ^ ' 
care has been taken with justifying differentiation off the 4-velocity shell V + by introducing the wave 
function extensions specified in (2.23). Although (1.2) and (2.23) coincide on V + , that is no longer true g 
off the 4-velocity shell, since there the respective arguments of the quantum spacetime form factor/no: If | 
longer have the same value, and the use of the integrand in (1.2) to define an extension does not lead to 

the appearance of the desired Q-operators in the Lorentz boost generators. ; I 

14 The domain of definition of this operator is always dense, since it contains the dense linear span C u ^ of ~ 
all the generalized coherent states that belong to the Klein-Gordon quantum frame corresponding to the v 
Poincar6 frame u(x) from the adopted section s of PM. On account of (1.7), (1.15) and (2.20), C u(x) j s 
actually «(x)-indepcndent (and therefore also s-indepehdent), so that it can be appropriately denoted by 

C x . This linear set C x , which is dense in the quantum fibre F,, is a core [PQ] for the covariant differen- ;■ 
tiation operator defined by (2.25) - cf. Theorem A.2 in (Pmgoveftti and Warlow, 1989b). 

15 The proof of the equivalence of the definition of a Koszul connection (called an “affine connection” by 

Abraham and Marsden (1978), by Hawking and Ellis (1973), as well as by Straumann (1984)) to that of Jjg 
a connection on the tangent bundle 7M viewed as a bundle associated to the general linear frame bundle -ft 
GIM (or to the Lorentz frame bundle PM, when a Lorentzian metric is present in M), is not a mathe- |jj 
matically trivial enterprise - as can be seen from Propositions 9 and 10 on pp. 368-371 of [SC). In this 
context, the contents of the present section transfer the basic ideas and techniques presented in [SC] to ’ijM 
the quantum bundle E, viewed as a bundle associated to the (principal) Klein-Gordon frame bundle A1V||||| j 
in (1.22), which is isomorphic to the Poincare frame bundle PM. ', ||§& \ 

16 We implicitly identify here, as well as in the sequel, LM with the subbundle y(PM) of PM, where 7 

is the map defined in (2.6.17). We restrict ourselves to sections of LM, since the concept of torsion was f - 
defined in Sec. 2.6 only for linear connections - as is generally the case in the literature [C,I,SC,NT]. 

17 a direct conclusion could be reached if in (3.1) the hatted derivatives could be replaced by their unhailM gp§| 

counterparts. Such a replacement would lead, however, to an inconsistent result, namely that, f° r fJjjP 
connection with zero quantum torsion, the covariant derivatives in (2.16) do not depend on the values - r 
assumed by the connection coefficients. This (incorrect) conclusion can be reached by using 
resulting (incorrect) expression for quantum torsion in (2.26), in the same manner in which (2.6.21) was | 
used in (2.6.22), and then deriving for (V*¥"[¥"'> a counterpart of (2.6.23), with X,Y and Z replaced, ^ , 
within all the inner products by d\ ,dy and d% , respectively. The aforementioned inconsistency wouw^g 
then be arrived at by choosing coherent sections } of A/M, and some coordinate chart whose |j 
domain has a nonempty intersection with that of ], and then setting IP' = , IP" = an%- 

Y = z = d fl miWW"). m 

18 Note that the definition of the torsion form 8 remains unchanged when the connection and canonical 
forms M and 8 are restricted to the Lorentz frame bundle LM. 

19 As mentioned in Note 18 to Chapter 1, there has been a recent suggestion (Unruh, 1989) to introduce fe ^ 
preferred “coordinate time” in quantum gravity, and to treat “time” in the general relativistic context in 
the same manner as in the SchrOdinger equation of nonrelativistic QM. This suggestion is, however^ K 
counter to the spirit of CGR, as exemplified in all of Einstein's (1905-1949) writings. In fact,, the 
existence of a preferred “coordinate time” as a physically observable time would contradict the genera|: 
covariance principle. Of course, at first sight it might appear that such a preferred “coordinate time. can 
be extracted from the various cosmological models [N] prevailing at the present time - which is an^ 
historical, anthropomorphic and terrestrial time, and therefore very emphatically local ! On the ou«|| 
hand, it has to be recalled that the time-parameter in the Robertson-Walker metric used in these ‘ ar 8*' : . 
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scale cosmological models describes synchronous hypersurfaces in a universe in which matter has been 
smoothed out over supra-galactic-cluster distances, so that all “local” fluctuations in structure, which 
characterize the actual state of our universe even from a classical point of view, have been totally 
removed. Hence, the preferred “coordinate time” in these models is very much a mathematical coordinate 
' time, in the sense of the coordinate charts defined in Sec. 2.1, rather than being a physical coordinate 
time, in the operational sense of being observable and measurable with any kind of real clocks - as is 
‘ . the case with the time coordinates of Minkowski space. 

20 Cf- (Penrose, 1979), as well as Secs. 8.3 and 12.1 in [W]. Even if one does not accept such arguments, 
) one can always split a classical spacetime manifold into domains of dependence of closed achronal sets, 

and apply the subsequently described geometrodynamic approach to all these domains. On the other 
‘ ‘ hand, there are additional good arguments (cf. Wheeler, 1962,1968, as well as [M], Chapter 43) in favor 
of accepting the geometrodynamic point of view as the more fundamental one in a quantum context 

21 The Riemann normal coordinates defined in a neighborhood of a point by means of the exponential map 
would come even closer if they could be globally defined, but that is not generally possible in the 
presence of curvature. Even the Gaussian normal coordinates generally develop coordinate singularities 
as one follows them for increasing values of / from the initial-data hypersurface G 0 , since the worldlines 

' •- of some of the particles in the coherent flow will eventually intersect, but the locii of these intersections 
constitutes a manifold of lower dimensionality than that of M (Lifshitz and Khalatnikov, 1963). Hence, 
the Borel subset of M on which the synchronous flow coordinates are not defined is of Riemannian 
measure zero, and therefore of no consequence in the context of GS propagation. 

22 Recall that the chronological future I + (x a ) of a point x 0 in a time orientable Lorentzian manifold M 
consists of all points ieM which can be connected with x 0 by means of a future-directed timelike 

.y smooth curve - i.e., a curve whose tangent at any point lies within the interior of the future light cone 
at that point [M,W]. Similarly, the causal future 7 + (x 0 ) of the same point x 0 consists of all points x 
€M which can be connected with x 0 by means of a future-directed causal smooth curve - i.e., a curve 

• whose tangent at any point lies within the interior of the future light cone at that point, or on the future 
;• light cone itself. The definitions of the chronological past r(x 0 ) and of the causal past J~(x 0 ) of the 

point x 0 are obtained by replacing in the above respective definitions the term “future” with the term 
V- “past”. Note that if x e /^(Xo ) but x <t. / + (x 0 ) then x and x 0 can be connected only by null causal curves 
V ( c f- [W]> P- 191), and the same holds true if x gJ~(x„ ) but* <tI~(x Q ), so that massive particles cannot 
/ propagate between such points. 

23 A misguided attempt of this nature (PrugoveCki, 1981c) led to many of the difficulties encountered by 
^ .conventional quantum field theory in curved spacetime - such as the need for global timelike Killing 

fields, and of restricting the foliations in (4.7) to those with hypersurfaces orthogonal to those fields. 
The only major weakness that it did manage to avoid was the paradoxical phenomenon of spontaneous 
>: particle creation ex nihilo - cf. the next note, 

24 For example, the transference of the conventional special relativistic concept of the quantum propagation 
; >rbased 00 the Klein-Gordon equation to non-static curved spacetimes leads to the “prediction” of 
•:/ spontaneous particle creation ex nihilo (cf. [BD], Sec. 3.2) — i.e., not as part of the energy-conserving 
% and well established phenomenon of pair creation (cf. Sec. 7.1). 

In the case of the “explanation” of particle creation ex nihilo by transferring a special relativistic analysis 
j nv olving accelerated observers to the inertial observers in a curved spacetime, the difficulty that emerges 
.is that “as far as Minkowski space is concerned, the [Minkowski] vacuum is a strong candidate for the 
correct’ or ‘physical’ vacuum, ... [whereas] when gravitational fields are present, inertial observers 
become free-falling observers, and in general no two free-falling detectors will agree on a choice of vac- 
uum ([BD], p. 55). This and other related points, as well as the solutions to these foundational prob- 
x, l ems offered by the GS approach based on quantum geometries, will be discussed in Secs. 7.2 and 7.3. 

. .. Fluctuations in timelike directions can be observed and measured by an adaptation (PrugoveCki, 1982) of 
» a method that Wigner (1972) had suggested in the context of defining and observing time-energy 
f|: uncertainty relations. 

The case of distinct rest masses for the system and for the test body can be treated by using the 

• congruence relationships that give rise to the rescalings in ( 1 . 20 ), whereas the case of distinct spins can 
be treated by using corresponding SQM systems of covariance - such as the ones introduced in the next 
cll apter for spin 1/2. It should be noted that in all these considerations the roles of “system” and “test 
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. measurement, which does not draw a 

hodv” are interchangeable, as befits a purely quantum theory of measurem 

sharp demarcation line between “system ^ d a PP^ tu g and by Guerra and Ruggiero (1978), to adapt 
28 There have also been attempts by P^ ^^g^Stion of stochastic mechanic^ but they did not 

sri- -* - - nse “ mKs 

possess no quantum mechanical Euclidean counterpart of the system of equations in 

I2S (1984^1986) treatment of quantum Sec . 2 . 6 . ^ first five chapters 

30 

required for a mathematically thorough at the physics level. A.- 

b?t such a level of mathematical insight is not^essent a f ^ und in cha pter 6 of (Namsrai, 1986). A 

review of all the required basic mathematical id^^b f f equation, written fiom| 

good and reasonably self-contained gjude VII i 0 f the textbook by van Kampen (1981). 

the physicist’s point of view, can be found in Chapt with the case of finite,; 

31 m original papers by ltd (1962, 1975) n f tco'unS bv Belopolskaya aid Dalecky (1990), their| 
dimensional vector bundles. However, as recoun ^ ,P pj* the sake of simplicity of exposition,;.:, 
“es have been 

in this section we shall ignore the more l fBe i oP olskaya and Dalecky, 1990). 
instead the interested reader to Chapters 4-6 of BU^ots y ^ developed and systematically, 

32 Another concept of quantum diffusions, basedonFock (1984> 1986) and their collaborators 

studied in the course of the past decade by H Hudson and Robinson, 1988,1989). Their methojj 

(Applebaum, 1988; Applebaunftto!.ignificance for the GS framework desenbed m 

requires second-quantization 9 ’ . 0 f (PrugoveCki, 1991a). . ' f r 

Chapter 7 have been briefly describedini Sec. 4■of ( 8 so _ ca lled statistical interpretation^.. 

33 Thus the concept of GS propagation is decidedly at ^dswmtme^; 1970)| according to£ 

(Jammer, 1974), p. 468) of quantum mechanics O’n« rather than to single particles, dg 

which the quantum mechanical state v ^j^„. lation to f quantum interference in the two-M 

34 As exDlicitly stated by Nelson, already his mt p interference” presented in (Feynman agj|t 

experiment] flatly contradicts the cu^omary dis trough either the top slit or the bo^j 

Hibbs, 1965), since according to him (I) each part the^um of two parts, [i.e.] the probability oj , 

predictions to nonrelativistic quantum mechanics ^ which is someggjj 

35 on the other hand, the Feynman propagator iA f W - ', m field theoretical computa-., 

described as “causal”, and which serves as a baas 5* Biwitein-causal. The fact that it proved , 

tions does not vanish outside the light cone, so tha actua ] mathematical existence of any ^ 

impossible (Glimm and Jaffe, 1987, p. 120) to e t - quanlum fields based on this t^sjl 

physically nontrivial relativistically invariant mod ^ J his formulation of micro lo ^S® 

of “locality” in 7), as can be expected to be the case on the |jj| 

S5S5equation in (6.U3«rf 

36 The prototype of these Bargmann-Wigner (1948) q Einstein causality has been established, -.^. 

fX lf “S Sle") wS—d . qualm panic,es *g|jP 

explanation foe hiegjg 

37 This possibility was also » 75a i Wald ' 197 A 


Klein-Gordon Geometries 


175 


which nothing, not even light, can escape. There is good reason to believe, however, that particles can 
get out of them by ‘tunneling’.” In Sec. 7.6 we shall point out that, in fact, if black hole radiation is 
actually observed, that would represent conclusive proof that at the quantum level strict Einstein 
£ causality is violated in nature. 

38 The Stueckelberg-Piron-Horwitz framework does not associate a quantum particle with a fixed rest mass, 
1 but rat h er with an entire spectrum of rest masses that range around some mean value. In this, as well as 

other respects, it departs from generally accepted ideas as to what constitutes a quantum particle. How¬ 
ever in its latest developments, reviewed in (Horwitz, 1992), it is pointed out that this theory can lead 
to chaotic motion, so that “the notion of localizability may lose meaning even in the classical sense, 
[which] can have the effect of stabilizing the mass of the system, suggesting the restoration of a 
"~' >ood mass shell approximation when this microcausality is relaxed. 

39 As it will be seen in Chapter 11, this fundamental irreversibility of geometro-stochastic quantum evolu¬ 
tion is in agreement with long-standing conjectures by Pngogine (1980, 1989) about the role of irre- 

- versible dynamics in nature and its relationship to non-locality (in the conventional sense), as well as 
with the conjectures of Penrose (1987), who views irreversibility as essential to any consistent mtegra- 
£•. tion of quantum mechanics with general relativity, and emphatically summarizes his views as follows: 
“thg true quantum gravity must be a time-asymmetrical theory" (Penrose, 1987, p.37). 
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Relativistic Dirac 
Quantum Geometries 


In the present chapter we shall apply the physical ideas and mathematical techniques of the£ 
preceding chapter to quantum bundles associated with a Dirac quantum frame bundle DM. ■>,; 
These are principal bundles isomorphic to the principal bundle whose typical fibre equalslf 
the covering group [BR] ISL(2,C) of the Poincare group ISO 0 (3,l). We shall concentrateJ| 
on the case of quantum bundles whose standard fibres carry irreducible representations of ,| 
ISL(2,C) for rest mass m > 0 and spin-1/2, but the same procedures can be applied with g 
equal ease to the case of arbitrary spin. 

In view of the significance which the Dirac equation enjoys in standard relativistic ■/ 
treatments of massive spin-1/2 quantum particles, we shall adopt standard fibres which;/; 
carry systems of covariance based on Dirac-type bispinor representations of ISL(2,C). We 
shall, however, derive these representations from Wigner-type representations' of ISL(2,C) | 
for spin-1/2 massive relativistic quantum particles, rather than derive it from relativistic in-// 
variance requirements for the Dirac equation in configuration space, as is customary in / 
standard textbooks on relativistic quantum theory (Berestetskii et al., 1982; JBjorken and • 
Drell, 1964; [IQ,SI]). As we shall see, such an approach has decided mathematical advan¬ 
tages when constructing Dirac quantum geometries, and yet it does not affect in the slight-./ 
est the physical content of the framework, since the original motivation for introducing the ; 
Dirac equation in configuration space did not live up to its expectations. - / 

Indeed, it is well-known that the Dirac equation was introduced by Dirac (1928) in • 
the hope of resolving the problems with the localization of relativistic quantum point parti¬ 
cles, to which the Klein-Gordon equation gave rise in view of the indefinite nature of the 
timelike component of the Klein-Gordon current in (3.3.9). At the time it appeared that the 
ensuing Dirac current in (1.17) did provide the solution to this problem, since its timelike , 
component is evidently positive-definite. The first warning signs indicating that might not 
be the case, however, appeared when Breit (1928) discovered that the velocity operators ; 
associated with the “position” operators for Dirac bispinor wave functions had ±c as their 
only eigenvalues, thus paradoxically assigning a velocity equal to the velocity of light to a 
massive particle. This discovery was soon followed by the well-known paradox of Klein / 
(1929), and Schrodinger subsequently discovered Zitterbewegung, namely the presence - 
within the Dirac current of rapidly oscillating cross-terms between positive-energy (i.e.,// 
particle) and negative-energy (i.e., antiparticle) solutions of the Dirac equation. 

In an independent mathematical investigation, Wigner (1939) derived and classified, 
all unitary irreducible representations of ISL(2,C), thus uncovering the unitary irreducible 
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representations for spin-1/2 massive relativistic quantum particles in (1.5) and (1.7), which 
are in outward appearance totally similar to those in (3.3.14) for the Klein-Gordon case. 
An operator that explicitly established the unitary equivalence between the Dirac-type and 
Wigner-type representations was constructed by Foldy and Wouthuysen (1950). This im¬ 
plicitly indicated that “the Klein-Gordon equation is neither better nor worse than the Dirac 
equation” (Wightman, 1972, p. 98) with regard to the issue of relativistic quantum point 
I particle localization, since any inconsistency with particle localization occuring in one of 
these two contexts is mapped by means of these operators into a corresponding inconsis¬ 
tency in the other context. An explicit demonstration of this fact was provided by Thaller 
(1984), who rigorously proved that all positive-energy solutions of the Dirac equation are 
different from zero at all points in Minkowski space, so that none of these solutions can de¬ 
scribe a state of a spin-1/2 point particle localized in a finite region in spacetime. 

Although Dirac’s treatment of spin-1/2 massive relativistic quantum particles has not 
provided die solution to the basic problem of relativistic quantum point particle localization 
that constituted its original motivation, the significance of the Dirac equation has remained 
unaffected on account of the fact that as a linear relativistically invariant equation it supplies 
the prototype for all other similar equations for higher spins [BR], and that the second- 
quantized form of its current plays a key role in quantum electrodynamics. 

U'/ 1x1 Sec - 6 - 1 we shall briefly review the most salient features of the Wigner and of the 

Dirac types of wave functions for spin-1/2 particles and antiparticles. After introducing in 
Sec. 6.2 the corresponding phase space wave functions, we shall formulate in Sec. 6.3 the 
concept of Dirac quantum frame. The ensuing concept of Dirac quantum frame bundle will 
then be used in Sec. 6.4 to define and study parallel transport in Dirac quantum bundles 
| associated with those quantum frame bundles. 

*6.1. Spinorial Wave Functions in Wigner and Dirac Representations 

/The concept of spinor, originally introduced by Cartan (1913, 1966), can be best under¬ 
stood in terms of its group-theoretical significance. To see that, we first note that 
J Minkowski s P ace can he identified with the pair (R 4 ,tj) consisting of the 4-dimensional real 
vector space R 4 and the Minkowski metric rj, i.e., the symmetric bilinear form q'-q" = 
a * 9 defined by (2.3.4) and (2.3.8). The Lorentz group can be then 

^ identified with the group 0(3,1) of matrices A that leave this bilinear form invariant, so that 
/they satisfy (2.3.7). Similarly, any spinor space W (cf. [W], Sec. 13.1) can be identified 
;? -with the pair (C 2 ,£) consisting of the 2-dimensional complex vector space C 2 and the anti- 
;/symmetric bilinear form 


w *w = w , 


£ oo = fin = 0 , £ 01 = —£ 10 = 1 , A,B = 0,1 . (1.1) 


^ A necessary and sufficient condition for a linear transformation w i—> Aw , given by the 
matrix A, to leave this bilinear form invariant is obviously that 


~-AB ~ b CD A A A B 


detA = 1 . 


Jfetce the group of 2x2 complex matrices A which leave this bilinear form invariant 
.coincides with SL(2,C). 
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If#* denotes the dual of #=(C?,S), then an idenUneation of the Minkowski space 3 
(R 4 ,t]) with W* can be carried out by means of the map L»U J . |f 


= 2 _l/ V<r u - 


l|V+<7 3 


q ^ q = 2 2 W+U? q°-Q 3 


d.3b) # 


where a 2 and «are the weH-known Pauli matrices £R3U In ; 

M±A) i"ememo n f°SO*(3!T) 0 a“sfgTe id“o ±7eSL(2,C) by the weU-know„ require, Jj 
ment 1 that for all q e R 4 


r>: u ( a , A): w(k) = w {+ \k) © w ( ~\-k) h-> exp(±m ■ k)D l/2 (A,k ) w( A _t fc) , (1.7a) 

D ]/ \A,k) = Df{A,k) © D'! 2 (A,k) , D l l\A,k) = D x J\A,k) , (1.7b) 

| for spin-1/2 massive particles and antiparticles. This representation acts on the direct sum 
| 0 f above introduced Hilbert spaces for spin-1/2 particles and antiparticles, which can be 
i identified with the Hilbert space of bispinor-valued functions whose values are one-column 
K matrices with four components. 

-prom the well-known Foldy-Wouthuysen (1950) transformation it can be deduced 

i that the transition 


Urw : vv (±) u {±) 


T m)w (±) (±£) = 0 , keV+ , 


AqA* =2'^A\q v (y^Aq 


A /1 v = ^Tr(cT /1 A0' v A*) . (1.3c) 


analogous to that in (3.3.13). >. 

(^K 1 ) - k„*rc*>c>(*>*w . (‘f 

representations (cf. [BR], Ch.17, §2.D), and ts of the form 

U i+ \a,A) ■ w ( *\k)H> w M \k) = e\^ia k)Df{A,k)w^\A i k) , (l|| 

Df(A,k) = (tV v )-^A(A- , rM“ 1 ) ,/2 > AeSL(2>C) ’ °‘ 

ot fo^aclOT^77hyperl»toid, which carries the inner product 
(wf->|u>M) = \ ta<<j ^(k)^\k)dn„{k) . 

The action of its elements g«(M) on these antiparticle wave functions is obtained by 

^f^^e^wo representations provides the Wigner-type representation^^ 


If to the Dirac-type bispinor wave functions can be achieved by multiplying the Wigner bi¬ 
ll) spinor wave function, viewed as a one-column matrix with four elements, with a 4x4 
pf matrix-valued function of the 4-momentum k : 

ii(k) = [m/2(k 0 + m)] l/2 (k 0 +m-f-k)w(k) , k = (k 0 ,k)eV+ , (1.9a) 

(y\-m)«(tk) = 0 , u(k) = u {+ \k)@u { -\-k) , (1.9b) 


0 R ( a ° 0 ) 

7=P= n ^ . 

10 -<7 n 


0 a 

-5 0 


' For the particular choice of Dirac matrices in (1.9c), the above Dirac momentum-space 
wave functions transform 2 in accordance with the following representation of ISL(2,C): 

U(a,A ) : u(jfc)h-> u(k) = exp(ta • k)S(A) u{A~ l k) , AeSL(2,C), (1.10a) 


(A O'). 

s(A) = 5 0 [ Ur 1 , 


l (<?0 °0 


S 0 = sf = So = - 7 = ■ 

0 0 0 V2l<T 0 -<J 0 J 


(1.10b) 


xabgjf. 

: The inner product under wliich the map in (1.10a) is unitary is given by (cf. [BLj, p. 188): 


jpg;: («,!«*) = l k o >0 u l *(k)y°(y /l k fl /m)u 7 (k)dn m (k) . (1.11a) 

^pjt4"V 

In view of (1.8), for the positive-energy and negative-energy Dirac wave functions, 
respectively, we have 

£ i • 

(fi, (±, |u< ±> ) = ±} v , ulV’mfC^HUdQJk) = (*< ±, |«£ ±> ) . (1.11b) 

Upon performing the transition to the so-called configuration representation, whose 
■:) elements are represented by the wave functions 
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Y(x) = (2 tt) 3 /2 4o >o exp i-ix^kfuik) dQ m ik) 


( 1 . 12)1 



we can easily establish [BL] that these wave functions satisfy the Dirac equation in its most I 

r ■ r 


familiar form: 




iifd jl -m)\jrix) = 0 


d u = djdf 




(1.13) 1 


The propagation of the positive-energy and negative-energy solutions of (1.13) can be 31 
expressed by means of propagators which are the respective counterparts of the ones in .m- 
(5.7.3) (cf. [SI], Sec. 8b): HF® 


y^ix) == S^Crc-a:')/^ y^ix^dcrfx') 

S {± \x - x') = -(iy M ^ + m)A (± \x - x’) . 


(1.14a) 


(1.14b )'% 


Furthermore, for these Dirac bispinor wave functions the transformation law in (1.10a) : f§§|; 
gives rise to the representation rteSMP 


U(a,A) : \j/(x) t-> \j/\x) - S(A) y{A~ x (x - a)) , AeSL(2,C) 




sentation to tne uirac-iype representations in ana vi.ij;, h applies equauy weu to > 
the latter. Hence, (1.15) cannot be associated with a system of imprimitivity (cf. Sec. 3.1)-| 

for the sharp localization in Minkowski space of spin-1/2 quantum particles. :?||jg»ggg, piueccus in a most narurai manner it we stai 

The inner product in (1.11) can be expressed in terms of the Dirac wave functions in f~ | phase space representation in the Hilbert space given by the direct sum 
(1.12) as foliows, • 4* 
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IP ^ ac e 9 uat ion 316 different from zero at all points in Minkowski space, demonstrates that 
®§ these solutions do not describe a spin-1/2 point particle localizable in any bounded region in 
||| : , spacetime. This conclusion is consistent with the fact that albeit the Green function 


S(x-x’) = S (+ \x-x) + S ( -\x-x’) 


(1.18) 


obeys Einstein causality, the Dirac particle and Dirac antiparticle propagators in (1.14b) do 
. not obey it, since their counterparts in (5.7.3) do not vanish outside the causal future J + (x r ) 
of any point *' e M, but merely decrease exponentially in spacelike directions. 

6.2. Standard Fibres for Dirac Quantum Bundles 




£The impossibility of associating with the representation in (1.15) systems of imprimitivity 
; ; that would interrelate, in accordance with (3.1.8), the restriction of that representation to 
irreducible subspace of wave functions for spin-1/2 quantum particles to PV-measures 
ill that would leave that subspace invariant, suggests the need for introducing phase space rep- 
s reservations of ISL(2,C) which do not describe quantum point particles, and for which, 
therefore, the problem of localization is formulated in the context of systems of covariance 
based on POV-measures which are not projector-valued (cf. Sec. 3.2). In Sec. 6.4 we shall 
relate these phase space representations of ISL(2,C) to the structure groups of Dirac quan- 
^rigtum bundles, and treat their carrier Hilbert spaces as standard fibres for those bundles. In 


-o in occ. o.M-, una in i_napter o. 

i 1 he c o nstr uction of a Dirac typical fibre F, as well as of the representation U(aA) of 

ISL(2,C) which it carries, proceeds in a most natural manner if we start with a Wiener-tyne 


wmmm 


(%\y 2 ) = 2 m\ x0=o Y l *(x)Y 2 {x)d 3 x= 2mj , (i-16)| 

where the second of the above integrations can be carried out over any spacelike hyper- ,|j| 
plane. More generally, due to the conservation of the Dirac current, 




(2.1) 


f(x) = t/>(*)/y>(x) 


y(x) = y*(x)y° 


= 0 


E* first 3° components of the direct sum in (2.1) equal the Hilbert spaces of wave 
•y functions defined by (3.4.1) and (3.4.2), whereas the last two components coincide with 
jjp corresponding Hilbert space obtained by the time-reversal of (3.4.2). Hence, the 
|l%p nts of the Hilbert space in (2.1) can be represented by one-column wave functions 
gjwffi tour components, whose time-evolution can be expressed as follows, 


it easily follows that this integration can be carried out along any maximal spacelike hyper-. ; 
surface o in Minkowski space. 

We note that the Dirac current in (1.17) is positive definite, i.e., that fix) > 0 at all J 
points in Minkowski space. However, on account of the difficulties mentioned in the intrbfl 
duction to this chapter, this current does not supply a consistent solution to the problem <ffg 
sharp localization in Minkowski space of spin-1/2 quantum particles. In particular, the rey| 
suit by Thaller (1984), who rigorously proved that all positive-energy solutions of the ; i 


w q o =exp i-ip 0 q°)w 


P 0 =P(P 




P = pPP , 


(2.2) 


mjerms of the Dmac /3-matnx defined in (1.9c). Since, in view of (1.7), we have to deal 
simultaneously with 4-momentum values on the forward as well as on the backward mass 
hyperboloid, it is convenient to regard these wave functions as functions of the 4-velocitv 
ratber tf* an of the 4-momentum p. 

- TQT ^ilb ert space defined in (2.1) we can consider the following representation of 

^g|-(2,C), suggested by (1.7): 
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U(a,A): w(q,v ) w'(q,v)=D' /2 (A,P)w(A \q-a),A l v) ■ 


The spectral analysis of the above representation can be earned out along the general lines 
described in Sec. 3.4. It can be easily deduced from (3.4.7) and (3.4.10) that such a de¬ 
composition displays a spin spectrum that incorporates all half-integer spin values, so that 
the present construction, taken in conjunction with that in Sec. 3.4, supplies phase space . 
wave functions for all possible spin values. We shall concentrate, however, on the case of 
spin-1/2, which is of the most fundamental importance in elementary particle physics, .m 
The unitary irreducible representations for spin-1/2, that are obtained by the aboV$ ; , 
procedure, correspond to various choices of resolution generators r) that emerge from/ 
(3 4 6) Each one of these representations is unitarily equivalent to that m (1.7). However, f 
we shall not reproduce here the formulae 4 explicitly exhibiting that equivalence, since ;in| 
later applications we shall concentrate exclusively on the Dirac-type of phase space wave ■ 

functions. , . , 

In accordance with (1.8) and (1.9a), the transition to these Dirac-type of phase space; 

wave functions can be effected by means of the operator 

, u m = VW2('; + m)] ,,1 (f.+'»-r ? ) . P = {P„,P), P^iSlSQ 11 , (2.4) 

for each choice of resolution generator rj . These wave functions satisfy the following 
SQM counterpart of the Dirac equation in (1.13), 

(iy ^ - m) nq,v) = 0 , ^ - d/dq " • f|| 

Their transformation properties under the simultaneous changes of spinor and vector 
frames are analogous to those of the transformations in (1.15): 

U v (a,A) = U FW U(a,A)VJJji : %») 5(A) a),A~ x v) . (|p 

The infinitesimal generators of the above representation, which arc the counterpart ;of 
those in (5.2.22) for the spin-zero case, can be easily computed from (1.10b) and (Z.O).^ 


P^-iP M , MT = iM ftv = i(Q ,t P v -, ( 2 - 7 “) 

P„=idld<f, &‘=q“-(ilm)d/3v ll , S' ,v = i[y'.r"] ■ < 2Jb) 

They are seen to contain the internal spin terms S^in addition to the external angular 

momentum terms that occur in (5.2.22a). A 

The inner product of the Hilbert space in (2.1) assumes, after the transition to tnc 
Dirac phase space representation determined by (2.4), a form analogous to that of the in..' 
product in (1.1 la): 
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Moreover, it can be also written in the following manifestly covariant form: 

{%[%) = (2.8b) 

We shall adopt as standard fibres F for the Dirac quantum bundles defined in Sec. 

. 6.4 those Hilbert spaces with the above inner product, which consist of all those phase 
, space Dirac-type wave functions that result from choices of resolution generators Tj which, 
itin general, correspond to the quantum spacetime form factors /adopted in (5.1.2). By later 
| incorporating the fundamental quantum spacetime form factor f t in (5.5.5) into the treat¬ 
ment of gauge fields, we shall achieve a unified treatment of all elementary quantum ob- 
f jects. In this approach the (in the classical sense) non-pointlike nature of these objects 
L becomes a fundamental feature of the quantum geometries that can accommodate them. 

If: In the same manner in which the inner product in (5.1.9) can be expressed in the 

■ t form (5.1.13), which is similar to the familiar form (3.3.6a) of the inner product for Klein- 
j Gordon particles, so the inner product (2.8) can be expressed in the following alternative 
If form, which is similar to the inner product in (1.16): 

(^1%) = 2mZ f<m \ z W 1 (q,v)Y ll '} / 2 (q,v)d(7 ll (q)dn(v) . (2.9) 

|§ Furthermore, this form of the inner product corresponds to a covariant current which is 
conserved on account of (2.5), and which is in fact analogous 6 to the one in (1.17): 

|S| J;(< 7 ) = J u0>() W{q,v)fnq>v)dQ{v) , dQ(v) = 2mZ ftfn dQ{v) . (2.10) 

Hence, the spacelike hyperplane for the ^-integration in (2.9) can be deformed into an 
arbitrary maximal spacelike hypersurface, without changing the value of the integral 
p determining the inner product in F. 

jpl 

\ *6.3. Dirac Quantum Frame Bundles 

As a Hilbert space with inner product defined by (2.8) or (2.9), any Dirac standard fibre F 
can be decomposed into a direct sum of two of its subspaces 


F = F (+) © F (_) , 


F (±) =P} ±) F , 


/consisting of all the positive energy and the negative energy state vectors, respectively. 
? This can be most conveniently achieved by using the following representations 

| p(±) = ±X; 5 J|<t>)r; 5 dX( ? ,,)(<«! , (3.2a) 

= (/„«?,A,)ZI =1 SC(4,)^, S = U,(q,A^% , 


(3.2b) 
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x J 0 ^Qxp(-imq ■ u)f {v • u)f ( u°)dQ(u ) 


. from those for the spin-zero case, i.e., from the positive-energy reproducing kernels in 
pi- ( 5 . 1 . 18 ), and from their negative-energy countexparts, expressed in a notational convention 
lH® designed to parallel 9 the one used in conventional theory (cf. (5.7.3) and (1.14)): 


for the respective orthogonal projectors onto those subspaces 7 . The generalized coherent r ; 
states in (3.2b) play the role of Dirac quantum frames (cf. Sec. 3.7), since in the present / 
context they take over the role played in (5.1.15) by the Klein-Gordon quantum frames Hi 
[U n {q,Av)Tl} in the typical Klein-Gordon quantum fibre sharing the same quantum space- j§ 
time form factor/. We note that the action of the second representation in (3.2b), namely ljff 
of U v (q,A v ), actually coincides with that of the representation in (5.1.6) when the latter is H|| 
applied to each component of the Dirac state vector representing the resolution generators of - 'I 
the continuous resolutions of the identity in F (±) . ^IlM 

The wave functions in the positive energy and negative energy subspaces F (±) satisfy ||| 
the respective Dirac equations 8 .pf 

(ty^ T m) ¥*>&#) = 0 , •F <±) = P} ±} *F , (3.: 

so that for them the inner product in (2.8) can be also expressed as follows: 

(^ (± >|^±>) = ± J . (& 


A + (q,v;q',v') = + iZ/ im j u0>Q exp[±im(q'-q)-u]f(v u)f(v'-u)dQ(.u) . (3.8) 

Comparing (3.7) and (3.8) with (3.2b) and (3.2c), we see that 

|/ >v\r') = • (3.9) 

H ■ We sha11 now construct a quantum Dirac frame bundle which is isomorphic to the 
principal bundle 


| SFM = UeM ((«<*>• e r x M, S A (x) e S X M, A = 0,1} 


(3.10) 


of affine spin frames, on which ISL(2,C) acts from the right in accordance with (2.3.11) 
and (1.3). This can be achieved in the most straightforward manner by first setting its 
typical fibre equal to the set 


The action of the projectors onto these subspaces on the elements of the Dirac typical fibre § 
F can be expressed in the form «!Sl 


D = U (0 ,,>« ISU2 ><*Va),u ( -W)) . 

« W W) = r = 1,2,3.4) , 


(3.11a) 

(3.11b) 


(Pf)¥0(9,*0 = +i\S i± \q > v;q\vmQ , ,v , )dE(q\v') , 


which is analogous to that encountered in textbooks on conventional quantum field theory M 
[BL,IQ,SIj. On account of the alternative form (2.9) of the inner product in F, it can b&|gj 
also expressed in the even more strikingly similar form / 

(p(±)ip)(<j,i/) = -ijs( ± \q,w,q',v')Y ll 'f , (q,v')dcr ll (,q')d£2(y') , (3.5b): 

by noting that the integral kernels in (3.5a) satisfy the following reproducibility relations in || 
the chosen phase space variables: / " 

S {±) (q',v';q",v') =-ijS ( - ± \q',v’-,q,v)Y ll S {±) (q,v;q",v")d<j /1 (q)da(v) . C 

These kernels can be constructed as follows, 

S^ ± \q,v;q,v')=-(l/2m)(m + iy ll d/dq lt )A i±) (q,v;q,v') , (• 


consisting of all Dirac quantum frames corresponding to a given choice of quantum space- 
time form factor. We then define the quantum Dirac frame bundle for that form factor as 
■ the G-product (cf. Sec. 4.3): 


mm 


DFM = SFM x G D 


G = ISL(2,C) 


(3.12) 


According to a well-known theorem by Geroch (1968), for a non-compact (orientable 
J^and time-orientable) Lorentzian manifold M, the existence of the spin structure 10 embodied 
| ln J^ e a ^ ine spin-frame bundle in (3.10) is possible if and only if the Lorentz frame bundle 
M is trivial, i.e., it possesses a global section s 0 . On the other hand, non-compactness is 
a consequence of the physically reasonable requirement that M should not possess closed 
Jtmehke curves, since their existence would provide worldlines that obviously violate 
gausality. Hence, on physical grounds we have to allow for the existence of such a global 
-.section s 0 . It is then easy to conceptualize the quantum Dirac frame bundle DFM in (3.12) 
gvithout any direct reference to the affine spin frame bundle SFM in (3.10): we associate 
. wirn each Lorentz frame « 0 (x)s s 0 a copy of a Dirac quantum frame whose elements are 
i defined in (3.2b), and then construct the fibre of DFM above x eM by applying to that 
trac quantum frame all the transformations UJa,A), in accordance with the procedure 
; implicit in (3.11b). 

We therefore give precedence in the sequel to quantum frame bundles over their 
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“classical” counterparts. In fact, whereas it can be argued that linear frames whose elements ; 
are vectors in Minkowski space, or belong to the spaces tangent to a curved classical space-1 
time manifold M, are physically realizable in terms of “classical” macroscopic structures,| 
that is certainly no longer the case with spin frames 11 . Hence, on physical as well as math-f 
ematical grounds, it is advantageous to conceive of all the subsequent constructions of 
quantum bundles directly in terms of the quantum frame bundles to which they are associ¬ 
ated, rather than to resort to constructions based on more traditional principal frame bun--/ 
dies, as we did in Chapters 4 and 5 (cf. Note 8 to Chapter 4). 

*6.4. Dirac Quantum Bundles 

In accordance with the point of view advocated in the last paragraph of the preceding ; 
section, we define now a Dirac quantum bundle DM, with a typical fibre F defined in Sec. ^ 
6.2, as the G-product (cf. Sec. 4.3) 

DM = Dim x g F , G a ISL(2,C) . <|§| 

This construction gives rise to the generalized soldering maps (cf. (4.3.2) and (5.1.5)) --."||| 

of : f ht 1 f? ±> (f) = («SM ,P ) ’ VeF.cDM, V 

which assign for each choice of Dirac quantum frame 

U (±) = (4> x ( g r | £ = (q,u) e R 4 x V + , r = 1,2,3,4} e IT\x) c DFM , (' 

coordinate wave function amplitudes belonging to an element 'F = Mn 

standard fibre F. In the transition from one choice of section s of DFM to another seCtk 
s', these coordinate wave functions are related by a purely quantum counterpart of J|| 
relations (5.1.7), which involve the classical frames in (5.1.7b): 

fff^oCafr 1 : F F'=U v (b(x),A(x))F , 

■ (6m,a W )= - 

We note that in (4.4b) the action from the right ensures that the Dirac quantum bundle^! 
is a fibre bundle associated with the principal bundle DFM in the sense of the definition i 
Sec. 2.2. Indeed, for each choice of section s of the Dirac frame bundle DFM, 
soldering maps in (4.2) provide the local trivialization maps > J 

0 s ; T' (s.of 0 90 g M s xF (±) , feF.c n\ M 1 ) , U (±) =s(x) , (4|| 
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All the geometric considerations carried out in Chapter 5 in the context of Klein- 
Gordon quantum bundles can be transferred, generally with at most minor alterations, to 
jgjg t [j C present case of Dirac quantum bundles. We shall, therefore, restrict the remaining 
^•^ considerations in this chapter to the definition of the parallel transport and of the related 
Connection in a Dirac quantum bundle DM. 

The definitions of parallel transport and connection in the affine spin frame bundle 
9FM, or equivalently, in the quantum Dirac frame bundle DFM, can be carried out in 
accordance with the general procedures outlined in Secs. 2.4 and 2.5. Thus, let us consider 
the spin frame bundle 5F 0 M over M |W], which can be viewed as a subbundlc of SFM 
that corresponds to the choice a(x) = 0 in (3.10). The adoption of any connection in the 
Spin frame bundle SF 0 M, given as in (2.4.1), leads to a diffeomorphism of the kind 
exhibited in (2.4.7). On the other hand, by using (1.3a) we can perform the identification 


SF 0 Mx g (W*®W) TM 


G = SL(2,C) 


(4.6) 


In case that we are dealing with a connection which gives rise, on account of this identifi¬ 
cation, to a connection compatible with the Lorentz metric on M, this diffeomorphism can 
be extended, in accordance with (2.6.17), to a diffeomorphism 


fj %(*”,*’) : («(*'),Sa(*')) h* («(*”),£ V*")) . 


(4.7) 


between the fibres of the affine spin frame bundle SFM. In turn, by means of (3.12), this 
| leads to a diffeomorphism between the respective fibres of the quantum Dirac frame bundle 
j|g|pFM, which gives rise to the maps 


H|f r r (x",x') : >-» <P$l , 


(4.8) 


C: • • *•** 


p between corresponding elements of quantum Dirac frames. Upon taking into account that, 
■ according to (3.2) and (4.2), 


k ^ = ±Tr^rt,!<mo e f<*>, ^e¥ x ,, 


(4.9) 


the map (4.8) can be extended into parallel transport within the Dirac quantum bundle DM, 
given by the unitary map 

H» • H.IO) 

gitetween the respective fibres of DM. 

Jfjtz The covariant derivatives corresponding to the above defined parallel transport in 
can be (densely) defined by the same type of strong limit as in (5.2.16). They can be 
^ expressed in the form 


generically defined in (2.2.4). 






Vzff’ =[d x -i0 J (X)P JiU+ icb Ji <.X)Mi i 2 3 4 * 6 * 8 9 l'li ±) , (4.11a) 

^^ ±> =±S'. s= , r°r,jdE(OX(W^)^ r , ■f£ , W = «>,|n). (4.1ib|fj! 

|| 

where the connection coefficients are the same ones as in (5.2.27), whereas the infinitesi- ? J 
mal generators are defined as in (2.7) in terms of the coordinates with respect to the Poinca- /: 
re frame u in T X M that corresponds to the affine spin frame in the chosen section of SFM. S§ 
With this definition of a connection within the quantum Dirac bundle DM, the couikI^ H 
terparts of (5.2.26) and (5.2.28) remain valid. The definition of a propagator for parallel^S |f 
transport can be carried out as in (5.4.2). Counterparts of (5.4.3)-(5.4.5) then immediately f|f 
follow, in which the ^-integration obviously has to be replaced by the combination of the f- ffl 
integration and of the summation involving the matrix elements of ±y° that occur in (3.2a). II 
The treatment of strictly causal GS propagation therefore remains basically the same as in HI 
the spin-zero case considered in Sec. 5.4. On the other hand, since the treatment of the 'll’! 
weakly causal GS propagation was based in Chapter 5 on the use of diffusion processes,iljj 
the usual path-integral subterfuge ([ST], p. 229) to a “squared” Dirac equation is required.’4| ; 
Such an equation is also necessitated in SQM by the consistent treatment of interactions of 3 
single (stochastically extended) spin-1/2 quantum particles with external electromagnetic:■ 
fields (Ali and Prugovecki, 1981). However, a treatment of the many-body problem for the;j 
spin-1/2 case which is mathematically elegant, as well as physically more satisfactory, is! 
afforded by the field-theoretical techniques presented in Chapter 8. ' ifi 


ii 


Notes to Chapter 6 

1 Rigorous proofs of this and of die other statements concerning the Wigner-type momentum representa-MM? 
tion can be found in Chapter 6 of [BL]. 

2 The proofs of this and of the remaining statements in this section can be found in Chapter 7 of [Bl.J. ,^||| ’ r 

3 All die proofs can be found in the original paper on this subject (PrugovcCki, 1980). The Wigner-type 1L 
representation based on (2.1)-(2.3) has been used (Ali and PrugovcCki, 1981) in setting up models of' 
stochastically extended spin-1/2 particles in external electromagnetic fields, which are consistent as^ltj 
single-particle external-field models in die sense that diey do not give rise to spontaneous transition of ^|| 
particle states into antiparticlc states - as is genetically the case with models based on the Dirac equation ;f| ' 
in (1.13) or in (2.5). 

4 These formulae can be easily derived from the results reported in (PrugoveCki, 1980) and in (Ali ai 

PrugoveCki, 1986c). 3pfj| 

$ Naturally, the definition of the £)-operators in (2.7b) requires the off-shell extrapolation carried out 
(5.2.23), and discussed in Note 13 to Chapter 5. ■ --M 

6 The Wigner-type GS spin-1/2 framework also possesses a probability current. That current is analog 
to the one in (3.5.13), and is also covariant and conserved (PrugoveCki, 1980). -- 

^ The proofs of the results stated in this section can be found in (PrugoveCki, 1980), where these resu 
are derived from the Wigner-type representation based on (2.1)-(2.3), by using the transformation (2 
However, all the results in this section can be also verified by direct computation, using the well-kno 
algebraic properties PQ,SI] of the Dirac y-matrices in a manner totally analogous to that of deriving 
corresponding results in the momentum representation based on (1.10)-(1.11). -V 

8 Alternatively, one can associate, as in (PrugovcCki and Warlow, 1989b), the negative energy solut" 

with values of v on the backward 4-velocity hyperboloid by setting for them 'Fiq-v) = Yi-q.v), so 
the form (2.5) of the Dirac equation is preserved. •. 

9 However, the factor l/2m was introduced, which is not present in the conventional approach. This 
is designed to compensate the 2m factor in (2.9) (which also occurs in (1.16)). In addition, there is a 
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Which is abso,utel y essential for securing the strict reproducibility 
of the integral kernel in (5.1 18) - from which (3.6) follows on account of the well-known algebraic 
relations for the Dirac y-matrices [BL.IQ.SI]. s 

10 Spin structures and their most basic properties are described in Chapter 13 of [W], Detailed accounts of 
spinors and spin structures in curved (classical) spacetimes, and their use in CGR are provided by 
Carmeu (1982) at ai level best suited to readers with a primary interest in physics and in the formulation 
of classical field theories, as well as by Penrose and Rindler (1986) in a form that might be more 
attractive to readers with a strong interest in the mathematics of the subject. 
ff The concept of “null flag” (cf. [W]; [Penrose and Rindler, 1986]) associated with a spinor is introduced 
t f° deal w . 1,115 Problem, but it still leaves an irremovable ambiguity in sign in the two-to-one map 
between spmors and such null flags. y 
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Relativistic Quantum Geometries 
for Spin-0 Massive Fields 


In the case of interacting quantum fields in Minkowski space the difficulties with the cdgp 
ventional schemes of quantization are very fundamental. In fact, they are intrinsically un- 
solvable in that context, on account of the physical and mathematical reasons mentioned 
Sec 1.2 and further discussed in Sec. 7.6. Hence, the last word on this subject has to go 
to the acknowledged founder of relativistic quantum field theory as well as of relatmsti| 
quantum mechanics, P.A.M. Dirac, whose insightful mid uncom P r ^f ingly forthnght . 

assessments of these two disciplines have greatly inspired the present work. . _ 

In his very last paper, published posthumously 1 under the title The Inadequacies o. : 
Quantum Field Theory”, Dirac reiterated, in his very characteristically straightforward and 
dem-cuf 1 manner, his^eneral assessment of the conventional renormalization pmgramg 
the admonishments which he had publicly voiced on numerous occasions (cf_,e.g., Dir^ 
1951,1962,1965,1973,1977, 1978) throughout the last thirty years of his life . 


Just because the results [of the conventional renormalization procedures m quantum field 
theorvl happen to be in agreement with observation does not prove that ones theory is 
correct. After all, the Bohr theory was correct in simple cases. It gave very good ,but 

SeBohr theory had the wrong concepts. Correspondingly, the nMfarirf 
quantum theory with which physicists are working nowadays is not justifiable by agreement j| 

with of p hys i c i s t s have gone a long way in developing this theory; in fact, jj 

most of the physics of elementary particles over about forty years has been along these m s. | 
People work with a Hamiltonian which, used in a direct way, would give the wrong rants, v -j| 
and Aen they supplement it with these rules for subtracting infinities. I feel . under those ^ 
Site you do not have a correct mathematical theory at all. You have a set of working | 
rules So the quantum mechanics that most physicists are using nowadays is Just a set of 
working*rules^and not a complete dynamical theory. In spite of that, people have developed | 

it in emphasize thatmany of (hese modem quantum Held theories are notreliable 

at all, even though many people are working on them and their work sometimes gets detailed 
results. (Dirac, 1987, p. 196) 

It is of course, generally understood that this mathematical “unreliability" ^ 
conventional quantum field theory in Minkowski space does not extend tothe caseof &gj 
quantum fields. Such fields are physically trivial, but their mathematical^formulatt 1 

least totally consistent when properly formulated in terns of °P era f E ' v ^ d fr ““ lam | 

| BL], which form the basis of the Wightman axiomatic approach 3 . In fact, free quantu ... 


fl§g : fields, and so-called generalized free quantum fields [BL], still provide the only models that 
|jj ^ known to satisfy those axioms in four-dimensional Minkowski space 4 . Hence, the 
ear iier quoted negative assessment by Dirac obviously refers to the treatment of interacting 
HH! quantum fields within the conventional approach to quantum field theory in general, and to 
tel; conventional quantum electrodynamics in particular. 

Hill As is well-known, the foundations of this subject were laid by Dirac himself - and, 
§§§§ a S a matter of fact, “the first steps toward renormalization go back once again to Dirac” 
IBf (Pais, 1987, p. 102). However, by 1936 "Dirac turned highly critical of quantum electro- 
Kfcdynamics ... and adopted the strategy of attempting to modify the classical theory first, so 
|g a s to rid it of its infinities. There are overwhelming reasons, however, why a return to 
IfSI classical theory is the wrong way to go.” (ibid., p. 105). 

111%;. -. Dirac’s many attempts to rid conventional quantum field theory of infinities in a 
§Hi mathematically consistent, and yet physically nontrivial manner, provide by themselves 
Hill convincing evidence that his final verdict on this issue should be taken very seriously when 
jpjp approaching the construction of models for interacting quantum fields. On the other hand, it 
;V is not a priori clear whether his observations might also apply to the conventional 
jj| formulation of quantum fields in a curved classical spacetime, as long as those fields do not 
; interact amongst themselves, but rather interact only with an external gravitational field 
supplied by a Lorentzian metric g over a given differential manifold M. 

Thus, it could be hoped that the same second quantization procedure that works 
rather well when constructing free quantum fields might work equally well when Minkow- 
IrJf ski space is replaced by a generic curved classical spacetime. 

That turns out, however, not to be the case - and, this time, for rather evident physi¬ 
cal reasons, which reveal and illustrate rather dramatically the epistemological inadequacies 
| : of the conventional mode of thinking about second quantization procedures. 

|||f| ■ To reveal and analyze the sources of these inadequacies, we shall review in Sec. 7.1 
jig-' the salient features of the most fundamental quantization scheme for quantum fields in 
|f|i curved spacetime, namely the canonical method of second-quantization. Then in Sec. 7.2 
|jff we shall show that, even in classical Minkowski spacetime (i.e., in Minkowski space 
j| treated as a manifold, rather than as a linear space in which global Lorentz frames can be 
introduced as vector bases) they lead to a surprising conclusion; the conventional concept 
of quantum particle, based on the canonical method of quantization, leads to ambiguities. 
|y ; fSuch difficulties are usually interpreted [BD] as reflecting an observer-dependent quality in 
||§p£ttie concept of quantum particle. However, these ambiguities and difficulties are 
fflfi&iacerbated in the context of curved spacetimes - as we shall show in Sec. 7.3, where we 
| discuss the difficulties and inconsistencies resulting from the use of conventional schemes 
| of second-quantization in a generic globally hyperbolic curved spacetime. 

The GS method of quantization resolves these fundamental difficulties by replacing 
§1§! the concept of quantum particle by that of geometro-stochastic exciton, in accordance with 
j! the GS schemes of first quantization discussed in Secs. 3.4-3.6, and in Chapters 5-6. In 
|l| turn, this leads to a GS second quantization method, which is presented in Sec. 7.4 for the 
|j'> case of neutral scalar fields. As in the single-exciton case discussed in the preceding three 
chapters, the propagation of such GS fields is formulated in geometro-stochastic terms, 
>■ 1 rather than being derived from action principles. In Sec. 7.5 it is shown, however, that 

| action principles emerge naturally from the underlying definition of propagators for parallel 

| transport. In Secs. 7.6-7.8 we compare the conventional approach with the GS approach 

^ to microcausality and quantum field locality, and to quantum field interactions, respectively. 




*7.1. Canonical Second-Quantization in Curved Spacetime -fl 

The first attempts at formulating quantum fields in a curved spacetime background can be til 
traced to the work of Schrodinger (1939). However, a canonical scheme for second-quan- 
fixation, in which a curved spacetime background replaces Minkowski space, was first 
formulated and studied in a systematic manner by L.E. Parker (1966, 1968, 1971). The % 
entire subject eventually came very much into vogue with the paper by S.W. Hawking 
(1975a) on thermal black hole radiation. Although the interest gradually waned in subse- ; 
quent years 5 , this subject has remained a de rigueur item in conference proceedings and -1 
memorial volumes on general relativity and cosmology (Parker, 1978, 1983; Gibbons, if 
1979; Davies, 1980, 1984; etc.). It has also become the sole topic of two monographs Jl 
([BD]; Fulling, 1989), and it has received prominent mention in recent textbooks on gen- fS 
eral relativity [W] and cosmology [N], 

Let us first review canonical second-quantization in Minkowski space, where this iiSS 
procedure is straightforward and very well understood. In the spin-zero case, it relies on'IS 
the possibility of unambiguous formulation of the Hilbert spaces t Mg 

j£ (±) = = exp(+iP 0 t)q> . Po=(P 2 +™ 2 ) V2 > P 2 =-a| , (1.1) :J 

**sl 

that consist of positive-energy and negative-energy solutions of the Klein-Gordon equation - 
(cf. (3.3.5)), - 


(ri ,lv d M d v + m 2 )ft ±) (x) = 0 , 


<p (±) (x°,x) = £g } (x) . 


These Hilbert spaces carry inner products which can be densely defined by the respective ! 
positive-definite sesquilinear forms (cf. (3.3.6a)), 

9i ±) *(*)3t$t ) (x)d& t (x) , do ,1 (x)=n ,l (x)do(x) , (1.3), 

■ 

in which the integrations can be performed along the maximal spacelike hypersurfaces tyfflgl 
belonging to any foliation of the Minkowski space M, which is of the generic type (5.4.7). : f 
The conservation of the Klein-Gordon current in (3.3.9) ensures that the values assumed:) 
by these sequilinear forms are indeed independent of the choice of reference hypersurface | 
G[. Hence, these forms define norms that can be used in constructing (cf. [PQ], Ch. I, | 
Secs. 3.3 and 4.1) the completions that lead from the pre-Hilbert spaces consisting of the.. 
respective smooth solutions of (1.2), which are of faster than polynomial decrease at infin- |f 
ity, to the corresponding Hilbert spaces in (1.1) of much more general wave functions. HgtH 
In the case of charged spin-zero particles and antiparticles, whose states are described | 
by the elements of the respective completions of the pre-Hilbert spaces of positive-energy | 
and negative-energy solutions of the Klein-Gordon equation in (1.2), the canonical method | 
of second quantization is usually carried out [BD,BL,IQ,SI,N] by first constructing the i 
Fock space _ i||§ 
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- This space is a direct sum, whose (0,0)-component is a one-dimensional complex Hilbert 
space spanned by a normalized vector *F 0 , called the Fock vacuum, and whose ( m,n )- 
'! component is a tensor product, whose first factor consists ofm symmetrized tensor prod- 
!; ucts [PQ] of the single-particle Hilbert space in (1.1), and whose second factor consists of 
! n symmetrized tensor products of the single-antiparticle Hilbert space in (1.1). Thus, the 
Fock space in (1.4) is itself a Hilbert space, whose elements genetically represent super¬ 
positions of state vectors with arbitrarily large numbers of particles and antiparticles of the 
•i - species described by the respective solutions of the Klein-Gordon equation in (1.2). 

In the case of neutral spin-zero particles which possess no distinct antiparticles, the 
corresponding Fock space 

If: ? = ®r=0 , (1.5) 

is a direct sum whose generic term consists of n symmetrized tensor products of the single- 
particle Hilbert space in (1.1), for the obvious reason that there are no distinct antiparticles. 
! the sake of simplicity in exposition, and in view of the fact that the charged case pre- 
sents no additional conceptual or mathematical difficulties, we shall restrict all the subse- 
v quent considerations in this chapter to the case of neutral scalar quantum fields acting in 
§§ such Fock spaces for neutral spin-zero particles. 

j! In f hat case the second quantization is achieved [BD,BL,IQ,SI] by first constructing 
• ;, the creation and annihilation operators for a quantum particle in the generic state f, whose 
g momentum space representative is given by (3.3.10), by defining in the following manner, 

.*»,) = n V2 j kt> J\k)%(k,k i. k^)dn m {k) , (i.6a) 

(ahntijK . KO = (n+1 . kj,,k JH> ....XO . (1.6b) 

their actions on the momentum space representatives of the n-particle wave functions 
‘ belonging to the state vectors of the Fock space in (1.5). These operators, whose definition 
ifecan be extended by linearity to all finite linear combinations of various ^-particle states, are 
unbounded but closable [PQ], so that they are well-defined on maximal dense domains of 
§. “ ie F° c ^ space in (1.5). On the other hand, the scalar quantum fields usually defined by 6 

jt’ <P(x) = <p { -\x) + <i> (+ \x) , xeM , ( L7a ) 

^^ = T a JaU)a(i a ) , # W(,) • (1.7b) 

: for any choice of orthonormal basis {f u f 2 , ...Jin the single particle space in (1.1), are not 
-^tually well-defined by the second infinite series in (1.7b). In fact, it can be proved (cf. 
[BL] Sec. 10.4) that no “local” quantum field operators are well-defined at the points x of 
i Imkowski space, so that some form of “smearing” with test functions is required to make 
the expression in (1.7) well-defined. Hence, Wightman (1956) proposed a “smearing” with 
test functions / from the Schwartz space J(R 4 ) [BL]. Indeed, if such “smearings” are 
performed on each term in the series in (1.7b) prior to taking the strong limit that is implicit 
m computing the sum of such infinite series [PQ], then the ensuing weak limit [PQ] 
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<j)(f)= f f(x)<()(x)d 4 x:= ^-Um\d 4 xf(xy^ a=l (f a (x)a(f a ) + f cc (x)a i[ (f a )), (1.8) ; 

JM 71—»°° '-rv-iSjSI 

is well-defined on a dense set in Fock space, and it determines on such a dense set an 1 

operator-valued distribution in /e.5(R 4 ). . . . jj| 

Despite the fact even free quantum fields are not well-defined at single points x in _;f 
Minkowski space as bona fide operators in Fock space, some other basic expressions, such 
as the following one for the total particle number operator 


N = X; =l at(/„)«(/«) = ij 0i ^\x)S^-\x)dcT(x) , (1-f™ 

can be defined in mathematically rigorous terms by means of integrals over hypersurfaces ' ; • 
in Minkowski space. In the case of the integral in (1.9) this can be achieved by setting, - ^ [ 


mn/*' j 

n—>°o\ Ja t ' 

= l ^ + \x)d^-\x)do^(x)r^ , r,r'e7 , (uo>| 


so that, on account of ( 1 . 6 ) and of the orthonormality of the set [fi, f %,the so definedjj§L 
expectation values of the operator-valued integral in (1.9) coincide with those of the seri^|ip 
in ( 1 . 9 ) - which in turn provides the mean value of the number of particles in a state repre- f | 
sented by a normalized vector in Fock space. Furthermore, by using the following conven-|p 
tional definition of normal ordering, 

:(a:) 0 (+) (a;):=: 0 (+) (^) 0 (-) (a:): = 0 (+) (x)<p^(x) , (l-H)i 

as well as the easily verifiable fact that ^ 

f (p[ ± \x)d tl ^\x)do tl (x)^0 , , (1.12) 

-;?|§ 

we can rewrite (1.9) in the following form: 

N = -|J o uj>(x)d lt <p(x): do^ix) . 

Similarly, the total 4-momentum operators and the relativistic total angular momentum 
operators (whose components also represent the generators of spacetime translations of th^.^ 
unitary representation of the Poincare group to which the single-particle representation in, r 
(3.3.7) gives rise in the Fock space defined in (1.5)) can be expressed as follows [SI]: jr" 

P f = i. -vmvda\x), M,„ = \ a -.x;r, l - x„T llX -.do>{x) , (l.lp 
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V- 6 = QAv + i %v{ m2| f ,2 -7 (1.15) 

^ = 7 <f>y.= d<t>/dx x . (1.16) 

On the other hand, the fact that the quantum field operators at the individual points x 
of Minkowski space are not well-defined, so that at a mathematically rigorous level they 
lhave to be treated as operator-valued distributions, causes severe mathematical difficulties 
Sin the case of interacting quantum fields. Indeed, in that case the above simple-minded 
f procedures, based on normal ordering, do not produce well-defined expressions, and 
: additional divergencies have to be removed. However, the fundamentally distributional 
nature of quantum fields “at a point” is not the principal cause of difficulties when the 
above formalism for free quantum fields is extrapolated from Minkowski space to a curved 
[spacetime manifold. Hence in the sequel, we shall not bother with this “smearing” 
procedure for quantum field operators. Rather, the reader interested in this mathematically 7 
well-understood point should consult the papers by Isham (1978) and by Kay (1978, 
1980) for a rigorous treatment of quantum fields as operator-valued distributions over 
spaces of test functions in a curved (classical) spacetime (M,g). 

The original formulation by Parker (1966, 1968) of spin-zero quantum fields in 
fcurved spacetime (M,g) was mathematically very formal, and dealt only with the very 
| special case of a spatially flat Robertson-Walker metric expressed in its best-known form 
| [W], namely the one in which its components are in their outward appearance very similar 
to those for the Minkowski metric. However, it was soon noted by Fulling (1973) that 
such a construction was inherently nonunique. It is often stated that this intrinsic ambiguity 
of the canonical second-quantization procedure in curved spacetime originates from the fact 
that “the notion of a vacuum or no-particle state in a curved spacetime is inherently 
| ambiguous ” (Gibbons, 1979, p. 639). In fact, as we shall soon - see, this ambiguity occurs 
already at the single-particle level, due to the lack of a physically unambiguous manner of 
splitting the space of solutions of the general relativistic Klein-Gordon equation with 
minimal coupling to an external gravitational field 8 , 


(g^^ v + m 2 )(p(x) = 0 , 


into subspaces representing positive-energy and negative-energy solutions, that would 
represent counterparts of those in ( 1 . 1 ). 

Indeed, to make the construction mathematically as rigorous and as unambiguous as 
possible, let us first consider only the family of all solutions of the Klein-Gordon equation 
fin (1.17) that correspond to smooth initial conditions with compact support along an initial- 
data reference hypersurface o„ • By analogy with (1.3), we can introduce in this family the 
; sesquilinear form 9 

(<PiW = *J C( tiWVpViWdtfix) , do >l (x)=n >i {x)do{x) . (1.18) 

By using the general form of Gauss's law [W] it can be immediately deduced from (1.17) 
- that the values assumed by the sesquilinear form in (1.18) are independent of the choice of 
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hypersurface O t for an arbitrary foliation of the globally hyperbolic Lorentzian manifold 
(M,g) in which the Klein-Gordon equation (1.17) is defined. However, this sesquilinear 
form is not positive definite, so that it cannot be used for introducing a norm in the 
considered family of solutions of (1.17), whose completion would yield a Hilbert space. 
Indeed, as can be seen from (1.3), a splitting of the considered family into positive-energy. 
and negative-energy solutions of the Klein-Gordon equation in (1.17) is mandatory, in 
order to extrapolate the canonical second-quantization procedure from the Minkowski case 
to the present situation. . ;vf| 

As presented in the original mathematically rigorous papers on this subject by 
Ashtekar and Magnon (1975) and by Kay (1978), as well as in the mathematically oriented 
text by Fulling (1989), the extrapolation of the canonical second-quantization procedure 
primarily deals with the case of stationary classical spacetimes (M,g). Hence, we shall re- i 
strict the discussion in this section to the case where (M,g) is stationary, and then discuss 
the generic case in Sec. 7.3, in the context of scrutinizing the physical implications of this 
extrapolation of the canonical second quantization procedure in Minkowski space. 

By definition, a classical spacetime (M,#) is stationary [M,W] if there is a globally 
defined timelike Killing vector field t , i.e., if the diffeomorphisms 4> f : M -» M generated 
by the flow lines (namely integral curves) of / constitute a one-parameter group of isome-^ 
tries in (M,g). Hence, in the presence of such a field, for a globally hyperbolic (M,g) the 
choice of foliation in (5.4.7) can be related to the Killing vector field t by specifying any 
Cauchy surface in that foliation as the initial-data hypersurface G 0 , and then setting | 
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M = U eI 


= {* = <M*)| . '(*) = 


(1-19) 


We can then introduce along o 0 a scalar field N and a vector field N (known in the ADM 
formulation of the initial-value problem in CGR as the lapse and shift fields, respectively -i 
cf. Sec. 11.1), for which, in terms of the future-pointing normals n to g 0 , 


t(x) = N(x)n(x ) + N(x) 


V* € <T., 


( 1 . 20 ) 


In that case, for any choice of coordinate chart in o 0 , wc can extend those coordinates 
along the flow lines of t to the corresponding points in (Cauchy) reference surfaces a, in 
(119). In such coordinate charts that are adapted to /, die metric g in M can be expressed 
in the following form in terms of the Riemannian metric h, which it induces along o 0 (i 
[MJ, p. 507, or rWj, p. 255), 

g = goo dt ®dt + g 0a dl®dx a +g a0 dx a ®dt-h ab dx a ®dx b , (1.2!; 

£oo = = AT 2 - h ab N a N b , g 0a = g a0 = -h ab N b , a,b = 1,2,3 . (1.211 

Hence, in such specifically chosen coordinates all its components are ^-independent 10 . 

Fundamentally, it is this ^-independence of the metric components for these special I;t 
types of foliation of M that enables the introduction (Ashtekar and Magnon, 1975; Kay,§f| 
1978) of a ^independent complex structure in a suitably restricted family of real solutions .^ 
of the Klein-Gordon equation in (1.17), and therefore a ^-independent mode of decomposi¬ 
tion of the corresponding complex solutions of (1.17) into positive-frequency and negative-X 


frequently solutions. Indeed, in any globally hyperbolic (M ,g) we can consider the family 
fc of a!1 rea ( ! solutions of (1.17) that result in a unique manner (Choquet-Bruhat, 1968) from 
f *e set of all smooth and real-valued initial data that have compact support in a 0 , namely 
:; the following set of pairs of functions on a 0 : y 

C(o 0 ) = {(/,#)[ /(*) = 0(0,*), #(*) = 5,0(0,*), f,g e C“((j 0 )} . (1.22) 

‘-This set constitutes a real vector space, in which we can introduce the symplectic form [C] 

((^»^L)|( 4 »^ 2 )) a = J CTo [f\( x )g 2 ( x )-gi(x)f 2 (x)\do{x) . (123) 

§s 

Inastationary spacetime (M,/»), the time-evolution in this vector space can be related to the 
Killing field t via the aforementioned coordinate charts as follows, 

2X0 ; (f,g) i-> e C(o 0 ) , f t (x) = y(t,x), g ( (x) = d t <p{t,x) . (1.24) 

Hence, it constitutes a one-parameter group, that preserves the symplectic form in (I 23) 

' Upon completing the real vector space in (1.22) with respect to an E-norm whose square 

\.f'8)\ B =\ a f f< ,lv(x)]t\x)dc''(x), fix) = 0(0,*), g(*) = 5,0(0,*), (1.25) 

'A .. 

is determined by the energy density 

V<P\ = V^V v ^-i^ v (V^V^- m ^ 2 ) , V*(p = g Kl V x v , (1.26) 

| ° f . l h he rcal - val u°d classical field in (1.24) which obeys (1.17), we arrive at an auxiliary 
Hilbert space ^(/;o c ), whose inner product corresponds to that norm. In that completion 
Mt;o 0 ) we can introduce a complex structure (cf. Note 35 to Chapter 3), compatible with 
( t r Uie symplectic form in (1.23), by means of the following unitary operator J t , 


J t - a t \n t \ 


J\=~ 1. 


W>§):=-dm)(f,g))/dt\ t=0 . (1.27) 


can be then easily proved (Ashtekar and Magnon, 1975; Kay, 1978) that this particular 
| °P erator ^ Provides the only complex structure on T(f;o 0 ) that preserves the symplectic 
™ md whlch aiso conserves the total classical energy E defined by the integral 


m (1.25). 


1‘.' Yf can now isometrically embed the real Hilbert space J3 (/;g 0 ) into a complex Hilbert 
gspace 9i(t;G 0 ) by means of an identification map l t ; A(t;G 0 ) 5/(/;cr 0 ) which is such that 


0 a + ib)I t ((f,g))=I t (a(f,g)) + r t (bJ t (f,g )) , Va,ft G R 1 . 


(1.28) 
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This complex Hilbert space #(*;o 0 ) can be then obtained by carrying out, in the customary 
manner [PQ], the completion of T t JH(t,G 0 ) with respect to the norm defined by the inner 
product ;|f§§! 


= +*(</U)|oU>) <ll . (1.29) | 

811 

We then define the quantum Hamiltonian Ht associated with the Killing field t by setting ^§§1.. 
H t v.= -I t J t h t (f,g) , P = /,(/,£)■ (1.3°) j 

.■iliSl i 

In this manner we arrive at an essentially self-adjoint operator which governs the time- 
evolution in the complex Hilbert space which is then adopted as die single-particle m 

Hilbert space corresponding to the chosen Killing field. Finally, by identifying in a natural | 
manner, namely in accordance with (1.24), the wave functions on various reference hyper- j^yj 
surfaces <S [, we can eliminate the dependence of the construction of 5/(t;o 0 ) on the choice 
of the initial-data reference hypersurface o 0 • Hence, the resulting single particle Hilbert = g: 
space 17/(0 can be deemed to be dependent only on the timelike Killing field t . 

From this point onwards, canonical second-quantization for neutral spin-zero parti¬ 
cles can proceed as in the Minkowski case. Thus, we can introduce in the Fock space j); 

. £.«)=«■«) (1-31): 

creation operators for a particle in the generic state/ that belongs to 17/(0 : 

(a^/) ^ n ) n+ /ic p ...,^ n+1 )=(rt + l)"^ 2 ^. =1 /(a:y) *F„(A: 1 ,...,x i _ 1 ,a: J - + i,...,x n+1 ).(1.3^| 

We can then define the corresponding annihilation operators a(f) as their Hilbert 
adjoints. Thus, for any choice of orthonormal basis [f u / 2 , the single particle space ^ 
17/(0 we obtain a standard representation of the canonical commutation relations: 

K,a/) = 5 a/J , [a„,a0] = K‘,a/] = O , a a * = a t (/«) . (1.33) 

The definition of the corresponding scalar quantum field in the classical stationary spac^g 
time (M,g) then proceeds as in (1.7), namely be setting • | ^ 

<p(x) = XI =1 ( /«(*) a a+fa(x) a* ) . ( J p 

On the surface, it might appear that after arriving at this definition of scalar quanta® 
field in a stationary spacetime (M,g), the definitions of other basic quantities, such as that 
of the normally ordered stress-energy tensor that occurs in (1.14), can proceed along ffi| 


same lines as in Minkowski space. This, however, is not the case due to a number of 
difficulties and ambiguities, to whose examination we turn next. 


*7.2. Spontaneous Rindler Particle Creation in Minkowski Spacetime 

There are numerous difficulties and physical inconsistencies to which the canonical scheme 
of second quantization described in the preceding section, as well as all the other conven¬ 
tional schemes of quantization of fields in curved spacetime [BD], give rise even in the ab¬ 
sence of mutual interactions between quantum fields. In a section of the well-known review 
Article “Quantum Field Theory in Curved Spacetime” by B. S. DeWitt (1975), which is 
suitably entitled “Failure of conventional procedures”, some of these difficulties are aptly 
and succinctly summarized as follows (with italics retained as in the original): 

. “This [canonical quantization procedure of fields in curved spacetime] is just as in 
conventional particle physics. The trouble with it is: it's wrong. It is not wrong in a techni¬ 
cal mathematical sense. It simply provides a grossly inadequate foundation for the theory. 
Here are just some of the situations where it fails: 

1. There may be no Killing vector at all, timelike or spacelike. This is the generic sit¬ 
uation. How to deal with it is unknown, except possibly when there is an approximate 
Killing vector that becomes exact asymptotically. ... 

2. There may be a global Killing vector, but it may not be everywhere timelike. ... 

3. Spacetime may be stationary only in limited regions. If each region possesses 
complete Cauchy hypersurfaces then a local timelike Killing vector field may be set up in 
each and vacuum defined for each [such region]. ...” (DeWitt, 1975, p. 302). 

DeWitt then continues to illustrate how, as a consequence of the third of the above 
points, the existence of these distinct vacuum states gives rise to ambiguities and anomalies 
in the definition of the stress-energy tensor. Later work by Wald (1977, 1978) has 
suggested axioms 11 for the stress-energy tensor that are capable of removing most of these 
ambiguities 12 , but certain anomalies still remain (cf. [BD], pp. 220-221). Furthermore, the 
dual role which the stress-energy tensor plays in quantum field theory gives rise to an even 
more serious type of physical ambiguity which, as will be discussed in the next section, 
brings into question the very meaning of the conventional concept of quantum particle. 

These ambiguities manifest themselves already in Minkowski spacetime, i.e., in R 4 
treated as a flat Lorentzian manifold in which local holonomic or nonholonomic frames play 
a central physical role - rather than just as a vector space in which global Lorentz frames 
are of primary physical significance. We can then consider the question of the physical 
significance of the Fock space in (1.31), that is constructed for a Killing field other than the 
one corresponding to a coherent flow (cf. Sec. 5.4) of classical test particles moving by 
inertia along parallel worldlines, which obviously produces the Fock space in (1.5). 

A simple example of such a noninertial flow of classical test particles (or classical 
observers”) in Minkowski spacetime can be easily provided in the Rindler coordinates 
which are related as follows to the Minkowski coordinates with respect to a 
global Lorentz frame (e^O)) with origin at O (cf. (2.3.12)): 

x° =±^sinhat, x 1 = ±^coshat, x 2 = y , x 3 = z , ±x l >|x°j , (2.1) 

x° = cosh at , x 1 = ±xsinhat, x 2 = y , x 3 = z , ±x° > lx 1 ! , (2.2) 
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In these coordinates the Minkowski spacetime metric assumes the form 

g - Vpvdx 11 ® dx v =±a 2 ?c 2 dt®dt + d?t® d^-dy® dy-dz®dz , (2.3) 

so that its components in Rindler coordinates are static. Hence the field d/dt tangential to 
the timelike coordinate lines obtained by keeping y and z fixed, while varying t, is 
indeed a Killing field. It is therefore possible to apply the construction outlined in the 
preceding section using reference hypersurfaces to which this particular Killing field gives 
rise, i.e., hypersurfaces that correspond to constant values of t. As a matter of fact, it is 
possible to explicitly perform [BD,N] the decomposition of a positive-energy solution of 
the Klein-Gordon equation (1.2) in terms of positive-frequency and negative frequency ; 
solutions with respect to the Killing field dldt . One can then not only demonstrate that t = 
d/dt gives rise to a Fock space in (1.31) which is distinct from the one in (1.5), but one can : 
then actually compute the expectation value of the total particle number operator 


NRindler ~ a a > 


at (fa) > f a e^(d/dt) , 


for “Rindler particles” in the “Minkowski vacuum” state 'f'ojMink of inertial observers, i.e., 
the vacuum state corresponding to the Fock space in (1.5). 

It turns out (Unruh, 1976) that this distribution of Rindler particles in the Minkowski^ 
vacuum state displays over the entire available range of frequencies v the same type of t| 
distribution that Hawking (1975a) has computed for his well-known prediction of thermal / 
emission from black holes, namely that (cf. [BD], pp. 53-54; or [N], p. 282) 


(^Mnk ]N Rind i er ( v,k) % ;Mink ) = (exp(2 Kv/a) - 1) " , v g (0,oo) 

N^^k) = a\f vM )a(.f v<k ), k = fc,e 2 (0) + ^e 3 (0) , g R 1 
fv, = ((sinhv7r) ,/2 /27i: 2 )expH'vt + ik 2 y + ik 3 z)K iv (\k\a?c) . 


(2.6) 


(2.7) 


Hence, the v-distribution in (2.5) coincides with that of thermal radiation at temperature 


■^Rindler 


a/2itk B = ( ha/2nck B )°K - (4x lO^a^K , 


where k% denotes Boltzmann's constant, and the first expression for that temperature is in; 
Planck units, whereas the last one is in Kelvin degrees when a is expressed in cgs units. 

A classical test particle or detector (i.e., “Rindler observer” [BD]) whose world line 
is one of the timelike flow lines of this Killing field within the Rindler wedge in (2.1), and| 
passes through a point with Rindler coordinates ?c, y and z, displays a uniform proper 
acceleration of magnitude al ?c (Rindler, 1969). Thus, we see that the transference of the 
conventional special relativistic concept of quantum propagation of spin-zero massive 
particles to a Minkowski spacetime background in which the process of quantization is 
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carried out in relationship to uniformly accelerated detectors leads to the prediction that 
those detectors will register spontaneous pair creation ex nihilo . 

As analyzed by Unruh and Wald (1984), this type of spontaneous pair creation ex 
nihilo is not part of the energy-conserving and well established phenomenon of pair cre¬ 
ation for quantum fields in Minkowski space. In fact, the final conclusion of their “analysis 
suggests a rather surprising viewpoint of this [spontaneous Rindler] radiation: it seems as 
though the detector is excited by swallowing part of the vacuum fluctuation of the field in 
the region of spacetime containing the detector. This liberates the correlated fluctuations in a 
noricausally related region of [Minkowski] spacetime to become a real particle.” (Unruh 
and Wald, 1984, p. 1055). 

Thus, according to this type of analysis, in Minkowski spacetime “a uniformly accel¬ 
erated observer will ‘see’ thermal radiation (Davies, 1975; Unruh, 1976) even though the 
field is in a vacuum state and, as far as inertial observers are concerned, no particles are 
detected whatever” ([BD]. p. 54). Such a strange phenomenon has not been observed, 
however, in high energy particle accelerators. Hence, it is argued that, in view of the nu¬ 
merical value of the factor in (2.8) for the temperature of thermal radiation in Kelvin de¬ 
grees, “this [Rindler radiation] effect is much too small to be perceived by an ordinary labo¬ 
ratory detector”, but that nevertheless “the effect of this thermal bath on the spin of accel¬ 
erating electrons may be measurable (Bell and Leinaas, 1983)” (cf. [W], p. 415). On the 
other hand, if this Rindler radiation effect were observed 13 , it would imply that “both the 
detector and the field [producing the particles] gain energy” ([BD], p. 55). Consequently, it 
is conceded that, possibly, “basing one's treatment of these [pair creation ex nihilo ] con¬ 
cepts on the considerations of accelerated observers is a fraud, because inertial observers 
occupy a special status in most physical theory” ([BD]. p. 55). 

Indeed, ever since the inception of classical mechanics by Newton, inertial frames 
have enjoyed a special status in physics. In particular, the laws set by Newton were pre¬ 
sumed to hold true only in inertial frames, with fictitious forces (such as Coriolis forces, 
centrifugal forces, etc.) making their appearance if a transition to accelerated frames were 
performed. This special status of inertial frames and inertial observers has been retained in 
special relativity - and in fact it has been implicitly transferred by Einstein also to general 
relativity (cf. Chapter V in Friedmann, 1983). It might therefore appear prudent to interpret 
the fact that the conventional methods of quantization have brought into doubt that special 
status of inertial observers as a reflection on the physical validity of those schemes, rather 
than as proof the most basic principle of all forms of mechanics, which has received over¬ 
whelming experimental support for well over three centuries, is to be discarded. In the ab¬ 
sence of any form of experimental evidence, such a drastic action does not seem at all justi¬ 
fied, despite the fact that “there is now broad agreement on most of the technical results” 
([BD], p. 8) of conventional quantum field theory in curved spacetime amongst the leading 
contemporary researchers in this area of quantum physics (cf. Secs. 12.2-12.3). 

In addition to violating the special status of inertial observers by putting their frames 
of reference on an equal footing with those of any other observers, the point of view that 
“Rindler particles”, as well as all the other “particles” allegedly observable only by select 
classes of noninertial observers in Minkowski spacetime, actually exist, has to contend also 
with a fundamental epistemological difficulty. This difficulty is actually shared by other 
present-day theories (such as the cosmological scenario by Vilenkin (1982, 1989) of ex 
nihilo creation of our universe) that are based on the idea that spontaneous creation ex ni¬ 
hilo is a physically meaningful concept: since something is presumed to be literally created 
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markers of all possible locations and inertial states of motion in relation to that frame. 
Hence as opposed to the canonical method of quantization, which is heavily coordinate- 
fflnendent from the outset, already the initial step in GS first-quantization is coordinate-in¬ 
dependent - and neither Killing fields, nor any other kind of fields, play a favored role in 
it Furthermore, this initial step produces a family of quantum Lorentz frames that are re¬ 
lated in a purely kinematical manner - to precisely the same extent to which relationships of 
classical Lorentz frames are of a purely kinematical nature. 

t - As presented in a general relativistic context in Chapter 5, the next step m GS first 
••quantization is also coordinate-independent and “observef’-independent: quantum bundles 
tare constructed, and in these bundles frame-independence as well as observer-indepen¬ 
dence are secured by adopting the Poincare group as a structure group. 

It is only in the subsequent step that an implicit observer dependence makes its ap¬ 
pearance. Indeed, the formulation of the strictly causal GS propagation in Sec. 5.4 requires 
§a foliation of the base manifold M of the quantum bundle. Such a foliation was also re¬ 
tired in formulating a weak notion of relativistic causality in Sec. 5.7. However, as. ex- 
. , • tU .-- wnrriQncp with the view that “the four-dimensional snace- 
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dynamic evolution, rather than of a foliation of an already existing classical spacetime mam- 
gpgfold. Their observer-dependence then merely reflects the kind of observer-dependence that 
||§ j s unavoidable in any quantum framework, on account of the active role that observers can 
ill play in quantum theory in general. As such, from the point of view of the full-fledged the- 
Ijj; or y of quantum spacetime, which of necessity incorporates quantum gravity, such choices 
lH 0 f geometrodynamic evolutions result in part from particular quantum gravity gauge 
jgjftrices (cf. Chapter 11). In part they also reflect the intervention of real observers by 
^ means of measurement acts which, on the macroscopic level, produce the kind of effects 
gSfthat are commonly described as “reductions of the wave packet”. 

|y-|i In any event, as we have seen already in Sec. 5.4, and as it will be further discussed 
jjjjn Sec. 7.7, the stongly causal formulation of GS propagation for free quantum fields in 
Minkowski spacetime is observer-independent, since in the absence of gravity (i.e., of a 
dynamical interplay between matter and geometry) we can indeed envisage a world in 
which the base quantum spacetime manifold unfolds in a strictly deterministic manner. On 
the other hand, the weakly causal formulation of GS propagation does allow effects which 
to a classically conditioned observer might appear as creation ex nihilo ~ but in actuality 
represent quantum tunneling effects which take place along those stochastic paths which are 
not classically causal. As such, such tunneling effects still abide by strict energy conserva- 
■; tion, and are as observable to inertial observers as they are to noninertial observers. 

Ilpp Consequently, even if some form of apparently spontaneous particle production 
I would be observed in high-energy accelerators, that still would not represent a true test for 
||j|ie existence of Rindler particle radiation that is in accordance with (2.5). Indeed, its hall¬ 
mark is not only a violation of local energy conservation 15 , as it “liberates the correlated 
fluctuations in a noncausally related region of [Minkowski] spacetime to become a real par¬ 
ticle” (Unruh and Wald, 1984, p. 1055), but also the indiscriminate nature of Rindler par¬ 
ticle production, whereby each species of particle has an equal chance of being produced 
literally out of a vacuum, rather than as a result of a collision process. As a corollary of 
sfthese manifestations, it might even appear that a Rindler perpetuum mobile could be cre¬ 
mated, whereby unlimited amounts of energy could be produced by the simple expedient of 



accelerating any material object, of however small rest mass, to sufficiently high accelera- i 
tion in relation to any inertial frame - such as a (terrestrial) laboratory frame. 

The only way out of this ultimate “paradox” is to suggest that in a particle accelerator H1 
the energy for producing the Rindler particles, which an accelerated micro-detector would ft 1 
register, might come from the accelerator itself, since as it accelerates the micro-detector, If 
“the work done by [it] ... supplies the missing energy that feeds into the [quantum] field 11 
via the quanta emitted from the detector” ([BD], p. 55). But in that case the whole Rindler 1 
particle production phenomenon is due to the fact that an open system, capable of receiving -1 
energy from the outside, i.e., from the accelerator, was treated as a closed system -- 4 - - 
whereas the physically correct treatment should have incorporated from the outset all the I 
quantum fields created by the accelerator during the acceleration process 16 . Indeed, on one 4 
hand it is claimed that “the energy for this [Rindler] emission, as far as the Minkowski if 
observer is concerned, comes from the external field accelerating the detector” (Unruh, 8 = 
1976, p. 885), whereas on the other hand the actual derivation of (2.5) requires absolutely Jt 
no physical external fields that would be coupled to Rindler particles. In fact, only the fl 
mathematical adoption of a noninertial Rilling field in Minkowski spacetime in applying the|§ 1 
canonical second-quantization procedure described in the preceding section is required!!®*** 
Thus, it would appear that the mere mathematical presence of such Killing fields is viewed I 
as a reflection of a physical reality that represents the presence of an external agent. Ill * 

However, there is a more sensible alternative: the presence of Rindler radiation when 
a non-inertial Killing field in Minkowski spacetime is adopted in the course of the canonical^ 
second-quantization procedure represents a fundamental inconsistency of this very same 
procedure, due to the fact that the localization problem for relativistic pointlike quantum 
particles has not been solved prior to implementing it. Indeed, in the best-known studies of| 
this “phenomenon”, the mathematical analysis of various models of detectors of Rindler | 
radiation are based on a key tacit assumption - namely that the Minkowski coordinate vari-' 
ables in (2.1) mark points in the spectrum of relativistic quantum position observables r£J 
lated to the sharp localization of the presumed detection process. For example, a model de¬ 
tector might be envisaged as a nonrelativistic free quantum particle within a rigid box with 
sharply delineated boundaries (cf. Unruh, 1976, Sec. Ill; Wald and Unruh, 1984, p; 
1051); or the coupling of the model detector to the quantum field might be taken to incorpo- 111 
rate “a smooth function [of x, x = (r,x)] which vanishes outside the detector, [where] we~ >7 
use x to denote a [Minkowski] spacetime point and x to denote a point on [the static ini tial-i llll 
data slice] X” (Wald and Unruh, 1984, p. 1051). Alternatively: “functions x m (x) define the 4 
world-line of the detector (idealized as a pointlike object) and the operator m(x) represents j| 
its monopole moment at proper time x [and moreover] the detector has a discrete set of in- 4 
temal energy eigenstates” (DeWitt, 1979, p. 693), so that it is “a classical point-like object-'Ip: 
with internal quantum states” (Davies, 1984, p. 66). Hence, all such assumptions about the _;i> 
physical nature of the detector contravene the no-go results on sharp relativistic quantum; A 
localization discussed in Secs. 1.2, 3.3 and 3.5. On the other hand, Einstein causality isjjgj 
tacitly assumed to hold, contrary to Hegerfeldt's theorem. It is therefore of no surprise that, 
although such studies “have resolved some apparent paradoxes regarding energy conserva- ||^j 
tion and causality” (Wald and Unruh, 1984, p. 1055), the central ones, pertaining to the'.f 
indiscriminate nature of Rindler radiation and its spatio-temporal origin, still remain. |pj|j 
particular, as P.C.W. Davies points out, in comparing the calculations leading to (2.5) with 
the calculations based on such detectors, “caution is necessary, for [these two] calculations 
are really addressing quite different issues. One is the experiences of a detector along a 
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given worldline, the other concerns particles that are not localized but are defined over the 
entire Rindler wedge [specified by (2.1)]. ... Thus the experiences of a specific detector 
are in general no guide at all to the ‘particle content’ as defined by the Bogoliubov trans¬ 
formations [such as those in (3.3) below]!” (Davies, 1984, p. 71). 

Finally, let us ignore for a moment these last several points, and accept the explana¬ 
tion that, after all, the Rindler radiation phenomenon is being caused by the “external field 
accelerating the detector”. In that case the same argument cannot be applied to a similar mi¬ 
cro-detector in free fall, whose behavior will be examined in the next section - despite all 
the manifest formal analogies between Rindler particle production and the particle creation 
ex nihilo, which will emerge during that examination, and which are very much stressed in 
most of the literature on the subject. Indeed, if the equivalence principle of general relativity 
is correct, then " observers ” in free fall are truly inertial ~ and as such they are not to be 
viewed as being accelerated by an external gravitational field, as it is the case in Newtonian 
mechanics. 

*7.3. Ambiguities in the Concept of Quantum Particle in Curved Spacetime 

The fundamental difficulties to which the conventional methods of second-quantization in 
curved spacetime give rise when they are specialized to Minkowski spacetime represent 
only a preamble to the even graver difficulties to which they give rise in the context of a 
curved spacetime. As a consequence, according to Narlikar and Padmanabhan (1986), p. 
277: “ There does not exist a quantum field theory formalism in an arbitrary curved 
spacetime. This problem is deep rooted and arises from the fact that standard formalisms of 
field theory require a preferential slicing in spacetime.” 

J.4. Basically, this is due to the fact that in quantum field theory in Minkowski space the 
components T^fx) of the stress-energy tensor, such as those in (1.14), not only supply 
such physically measurable values as the expectation values (Pf) of total 4-momentum, but 
they also provide the generators of spacetime translations. In particular, for a choice of 
reference hypersurfaces o, which in some global Lorentz frame correspond to the 
hyperplanes consisting of all points with Minkowski coordinates x° = t, the operator P 0 
plays on one hand the role of Hamiltonian H governing time-evolution, whereas on the 
other hand it plays the role of operator that represents the total energy of the system as 
measured by global inertial observers stationary with respect to that frame. 

14 V I* therefore appears most natural to generalize the canonical second-quantization 
inethod, described in Sec. 7.1, to an arbitrary globally hyperbolic classical spacetime 
manifold (M,g) by preserving as much as possible this dual role of the stress-energy 
tensor. Hence, upon introducing a foliation (5.4.7) of M into hypersurfaces o { with future- 
.qxiinting unit normals n, Ashtekar and Magnon (1975) have proposed casting 

gg : E(n,t) = ^T !Iv ly(x)]N(x)n ft (x)d<J v (x) , Nn = djdt , (3.1) 

;into the role of “total classical energy” that would serve, as it did in (1.25), as a basic 
^ingredient in the definition of a norm, which, however, might be f-dependent. If that is the 
cas p> then the construction of Sec. 7.1 will result in a r-dependent complex structure J n (t ), 
^which in turn gives rise to a r-dependent quantum Hamiltonian H„(t) such that 
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The orthonormality conditions for these sets of orthonormal bases lead to the followuj 
constraints on the Bogoliubov coefficients in (3.3). 




The presence of the Bogoliubov transformations in (3.3) has profound physical : 
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Therefore, the expectation value of the total particle number operator along oy , 

N(o t ) = X«=i at «(°i> a «(°<) » ct a (G t ):= a(f a (v t )) , (3.6) 

fin the state represented by the state vector %(g q ) , which used to represent the vacuum 
state for observations performed along cr 0 »is equal to 

r ~"{n«j.)|N(o,)*j«j 0 ))= x;j<vof • <3 - 7) 

®Since in the generic situation the right-hand side of (3.7) is not zero, this mathematical fact 
fk routinely interpreted [BD,N] as evidence of spontaneous particle creation that is visible 
S§hly to those observers who travel along the worldlines determined by the vector field n . 
The analogy is then drawn with the phenomenon of spontaneous Rindler particle creation, 

* that can be allegedly detected by accelerated detectors in Minkowski spacetime — such as 
those within a terrestrial particle accelerator. 

fc As we discussed at the end of the preceding section, in a particle accelerator the 
Energy required for such Rindler particle production ex nihilo might be assumed to come 
from the accelerator itself. However, let us consider any curved classical spacetime, and 
tldopt in it a choice of vector field which is tangential at least in part to timelike geodesics. 

I Those observers who travel along those geodesics would then be in free fall, so that the 
| assumption that their apparatus might detect particles materializing out of vacuum would 
| lead, via the equivalence principle, to a clear-cut violation of local energy conservation. 

Indeed, observers in free fall are not accelerated observers, but inertial observers. And, by 
f the equivalence principle, inertial observers do occupy a very special status in the general 
! relativistic theory (Friedmann, 1983, p. 195): to them, locally, the world should appear as 

it does to inertial observers in Minkowski space. 

Thus, even if one subscribes to conventional quantization procedures lor fields in a 
^curved classical spacetime, and accepts the verdict that quantum particles have an essential 
observer-dependent quality about them”, and that “part of the reason for the nebulousness 
ipf the particle concept is its global nature” ([BD], p. 49), and even il one fuithennore 
accepts the verdict that an accelerated observer in Minkowski spacetime will actually see 
spontaneous pair creation ex nihilo, that still does not explain why an inertial observer m 
curved spacetime is also liable to “see” spontaneous pair creation ex nihilo. 

_ On the other hand, if it is assumed that a freely falling observer in curved spacetime 
- is, contrary to Einstein’s point of view, an accelerated observer, the question arises: in re¬ 
lation to what is he accelerated? The only mathematical answer to that question that can be 
-f found in the literature is that, in the case of curved spacetimes that are asymptotically flat, 
|f|h observer in free fall is accelerated in relation to an observer in the fictional flat spacetime 
.that asymptotically merges with the considered curved spacetime. However, since no ac- 
■ beptable cosmological models of our universe as a whole are asymptotically flat, even such 
an ad hoc “solution” does not provide a truly satisfactory answer. 

Hf These physical inconsistencies of the conventional framework for quantum fields in 
curved spacetime extend also to its formulation of the vacuum state. Indeed, it is again 
(Acknowledged that “as far as Minkowski space is concerned, the [Fock] vacuum is a strong 
‘ candidate for the ‘correct’ or ‘physical’ vacuum - the experiences of the accelerated 
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observers being ‘distorted’ by the effects of their non-uniform motion. The trouble is that 
when gravitational fields are present, inertial observers become free-falling observers, and 'l 
in general no two free-falling detectors will agree on a choice of vacuum” ([BD], p. 55). % 

This “lack of agreement” between various free-falling detectors is due, however, to ■ 
the fact that in CGR all inertial observers are local observers, whereas the only “vacuum” | 
considered in [BD], as well as in all other literature on conventional quantum fields in 
curved spacetime, is a global vacuum. Indeed, in the earlier discussed generic situation of ^ 
an arbitrary foliation of a curved classical spacetime manifold (M,g), such a vacuum state | 
¥o(c r ) is associated with each one of the reference hypersurfaces G t as a whole, rather thanijg 
being defined in a local manner, which would be in keeping with the formulation of all 
fundamental physical concepts in general relativity. 

In the preceding two chapters we have seen, however, that an alternative to the global f 
quantum concept of “particle” can be formulated which is of a local nature, and which is A 
capable of occupying a quantum spacetime exciton state - and to which we therefore refer : 
as a GS exciton (cf. Sec. 1.4 and Note 20 to Chapter 1). Such an exciton state is not de-| 
scribed merely by the specification of its location in relation to a Lorentzian base manifold 
(that coincides with a classical spacetime), but also by its location within the fibres above 
that base manifold. In the next section we shall see that an epistemologically sound quait||I 
turn field theoretical framework can be found which is based on such a physical concept,; :| 
and which requires only the introduction of local vacuum states. 

The justification for introducing such local vacuums is that, from the point of view of jjj 
local observers, the concept of a global vacuum is epistemologically unsound at the cosmo- l|§f 
logical level: its actual physical existence would require the realizability, at least in princi- 
pie, of a state of our entire universe in which there is no matter whatsoever for the duratiory||j 
of global observations required for establishing its existence. But how could, even in prin-pH 
ciple, such a state %(<3i) be detected by local observers, given the fact that it would re-? 
quire the placement of detecting apparatuses (which are themselves material objects) at all , 
points along those supposedly “vacuous” reference hypersurfaces G, ? And how could our 
universe be, even in principle, “temporarily” brought into such a state *fo(Or) with abso¬ 
lutely no matter in it? And even if it could, how would matter be recreated 17 in it at soi^|||g 
later t" > t' ? In other words, what is the epistemological meaning of the gratuitous as-'-'p .|- 
sumption that there can be a global vacuum state ¥o(ff*) for our entire universe at any stage | 
in its development? v 

It might be answered that such an assumption is acceptable, since it is routinely ma|| 
in the Minkowski case - and in that context it gives rise to no epistemic inconsistencies^ 
So, the following counter-question could be posed: why would the assumption of a global 
vacuum give rise to any epistemological inconsistencies in the general relativistic context? I 

One of the answers to that last question becomes obvious when it is recalled that there J 
is no global 4-momentum in a closed universe, since “around a closed universe there is ip 
place to put a test object or gyroscope into Keplerian orbit to determine either any so-called 
‘total mass’ or ‘rest frame’ or ‘4-momentum’ or ‘angular momentum’ of the system.” ([M], 
p. 458). However, the existence of a global vacuum ¥o(Ot) implies, even in the case of a 
closed universe, the existence of expectation values of global 4-momentum operators, such, 
as the curved spacetime counterparts of those in (1.14) (cf. also (3.2)). 

In fact, the epistemological inadequacies of describing the states of any quantum ob-^ 
jects (whether they arc “panicles”, “strings”, “excitons”, or any other presumed physical 
entities) by wave functions which are supposedly defined everywhere along each reference 
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hypersurface a,, on grounds that one can extrapolate from the Minkowski case, become 
apparent as soon as it is recalled that CGR models can serve as full-fledged cosmological 
models. On the other hand, if one subscribes to the basic tenets of CGR, no flat spacetime 
model can be used for that purpose. Indeed, within the mathematical framework of CGR, 
jyfinkowski space plays the role of typical fibre for the tangent bundle over a classical 
spacetime, but it can never also play the role of base manifold, since the presence of any 
amount of matter, however small, gives rise to curvature effects. 

True, from a pragmatic point of view, Minkowski space can indeed provide a good 
approximation for the treatment, under local terrestrial conditions, of all physical processes 
in which gravitational effects play a negligible role. But what could be the possible episte¬ 
mological interpretation of wave functions which are defined along slices of our entire uni¬ 
verse, when in reality such slices have to include regions of very strong gravitational fields, 
where such an approximation would not be even pragmatically admissible? And what is 
one to make of such a formulation in the presence of particle and observer horizons? For 
example, according to the analysis on p. 667 of (Narlikar and Padmanabhan, 1988), 
“considering observers inside the event horizon makes problems of interpretation even 
more difficult” already in the classical context. However, at the same time, according to the 
basic tenets of quantum mechanics, a wave function which cannot be, at least in principle, 
observed in its entirety fails the test of being physically meaningful. 

Indeed, in the presence of horizons, globally defined wave functions can become 
even in principle unobservable in their entirety by a family of local observers, since some 
of those observers cannot communicate with each other. For this reason, in one of his 
studies of the implications of his treatment of black hole evaporation, Hawking was forced 
to postulate “two sets of observables, observables at infinity which describe the outgoing 
particles and observables inside the black hole which describe what fell through the event 
horizon.” (Hawking, 1984, p. 396). However, communication between the observers 
measuring those two sets of observables is absolutely necessary in order to execute a com¬ 
plete act of observation in the case of those wave functions which do not have compact 
supports. On the other hand, we have seen already in the case of positive-energy solutions 
of Klein-Gordon and Dirac wave equations in Minkowski space that no single-particle 
wave functions can have compact supports (Hegerfeldt, 1974, 1989; Thaller, 1984). In 
turn, the fact that the supports of such wave functions are not compact implies that it is im¬ 
possible to prepare states that could be observable in their entirety by a proper subset of the 
family of local observers following the flow lines of an earlier considered global vector 
field n. 

In his article entitled “The Unpredictability of Quantum Gravity”, S.W. Hawking 
Offers as a resolution to this kind of problem a very radical departure from conventional 
quantum concepts, whereby the possibility of measuring pure quantum states, which is 
•central to all quantum theories of measurement, is to be abandoned on the following 
grounds: “The system [in a classical spacetime region outside a black hole] would still be in 
a pure quantum state but an observer at infinity could measure only part of the state; he 
■could not even in principle measure what fell into the black hole. Such an observer would 
.have to describe his observation by a mixed state which was obtained by summing with 
equal probability over all black hole states. One could still claim that the system was in a 
: pure state though this would be rather metaphysical because it could be measured only by 
|an angel and not by a human observer.” (Hawking, 1982, p. 396). 

On the other hand, P.C.W. Davies concludes an article, which he provocatively but 





210 


Chapter 7 I 

-- 


nevertheless appropriately entitled “Particles do not Exist”, with the following words: “The 
study of DeWkt-style particle detectors has exposed the "fbulousness^of the paxu con- 
cent and suggests that it should be abandoned completely, pavies, 1984, p. /ty. 

P ThuMogether with many other researchers in the field, we have to conclude that, | 
due to its global nature, the conventional notion of quantum particle is indeed nebulous - W 
^d £ Stable fa the general relativistic regime. However, as it wiUbe stojvnmSe^ 

7 6 due to foundational epistemological reasons the solution to this fundamental drfficu^tyj 
certSv do^s not lie as claimed by some of these researchers, in “concerting instead on * 
obStTbuS ou’t of [a quantum] field itself’(Fulling 1989, p. 2 7) Furthe^, 
quantum fields themselves retire some kind of test bodies for their iocahzation (Bohr and 
Rosenfeld 1933, 1950). And where are such test bodies to be found on micro-scales,, 
down l atomic sixes, and then tether down » “ d _ 
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‘one nobble solution might be thought to be provided by sums « 

we pcSSed Sin the discussion towards the end of Sec. 1.2, “the fundamen ai phy?^| 
and^eometric principles that lie at the foundation of superstring theory are still unknow|^® 
(Kaku 1988 p P viii). Some of the most pertinent reasons behind that fact are described as 
foUows by one of the discoverers of the crucial fact that superstnng theory is anomaly-free, 
and possibly finite to all orders in perturbation theory (namely of the theoretical feat|gg 

that initiated the great surge of interest in superstring theory in the first place), 
that can( ^ 1 j ation works for all [the various superstnng theories. ...tig 

strine theory is ready much deeper than that, [since] it really ought to alter what we mean 
bTspactf rmd time as well as altering what we mean by particles Now that aspect of string : 
theory this really deep aspect whereby the spacetime in which the smng is moving is itself 
al ered by sSngs.Ts no, really contained within the present formulanon of stnng ,he«y 
One ought to formulate string theory in a much larger space - somethmg l.kc the spa , ■ 
of all possible positions of a string. In fact, this is an infinitely larger space lhe 

reason we use the language of ten dimensions or four dimensions is because we have so f«r 
been forcedto ta k about string theories in an approximate way, and tfs only m thts - 
anproxtearion that the whole notion of a small finite number o space,.me dimensions 
makes sense Talking about four or ten dimensions at all ,s itself only an approx,manor. 

“ his much larger stringy space which really has an infin.te number ol dtmenstons.. 

(Gree !^j^^^ental" hypothesis outlined in Sec. 1.5, and more fully discussed in Chag| 
ter 12 is that the construction of a “much larger stringy space which ready^has; m‘ 
number of dimensions” might lie in the concept of quantum spacetime exciton s\tates. ||Jjg 
exciton states might represent locations in quantum spacetime that can be actuall y^ cl g^K 
bv material entities, to which we shall refer in the sequel as GS excitons , since the^es^H 
lished similarities to those of conventional string theory are still rather sup ^ ^ g 
mote 18 - or they might represent, as is the case with the points of classical 8 P aceU ^ ^^H 


mathematical framework for GS second quantization which would avoid the physical and 
. V conceptual pitfalls encountered by the more conventional second-quantization procedures, 
Ig^ they were outlined and discussed in the preceding two sections. And, even in the 
jjj a b S ence of a definitive answer to the above question, the central thesis underlying this 
i;construction is clear-cut: such a construction is to be based on quantization schemes which 
C: resolve the difficulties with the concept of localization in relativistic quantum mechanics by 
bF transcending the classical mode of thinking about geometry, and developing methods of 
JM second quantization within the context of suitable quantum geometries. 

- 

|||§^7.4. Fock Quantum Bundles for Spin-0 Neutral Quantum Fields 

i§ In the case of spin-0 neutral quantum fields, a Fock quantum bundle £can be constructed 
gin a straightforward manner (Prugovecki, 1987b), by first building from the Klein-Gordon 
1 standard fibre F in (5.1.1) a corresponding standard Fock fibre IF, in accordance with the 
general procedure used in (1.5): 






•®F 

s 


(4.1) 


Then, for a given Lorentzian base manifold (M,#), we can set £ equal to its bundle 
product with the Poincare principal frame bundle PM: 


£ = PM x n £ 


G = ISO 0 (3,l) 


(4.2) 


In turn, this implies that the Fock quantum bundle is a Whitney direct sum of symmetrized 
Whitney direct products 19 of duplicates of the Klein-Gordon quantum bundles E, 




£, 


= E®- 
s 


•®E 

s 


(4-3) 


in very much the same manner in which the Fock space in (4.1) is a (Hilbert) direct sum of 
symmetrized (Hilbert) tensor products [PQ] of the one-particle space in (5.1.1). 

We note that the above construction implicitly assigns a local vacuum state vector 
-jPo* to each base location reM. This vector, which we shall always deem to be normal- 
l ized, spans the one-dimensional vacuum sector of the Fock fibre IF X above that base 
location. Thus, one of the fundamental difficulties encountered by the conventional theory 
of quantum fields in curved spacetime is resolved: the vacuum state vectors of the Fock 
^quantum bundle £ are geometrically local objects, in the sense that they are associated 
yvjth single points x in M, rather than with all of M, or reference hypersurfaces in M. 
.. Hence, ‘fo* unambiguously represents a quantum state with no excitons above x, as mea¬ 
surable by any local observer equipped with a local quantum detector attached to a quantum 
■ Lorentz frame atx - such as one of the frames <F“ (X) in (5.1.21). Of course, the outcomes 
of the measurements of the relative base locations of the origins of such frames are subject 
to fundamental indeterminacies, which are embodied in the confidence functions associated 
with those frames (cf. Sec. 3.2, as well as Principle 1 in Sec. 1.3). Hence, the implicit 
fiiotion of locality is not “sharp”, and therefore it does not reflect a classical notion of 
’.locality 20 . On the other hand, these fundamental indeterminacies in measurement outcomes 


0 - 







can be deduced from the adopted values of the quantum spacetime form factor/in (5.1,2) 
in accordance with the physical interpretation of the probability amplitudes in (5.5.3) 
proposed in Sec. 5.5. In fact, in a neighborhood of some ieM where the relative; 
curvature effects are small (in the sense discussed in Secs. 2.7 and 5.5), these uncertainties 
are mirrored by the local quantum fluctuation amplitudes (cf. (5.1.18) and (6.3.8)) 

4 +) <C;0 = -*<£<(O, C*> C=0/>') , (4.4 a | 

C = («+ < 7 ‘ e it v l e i ) e T X M x V x + , £ = (<?>u) e R 4 x V* . ( 4 . 4 b) 

Indeed, in that case, the above local quantum fluctuation amplitudes can be transferred, by 
means of the exponential map exp* : T x M —> M, to the neighborhood 9f x from the 
corresponding neighborhood (exp*) -1 9f x of the point of contact in the tangent space T X M f§- 

In each Fock fibre f x , the n-exciton sector fn-ji > as well as any n-exciton state vector]! 
!P„^in it, are also unambiguously defined. By extending in a natural manner the generalT 
ized soldering map in (5.1.5) to f njc , we can assign to each '¥ n<x £ f nx a coordinate wave || 
function 'Fnjc^fn with respect to each quantum frame <Z>“ (X) , so that 

o?: KJCo-’O » .C„) . C lt ...,C n eT x MxV; . (4.5) 

Hence, for any given »C« * the complex number *C») in (4-5) can be re¬ 

garded as the frame-independent value of *F nvc e J nx , to which the soldering map in (4.5) 
assigns the coordinate wave function amplitude belonging to the element ¥ nx e % 

in the standard Fock fibre J. Note should be made of the fact that the coordinate-indcpen- , TO 
dent wave functions in (4.5) are perfectly well-defined functions of the coordinate-inde- 
pendent variables , on account of the Poincare gauge invariance of the entire^ 

framework, as well as of the fact that these functions belong to reproducing kernel Hilbert 
spaces-so that they are continuous and everywhere well defined 21 . :.|f 

Using the extension principle for bounded linear transformations (cf. [PQJ, p. 188), 
we can extend tire generalized soldering map in (4.5) to the entire Fock fibre f x , so that / 

o?: f; h , V*P X e 7 X , u = («,«,.) g TT\x) . (4.| 

We can then define exciton annihilation operators by analogy with (1.6a), namely by 

(p<->(*;0n:») n _ 1 (C,.-.C 1 ) = m ,/2 J £\C;C.)K&.~,UWC.) . |f 

where the integration can be performed, as was the case in Sec. 5.1, over any hypersurface 
£ = a x V x with cr equal to a maximal spacelike hypersurface in T x M. In view of the re¬ 
producibility properties of the integral kernels defined by (4.4a), we have IpS 
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the domain of definition of these exciton annihilation operators can be extended, by using 
their linearity as well as standard procedures for constructing closures of operators (cf. 
jpQ], Ch. HI, Sec. 3.5), to that of unique densely defined closed (but unbounded) 
operators in each Fock fibre J x of the Klein-Gordon Fock bundle £. 

We can similarly define exciton creation operators by analogy with (1.6b): 

. 

. m.> .. ( 4 . 9 ) 

The domain of definition of these creation operators can also be extended, by linearity and 
by taking operator-closures, to that of uniquely and densely defined operators in f f x . In 
fact, they then become equal to the adjoints of the corresponding annihilation operators: 

<p i+ \x-,0 = <p { ~ ) *(x;0 , V£ e T X M x Vf , V* e M . (4.10) 

Furthermore, it is easily verified that 22 

[?> H (*;f),f)] = C ), [p (± V.O.?> <±, (*;C)] = o • (4.H) 

Mi view of all this, the scalar quantum frame fields 


<P(x;C) = <p ( *\x;Q + <p { \x;0 , 


^gM, C(=T x M xV x , (4.12) 


are bona fide self-adjoint operators, densely defined within the Fock fibre f x . On account 
of (4.11), they satisfy the commutation relations 

[<p(x-.C ).9feC)l = <^(f;0 . 4,(60 = 4teC)+4' ) (C;C) , (4.13) 

ewhereas on account of (5.1.18) and (4.4) (cf. also (3.4.3)), 

{d t d i +m 1 )(pi.x\ 0 = 0, d^d/dq 1 , d l = if j dj. (4.14) 

^However, note should be taken of the fact that these quantum frame field operators do not 
^embody any dynamical properties. Rather, their main role will be to enable the construction 
JH second-quantized frames in each Fock fibre if x (which will be carried out in the 
■Remainder of this section), and to serve as basic ingredients for the definition of stress- 
jaiergy and Lagrangian operators - which will be carried out in the next section, 
pr . Let us introduce the creation operator of an exciton in state f, which can be (densely) 
^defined in % by the following Bochner integrals 23 , 

P W (f) = J,> w (z;f)f(f)dX(f) , f eF, , (4.15) 
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where the integration can be carried out along any of the aforementioned hypersurfaces X, jg 
as was the case in (4.7) - and as it will be the case everywhere else in similar contexts in j 
the sequel. We can define the second-quantized frames at x as vector-valued functionals of ;. 
single-exciton state vectors f, that assume the following values in a given Fock fibre %: 


VnH&s 


-ill 
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' . 0 £ a p second-quantized frames in a given Fock fibre gives rise to a continuous resolu- 
. .... £ on of the identity operator l x within that fibre: 


: J r J* f ) dfdf *(* f | = i, . 


(4.23) 


a>, = exp[4||f(ord-S(f)+?> <+) (f)] , f'o;« . feF , . 

The above exponential can be expanded into a strongly convergent power series: 

0 , - ex P [-A||ff] (i “ 0 ?> w <fy/»i) %,. < 4 -iS 

If we use (4.7) and (4.11), as well as the fact that, according to (5.1.16) and (4.4), 

we can easily establish in the present context that these second-quantized frames have the J 
following important property, 

<p<->(f)<P g =<f|g)® 8 , f.gsF, , (4.l|| 

in relation to the annihilation operators of excitons in state f, densely defined in % by ; 

<p w (f ) = J *(0*2(0 = p w *(f) , f s F, . 

In particular, upon noting that on account of (4.4) and of (4.7)-(4.9), 

P (±) (*/S«) = iP'teQ > £ = (q,v), £ = (a+^e^ei ), u(x) = (a,e f ), (4j 

we immediately obtain from (5.1.16b) and (4.18) that 

<p ( ->(*; = f (0 <*> f , f e F x . (4|j| 

This last relationship demonstrates that the second-quantized frames in (4.16)^^ 
bona fide 24 eigenvectors of the exciton annihilation operators. Hence, as we shall see iri j*|| 
next section, they give rise to expectation values for the stress-energy tensor that axe : thgg 
quantum analogues of classical stress-energy tensor values. This observation will tuttj||jjg 
to be of essential importance for the existence of an action-based formulation 
propagation, which will be made possible by the fact that the family - 

= e Fj} , *eM , 


A precise mathematical meaning can be assigned to the functional integral in (4.23) 
- by using a method advocated by Berezin (1966). To apply this method, we introduce in the 
Klein-Gordon quantum fibre F* an orthonormal basis (w 1; w 2 ,...}, so that 


f = £a=i z « w « » 2 a =(w c |f)eC 1 , a = 1,2,... 


(4.24) 


I 


R It is noteworthy that the above series converges to f not only in the Hilbert space norm of 
, but that it also converges pointwise to the continuous function f(£) , and that this 
jpj pointwise convergence is actually uniform in £ . Indeed, on one hand we have 

1^: whereas on the other hand, by (5.1.16b) and (5.1.18), 

B|. | v f = (^) 6R4><v+ ’ (4 - 26) 

lo that the partial sums on the left-hand side of (4.25) are uniformly bounded by a £- 
^^independent expression on its right-hand side, which goes to zero as m,n -> 00 . This 
Wz pointwise uniform convergence ensures that no ambiguities or inconsistencies occur in any 
gfg- : ofthe subsequent expressions in which we will be dealing with the values of single exciton 
wave functions, as well as their expansions (4.24), at individual points £. 

§|!|||1-.. Let us now introduce the canonical creation and annihilation operators 

jjf a„(z) = (p { ~\ w a ) , a*{x) = «p (+) (w„) , w a e F x . (4.27) 

These operators satisfy the following set of canonical commutation relations 

IP [a a (x),a p *(x)] = 5 ap , [a a (x\ a p (x)] = [a*(x), of Ml = 0 . (4.28) 

Indeed, the first family of these relations can be derived as follows, with the help of (4.17), 

jg [a a (x\ a p *(x)} = jjw a (^;£)4 +) (£;£')w/^;£')d2(£)d2:(r) 

= Jw a (jc;£)w^(r,£)diX£) = 5 ap , (4.29) 

.whereas the second family follows in an obvious manner from (4.7)-(4.9). 
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The existence of the canonical commutation relations in (4.28) enables us to introduce 
the following Glauber (1963) coherent states, 


|i) = eap[-i2Lil*«r . 


z = (z 1} z 2 ,...) . 


As originally proved by Bargmann (1961), coherent states of this type provide continuous 
resolutions of the identity in any Hilbert space in which they can be realized. In the present 
context, that Hilbert space is equal to the Fock fibre % . 

Upon inserting (4.24) into (4.16), it is easy to establish that the coherent state in 
(4.30) coincides with the corresponding element of the second-quantized frame in (4.22) 
This means that the functional integral in (4.23) can be indeed interpreted as a “continual 
integral” in the sense described in [B]. More specifically, as an operator in ff x > the func¬ 
tional integral in (4.23) is equal to the following Hilbert-space weak limit [PQ], 

J F j0 f ) df df*(<2> f | = w-jim7r-"J R2n \z n )dz n dz n * (z n \ , (4.31a)' 

z n =(z„...,z n , 0,0,...), dz n dz* =]J i n =l d(Rez i )d(Imz i ) , (4.31b)- 

where the integrals on the right-hand side of (4.31a) are Bochner integrals. As shown'ini 
Sec. 1.2 of [B], this definition of the functional integral in (4.23) is independent of the* 


choice of orthonormal basis {w b w 2 ,...} in F x . 


7.5. Parallel transport and Action Principles in Fock Quantum Bundles |f|| 

According to (4.3), the Fock bundle % can be obtained from the Klein-Gordon quan 
bundle E by taking Whitney sums of symmetrized Whitney products of E. Hence, 
operator for parallel transport in (5.2.14) gives rise to a unitary operator 

T y (*",*') : f x . -> 7 X - (5 : P 

for parallel transport within £. Covariant derivatives can be then defined as in (5.2.1 
with the result that, for a given section s of PM, (5.2.24) is now replaced by 




d = 0 l d i , <?,:= d ei . 


The connection coefficients in (5.2) are the same as in (5.2.19) or (5.2.24), whereas 
infinitesimal generators are those of the representation 

TJ x . u (b,A) ~ @ U x -, u (b,A)® n , u = s(x ) , (5 


induced in by the representation in (5.2.20). 
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1x1 order t0 establish a relationship between this purely geometric formulation of 
parallel transport in (5.1) and the action principles used in the customary Lagrangian 
formulations of quantum field theories [IQ.SI], it is essential that these generators be 
related to an operator-valued stress-energy tensor. To achieve that, we first note that 

Pj:u= i j<P W <.x;Qd J <p ( -\x;QdZ (f), f , dj = 3/3qJ. (5.4) 

The above relationship can be easily verified by taking matrix elements of the above opera¬ 
tor in between any two n-exciton states, using (4.8) as well as (4.10), and then comparing 
the outcome with that obtained by using (5.2.22b). Upon expressing the inner product in E 
in the form appearing in (5.1.13), the Bochner integral in (5.4) can be recast in the form 

' p j\u = -Zf.mjv (+ \xiOdkd J V { -\x',C)dG k (q)dn(v) . (5.5a) 

£:!*• 

Taking into account the easily verifiable fact that (cf. [P], p. 222) 

\^ ± \x-,Od k <p'- ± \x-,Qd.a k (q)dWv) = 0 , q = a +? ! Cj v = v'e, , (5.5b) 
and using the general definition of normal ordering, we can rewrite (5.5a) in the form: 

Iv P hu=-\Zf %m \ : 9(x\Qd k dMx\0-do k (q)d£2(v) . (5.6) 

We can choose now as the surface o for g-integration in (5.6) any of the hyperplanes 
corresponding to a constant value of q Q in the local frame s(x) - such as the hyperplane 
with £ 7 ° = 0. In the case of j = 1,2,3, we can then integrate by parts along o to arrive at 

P a . u =^/, m f qt=0 :(P, a (x\Q<Pfl(x;G):d\dQ{v) , a = 1,2,3, (5.7a) 

whereas in the case of j = 0, we can use the equation (4.14) to write 

| p a,u = 2^/.mJ g , =0 d3 qrfi2(f) . (5.7b) 

y ,^ e net result of the above considerations is that we can express the operators in 
(5.4) in the following manifestly covariant form, 

P r.u^\'^ jk [(p{x\0]:da k {q)dQ{v) , (5.8a) 

T jM = Z/,m(<Pj<P,k + iVjkWfp 2 - , (5.8b) 


wbic h involves a renormalized version of the stress-energy tensor in (1.15). 
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In a completely analogous manner we can derive that (5.3), taken in conjunction with f 
(5.2.20) and (5.2.22a), implies that 

M 

MU = f:QiT*[fl»(*;C)] -QX k \(p(x;C)]: d(J k (q)dP{v) , (5.9)j 

M 

where the above Q-operators act in accordance with (5.2.22b) on the variables £ .whose ; 
components arc equal to the components of £ with respect to the Poincare frame in (5 A). ^ 

These results are very analogous to similar ones in the conventional theory of they 
neutral scalar field [Slj, with one crucial difference: in the latter case the energy-momentum j 
tensor operator that occurs in (1.14) is a purely formal entity, since the quantum fields at ig 
point x in Minkowski space are not well defined - but rather the smeared version (1.8) is'| 
well defined; on the other hand, the stress-energy operator in (5.8b) is perfectly 
defined as it stands. Furthermore, conventional quantum field theory encounters sey<|| 
difficulties, mentioned at the beginning of Sec. 7.2, when the definition of the stregg 
energy tensor operator in (1.15) is extended to the case where x belongs to a cuigg 
classical spacetime. On the other hand, in the present GS context, the stress-energy tensor 
representing the actual energy-momentum exciton density at any x eM in relation tothg 
quantum fhame <P“ in (5.1.21) (associated with the Poincare frame u used in (5.4)), canjg 
obtained by setting q = -a in (5.8b), and then integrating over all possible values of vM 

We can introduce, by analogy with (5.4.2), the Poincare gauge invariant second: 
quantized frame propagator 

K Y {f";n = (& f »\r Y (x",x)& ( .) , f'e F *' > rG *> » ( |f 

for parallel transport along any smooth curve 7 = MO! ?<t< t"), joining two . 
points x' = x(S) g M and x" = x(t") e M. Upon inserting into the right-hand side of v 
inner product in (5.10) the expression ? r (x", x') = t Y (x", x) T y (x, x'), and then u 
(4.23) at any given point rey,we arrive at the following counterpart of (5.4.4): 

K r (f"-,n = K* r ( f';f") = J F ^ r (f";f) K r (f;fHtdS*. f 

Consequently, by iterating (5.11) for any subdivision t' = t 0 <ti <••; <t N =t" r 
conclude that even in the limit e = max(f w - f»_i) -> +0 we can wnte, as m (5.4.5), 

jwr-.f)* limJif r (f w ;fiv-i) > f '= f o > f "= f w 

1 £->40 J n=W-l 

We shall now demonstrate that, on account of (5.12) and of the basic properd 
the second-quantized frames in (4.22), the second-quantized frame propagator, define' 
purely geometric manner in (5.10), can be expressed in terms of an action integral 
therefore, first observe that, on account of the smoothness properties of the curve 
well as of any appropriately chosen moving Poincare reference frame s (name y 



lion s of PM whose domain of definition M s contains the curve 7 ), and of the fact that 
H elements of all second-quantized frames lie within the domains of definition of the 
infinitesimal generators of (5.3) that appear in (5.2), we have that 

+ 0((&„) 2 ) , (5.13a) 

S4 = . Sx n = e,(x„)S4 , *„=*(«„). (5-13W 

?„(*„)=f„, • “<*»>=(< 5 - I3c > 

For the sake of notational convenience, in (5.13) we have restricted our attention to sec¬ 
tions s of the Lorentz frame subbundle of PM. We note that, in terms of the coordinate 
wave function amplitudes in (4.5), which represent elements of the typical fibre F, we have 

<Pn( X n’>0 = fn(0 : = » Pn-lfeO = fn-l(0 : ~ Pfoi-riO ’ ( 5 - 14 ) 

|forallCeR 4 xV + . Hence, the use of (5.8) and (5.9) in (5.13a) leads to, 

+ °( (a » )2 ) ' (5J5) 

where, on account of (4.10) and (4.21), as well as of the definition (1.11) of normal 
quantum field ordering, we have 


P,(<p(xJ;<P(Xn-i')) = \T ih [W n -X) + <P(x n ^X)]da\q)dQiv) . (5.16a) 

M J \(p{x n );<p(x n ^)) = jQ lJ T k]l [ip(x n \0 + (pix^X^do^dQiv) , (5.16b) 

QiJT kit := 1 (Q J T kl - Q k T jl ) , (5- 16c ) 

with the bar denoting complex conjugation. 

On the other hand, it follows from (4.13), (4.16) and (4.17) that 

(0 f |0 g ) = exp[-|(|f| 2 +Igf) + {f|g>] , Vf.geF, , VreM . (5.17) 

Consequently, (5.12) can be rewritten in the form 

A'(fflM);<?(*))= lini f exp[i&„L y (<p(x n );<pM_i))] , (5.18a) 

C ^° J n-N 

<p(x") = r , •DitpixJ] = <if n df n * , « = , (5.18b) 


$>(*) = r, 
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where the prime indicates the absence of the functional integration over the iV-th mode, and S 


L y ((p(.x n ); <{tx n _ x )) = |[{<pU n )| ttU,,)) - (7rU n )[ <?(*„_,))] 

-?(*«-!)) + itijk( x J MJk (<P(x n );(p(x n _ 1 )), (5.39a) | 

n(x n ) = {(p(x n )-(p{x n _ x )]/(t n ~t n _ l ) , X n , x n =x(t n ). (5.19b)®| 

- rd-jjj 

To recast (5.18a) in the form of an action integral, wc note that, according to the form 
(5.1.13) of the inner product in the typical fibre F of the quantum Klein-Gordon bundle E 
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{(p(x n )\7u(xJ) = iZ /m Jtp(x n ;C)d k jz(x n \Odc k (q)dQ(v) . 


(5.20) | 


Consequently, we can express the second-quantized frame propagator for parallel transpol||| 
along any piecewise smooth path y, which was geometrically defined in (5.10), in the'' 
form of the functional integral 

K r (<p(x"); (p(x')) = \<D(p exp(tS y [<p,7r]), •Dtp = *(*))] , (5.21)'^ 

which incorporates the action 

S y [(p,7c) = £ dtjL^[(p(x(t);C),n(x(t);0]do\q)dQ(u ) , (5.: 

A y) [(p(.x(t); 0, n(x{t)\ £)] = 

a 0 M[x(t); 0 + <p tk (x(t - 0); £)] 

0 0 + <p(x(t - 0 ); 0 **(*(*); 0 ] 

-XXt)T ik [<p(x(.t); 0 + <p(x(t - 0); 0] 

+ Vki^ij(X n (t))Q li T j]l [^x(t)-,0+(p(x(t- O);0] , A = 0,1,2,3. (5.22$ 

In writing down the expression (5.22b), which immediately follows from (5.19) ini 
the passage to the limit e — max(f„- t n ~\) +0, we have followed universally adopted i 

traditions in the theory of path integrals, and denoted the field contributions at x(t„) from ' 
field values at the preceding point x(t n ~0 as if they behaved smoothly. However, the dis-: 
continuous nature of the field “history” has to be kept in mind, so that those contributions^ 
have to be treated as independent while we functionally integrate, for each t n , over all pos- J 
sible modes in the typical fibre F prior to taking that limit. In addition to notational clarity': : 
and convenience, the adoption of this notation underscores the formal similarities wit^ 
similar action integrals in conventional quantum field theory [IQ], The appearance of fogj 
just one, but four “Lagrangian” terms in (5.22b), as well as the last angular momentum de-i 
pendent term in those “Lagrangians”, might be disconcerting to those already well familial 
with the standard expressions for action integrals in conventional quantum field theory? 


| Their presence is due, however, to the great generality of (5.22), which reflects full Poin- 
■: care gauge invariance. In fact, a moment's reflection indicates that, on geometric grounds 
alone, even in conventional quantum field theory similar terms would make their appear¬ 
ance if global Lorcntz frames would be replaced with general local moving Lorcntz. frames 
j n an attempt to achieve a theory that is Poincare gauge invariant, and not merely special 
relativistically invariant - i.e., invariant only under global Poincare transformations. 

In curved spacetime global Poincare invariance is a physically and mathematically 
meaningless concept. Hence, when we shall extrapolate in the next section the functional 
integral in (5.21) for parallel transport into one for actual geomctro-stochastic propagation, 
the form of the action in (5.22) will have to be employed. However, as long as we arc 
dealing with a single path y, wc can always choose a section s of/JVI which is adapted to 
y(cf. Sec. 2.7), so that all the local Lorcntz frames s(x(t)) along y are parallel transports 
of each other. If we then also choose the normals to the surfaces o(x(t)) ,tey, for q- 
integration along the time axes of those frames, and use a parameter t which is identified 
| along y with the variable q° in the typical fibre of TM, then the expressions in (5.22) 
p assume the following simpler and more easily recognizable form: 

S rlP^ = j l . <q . <l A r ^(^°)lOMx(g°))0]d\dQ(.v) , (5.23a) 

-4 rl [f>(*(<?°); f), n(x(q°)-,Q] = 

- a Z/.„[ Wg°); o A(z(g«); o + <p(x(q°- 0); f) n(x(q°y, O] 
■~X\t)T i0 [f(x(q«); f) + yixiq 11 - 0); f)] . (5.23b) 
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,.. ?w ... ^he above expressions for Lagrangians in the GS quantum field theory of a neutral 
i spin-0 field remain distinct from their counterparts [IQ,SI] in conventional quantum field 
vjjteory in two essential respects: 1) their terms contain the Poincare gauge variables £, and 
;as such are bona fide continuous functions of those variables - and, in fact, for the exciton 
ystates of the Bom quantum metric operator (cf. Sec. 3.6 and [P], Sec. 4.5), those functions 
are actually smooth; 2) finite renormalization factors that multiply the geometric phase 
^component of these GS quantum field Lagrangians emerge naturally from the framework 
^itself, on the basis of purely geometric considerations. 

sM-L ^ iese g eom etric phases are given in (5.22b) and (5.23b) by the expressions between 
first two sets of square brackets on their right-hand sides. Comparison with the general 
|theoiy of the geometric phase recounted in Secs. 3.8 and 3.9, and in particular with (3.8.7) 
? w-o-23), reveals the clear-cut geometric nature of those phase terms in the present field 

•theoretical context. 

. f ' act ^ at action principles are consequences of geometric ones, rather than having 

■ t0 P ostu! ated as primary - as has become customary in the path integral quantization 
Ip ods developed during the last fews decades — should come as no smprise if it is re¬ 
called that the origin of action principles lies in the application by Maupertuis in the mid- 
^seventeenth century of teleological arguments to classical mechanics, and that those argu¬ 
ments were based on the scientifically rather dubious doctrine of “final causes” (cf. Barrow 
•§* 1 P^ er ’ 1986 , p. 66): a classical particle supposedly chooses to follow, amongst all 
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and “causality” - three fundamental physical concepts which, although interrelated, are nd 
synonymous in the present GS framework. 

To better understand the epistemological nature of these distinctions, let us fW'Is; 
briefly reconsider the reasons for their identification within the conventional framework fdt| 
quantum field theory in Minkowski space. 

All conventional frameworks for relativistic quantum field theory are predicated 
two fundamental assumptions: 1) Classical relativistic geometries provide suitable modes <f3§l 
description of operationally-based geometric relationships even at the microlevel - which 
in the special relativistic context, are supplied by the geometry of Minkowski space. 21-^ 
Quantum measurement schemes can be associated with any bounded open region B in the ? • 
adopted classical manifold - namely, in the present context, in Minkowski space - and 1! 
those schemes arc represented by an algebra of local observables A(B) over B [BL]. 

The epistemologically unwarranted nature of the first of these assumptions, and the ^ 
inconsistencies to which it gives rise, were already discussed in Chapter 1. Consequent! 
let us now concentrate on the second assumption. '-".sr 

At closer scrutiny, the second assumption does not fare any better than the first. Fol 
example, in the Haag-Kastler (1964) quantum field theoretical scheme, the “algebras of ob¬ 
servables” are C*-algebras, whereas within the Wightman (1956) scheme, they are the 
JT*-algebras generated [BL] by all the quantum fields “smeared” with test functions/* 
supports within B. The fact these algebras have to incorporate an operation of involution^! 
i.e., a ^-operation, in order to allow for their realizations in terms of informationally confl 
plete algebras of operators in complex Hilbert spaces, leads to severe difficulties in justify|| 
ing their adoption on measurement-theoretical grounds. For example, in attempting to de l 
duce from first principles an “algebra of microscopic measurement”, Schwinger (1959) had ^ 
to adopt a multiplication law 25 between “elementary selective measurements”. But that big 
incorporates complex-valued probability amplitudes which do not emerge from the adoptlf 
elementary measurement procedures, and cannot be justified on operational grounds! 
Alternatively, as first proposed by Dirac (1945), “complex probabilities” could be intrqfLp* 
duced in quantum theory, as a means of dealing with this type of problem. The physirifl llf l 
meaning of such “complex probabilities” can be then operationally related to measurcmei|l| 
of “incompatible observables” by a procedure described in (Prugovebki, 1967). Further!! 
more, consistent systems of axioms can be formulated for these “complex probabilities^ 
which then in turn yield C*-algebras of observables for nonrelativistic quantum mechanid^ 
as well as for relativistic quantum field theory (Prugovebki, 1966, 1969a). However, I PL 
of the key axioms 26 again cannot be justified on measurement-theoretical grounds alone. |S||| 
Thus, despite the deceptively “natural” mode of a posteriori emergence of involutiyfr - ' 
operator algebras from the conventional Hilbert space formalism for nonrelativistic qualify 
turn theory, their adoption in quantum field theory as “algebras of observables” cannot be r ! 
justified on a priori foundational grounds, i.e., as an intrinsic feature of quantum frame-' 
works that follows from the very nature of the quantum theory of measurement. On the, 
contrary, in conventional quantum theory "only quantities which commute with all additive 
conserved quantities are precisely measurable" (Wigner, 1981, p. 298), so that the a£ 
sumption 27 of such an involutive algebraic structure for the family of all actually observable; 
quantities “contradicts some of the basic principles of quantum theory” ( ibid.,p . 298)1 
ihus, their adoption in quantum physics reflects, on the part of their advocates a belief in 
their methodological advantages 28 , rather than the outcome of a compelling epistemological 
analysis based on a careful analysis of the quantum theory of measurement. 
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This last fact can be easily illustrated in the case of the neutral scalar field defined in 
i® (1.7). The “algebra of local observables” fl(B) over any bounded open region B in 
fel Jankowski space can be then easily constructed - at least at the abstract level (cf. [BL], Sec 
|gij;;24.1)- Since, in this particular case, the quantum field is constructed out of particle creation 
jjj and annihilation operators, it could be expected that, at the very least, each &{B) would 
jjgjcofltain observables pertaining to quantum particles localized within B. //that were the 
Jit case, then the quantum particle localizability problem could be solved very simply, namely 
tjjjjy identifying, for each bounded open region B in Minkowski space, the operators within 
fgff?§ 3 ( 5 jihaf represent those particle localization observables. However, such an identification 
of specific elements in Pl(B) with these (in the laboratory most certainly) observable quanti¬ 
ties (without which the entire area of elementary particle physics would be experimentally 
unapproachable) has not been carried out anywhere in the literature. In fact, if it were car¬ 
ried out, according to Hegerfeldt’s (1974) theorem, a contradiction would result with the 
aforementioned conventional “principle of locality”. Indeed, that principle claims that 
“observables in causally disjoint regions are always compatible” (Haag and Kastler, 1964, 
p. 848). However, Hegerfeldt's theorem establishes that, as long as the classical geometry 
II of Minkowski space is accepted as fundamental in relativistic quantum physics, quantum 
particle observables in purportedly “causally disjoint regions” cannot be causally disjoint 
since, under any mode of relativistically covariant sharp localization, wave packet propaga- 
tion proceeds acausally. At the other extreme, when quantum gravity is taken into account, 
it has been acknowledged by Haag et al. (1984) that “algebras of local observables” totally 
lose their motivation, since then all possible spacetime metrics can become “available”. 

In fact, it would be most tempting to interpret the Wightman two-point function [BL] 


wmi 


(% | mW) %) = ( % | *<-> {x )^\x')W^iA w {x-x) 


(6.2) 


which the Fock space and the entire theory of the neutral scalar free field <p{x) can be 
reconstructed, as pertaining to the creation at x' of a particle described by that quantum 
field, and its subsequent annihilation at x . However, such an interpretation would run 
counter to the fact that the operators of multiplication by the components of x' and x with 
respect to any global Lorentz frame cannot be interpreted as spacetime observables for rela¬ 
tivistic quantum particles. Moreover, even if such an interpretation were arbitrarily im- 
||P^e6’it would run counter to the relativistic causality that is allegedly embedded in the 
rjheory of the neutral scalar free field (p(x), since the Pauli-Jordan function in (5.7.3) and 
(6.2) does not vanish for spacelike separated x' and x . We are thus left in the paradoxical 
It^ituation that none of the so-called “algebras of local observables” J3(B) contains even the 
! most basic quantum particle observables 2 ^. In particular, they contain none of the observ¬ 
ables that are routinely measured in the laboratory whenever a particle detection is carried 
/ ou * within a macroscopic region B in Minkowski space! 

. lt therefore becoming clear that it is not just the “global nature of quantum 
. . particles , considered and analyzed in Secs. 7.2 and 7.3, that is to blame for the difficulties 
; which the conventional mode of thinking encounters in quantum field theory. Rather, that 
jj|# e is lo be shared also by the “global nature of locality” (Bogolubov et al., 1990, p. 
||pf3) that emerges from the adoption of the local (anti)commutativity axioms - such as the 
gpne incorporated into (6.1) in the case of neutral scalar fields. Indeed, as otherwise devoted 
p- vocates of that axiom, Bogolubov et al. (1990) have the following to say: 
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“The postulate of local commutativity is one of the most restrictive principles of 
quantum field theory. Misgivings could arise concerning the experimental justification of 
this postulate: we have no special reason for supposing that the measurement of a 
component of a Hermitian field at some point has no influence on the value of the 
components of this field at another point separated from the first point by an arbitrarily 
small spacelike interval. It turns out, however, that the property of local commutativity can 
be proved if we make the assumption, which at a first glance seems to be weaker, that the 
fields commute only at sufficiently large spacelike separations. It follows from this that if 
the remaining requirements of relativistic.quantum theory hold in the non-local theory, 
then, roughly speaking, the commutator of the fields must be non-zero everywhere. It is 
therefore no surprise that the attempts to introduce ‘non-locality in the small’ at the same 
time require a rejection of some other requirements of the Wightman formalism, for 
example, ‘renormalizability’.” (Bogolubov et al, 1990, p. 373). 

Briefly stated, “local commutativity” and “renormalizability” - namely the two 
cornerstones of conventional quantum field theory — necessarily give rise to a “global type 
of locality”, which has absolutely no experimental justification “in the small”. 

It is interesting to note that, about the same time when an axiomatic quantum field 
theoretical framework, which assigned to the local (anti)commutativity axiom center stage, 
was launched by Wightman (1956), Schwinger had the following to say about develop¬ 
ments in conventional quantum electrodynamics - which is implicitly based on that axiom, 
and which to this day remains the crowning success of conventional quantum field theory: | 

“The post-war developments of quantum electrodynamics have been largely | 
dominated by questions of formalism and technique, and do not contain any fundamental | 
improvement in the physical foundations of the theory. Such a situation is not new in the 
history of physics; . . . But, we may ask, is there a fatal fault in the structure of field 
theory? Could it not be that the divergences - apparent symptoms of malignancy - are only 
spurious by-products of an invalid expansion in powers of the coupling constant and that 
renormalization, which can change no physical implication of the theory, simply rectifies 
this mathematical error? This hope disappears on recognizing that the observational basis of 
quantum electrodynamics is self-contradictory.” (Schwinger, 1958, p. xv). 

It was clear from the outset that the Wightman axiomatic framework represented a 
systematic effort to impart much-needed mathematical rigor to conventional quantum field 
theory, without, however, in any way enriching and improving the physical foundations o| ^ 
the theory. Therefore, in comparing Schwinger’s well-set emphasis, in the late 1950s, ong| 
the need for new physical principles in quantum field theory, with the beliefs of those who 
since that time have put their entire faith into mathematical techniques, it is important to 
assess the situation that emerged three decades later. 

After almost a full decade devoted to perfecting the axiomatic method (Streater arid 
Wightman, 1964), and after an additional two decades of concerted effort to produce, with¬ 
in the confines of the constructive quantum field theoretical framework that emerged from £ 
the Wightman axioms, at least a single nontrivial and yet mathematically rigorous model in $ 
four-dimensional Minkowski space, the two leading initiators of the constructive quantum ,|J 
field theoretical programme that embodied that effort arrived at the following conclusion: -s^. 

“At present the arguments favoring triviality [of the quantum field theory] seem to K 
be stronger, but a definitive answer seems to be out of reach of available methods. These 
arguments apply equally to the four-dimensional Yukawa and electrodynamic (QED)| 
interactions. If these interactions are all trivial, it would mean that a short distance cutoffg 
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resulting from the quark interactions is essential to a theory of protons, photons, mesons 
and electrons as elementary particles. Since it is known experimentally that protons and 
mesons are not elementary particles, but composites formed from quarks and gauge fields 
(‘gluons’), such a short distance cutoff, set at the proton radius, for example, would not 
violate [the] experimental facts.” (Glimm and Jaffe, 1987, p. 120). 

However, such a short distance cutoff would violate Wightman's key axioms, and 
most of all the local (anti)commutativity one ~ not to mention the fact that it could not be 
justified in the case of photons and electrons, in particular, and in the case of gauge parti¬ 
cles and leptons, in general, on the same grounds that can be used for “protons and 
mesons”, or for other hadrons. 

Thus, although this is not yet openly acknowledged by many researchers in the field, 
historical developments over the past three decades have not only supported Schwinger’s 
1958 unfavorable evaluation of the prospects of the conventional approach to quantum field 
theory, which we cited on two earlier occasions in this section, but have also vindicated 
Dirac's many similar public assessments 30 , made by him since 1951. These assessments 
culminated in his final verdict on the subject of “inadequacies” of the conventional frame¬ 
work for quantum field theory, which he himself had founded. This is the verdict which 
we cited in the introduction to this chapter, and which concludes with the following very 
significant statement, which we reproduce now in italics: 

“I want to emphasize that many of these modern quantum field theories are not 
reliable at all, even though many people are working on them and their work sometimes 
gets detailed results.” (Dirac, 1987, p. 196). 

The GS approach to quantum field theory, whose initial stages we outlined in the 
preceding two sections - and which will be further elaborated in Chapters 8 to 11 - has 
emerged from a systematic effort at improving not just the mathematical, but also the 
physical foundations of quantum field theory - without, however, changing its structure to 
the extent that all connection with the conventional formalism would be lost, and that all its 
numerical successes would be thus forfeited. Basically, the proposed improvements 
emerge from the rejection of the conventional conceptualization of locality for quantum 
fields, that is grounded in the retaining of classical geometries in the quantum regime. The 
concurrent adoption in the GS approach of quantum geometries enables the introduction of 
concepts of locality and microcausality, which are not only distinguishable from each other 
in their epistemologically formative stages, but remain mathematically distinguishable even 
in the present more advanced stages, leading to the formulation of a GS framework for 
quantum field theory. Consequently, on a purely epistemological level, GS locality and GS 
microcausality are closer to the CGR concept of locality and of Einstein causality than any 
of the aforementioned conventional concepts of locality for quantum fields. 

-v At first sight, this epistemic feature of GS locality and microcausality might appear 
paradoxical, in view of the aforementioned rejection of classical geometries as accurate 
reflections of physical reality, and therefore of the classical notion of locality. However, in 
fact there is no paradox, since CGR locality and Einstein causality have emerged from an 
epistemologically consistent framework of ideas, that preceded the development of modem 
quantum mechanics in general, and of the discovery of the uncertainty principle in 
particular. In formulating the concepts of GS locality, as well as of weak and strong GS 
microcausality, the present approach is trying to enrich rather than reject the epistemological 
basis of classical relativity. In so doing, it is striving to retain the criteria of epistemological 
consistency, that represented a guiding light in the development of both relativity and 
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quantum theory, even if that entails a fundamental modification of the mathematical 
apparatus of conventional quantum field theory, and occasionally even the sacrifice of souk 
of its most cherished mathematical techniques. J 

Admittedly, such a strategy does not abide by the canons of the conventional modeofl 
thinking that prevailed in the post-World War II years, and still enjoys great popularity at 
present. Indeed, in the conventional approach the above priorities are reversed: formal] 
mathematical techniques are deemed essential to progress, while foundational considers-''] 
tions are dismissed as sterile or irrelevant (cf. Secs. 12.2 and 12.3). Therefore, it is neces-l 
sary to further elucidate the above points. 

We first note that the classical relativistic concept of locality is based on the concern? 
of pointlike event (Einstein, 1905, 1916), which in turn is predicated on the assumption of 
the physical existence of deterministically behaving test bodies which are pointlike - or af 
least can approximate to an arbitrary degree of accuracy the conventional mental image of f 
pointlike object viewed as a kind of limit of extended classical bodies. Thus, the classical 
relativistic concept of locality is, first of all, totally unrelated to one of the key assumption I 
in the earlier cited Haag-Kastler formulation of the “principle of locality”, namely thaf 
“observables in causally disjoint regions are always compatible” (Haag and Kasder, 1964J 
p. 848). Indeed, first of all, such a statement is epistemically vacuous in the classjp 
regime, since all classical observables are “compatible”. Second, it is totally independent of 
another key assumption that is routinely used in justifying local commutativity, namely thaf 
“the measurement of a component of a Hermitian field at some point has no influence of 
the value of the components of this field at another point separated from the first point by 
an arbitrarily small spacelike interval” (Bogolubov et al, 1990, p. 373): nonrelativistid 
theories can also be local, and the assumption that light has the same velocity in all inertia! 
frames is independent of the assumption that no signal can propagate with superluminl! 
velocities (cf, Friedman, 1983, Ch. IV, Sec. 6). In fact, as argued by Recami (1987); 
Fanchi(1988, 1990), and many others, the existence of superluminal particles, namely' 
tachyons, whose behavior would violate Einstein causality, is not at odds with the other; 
basic principles of relativistic physics. The main point is, however, that in classical special 
relativity, the assumption that such objects can interact with ordinary matter would enable^ 
the transmission of signals backwards in time (cf. Friedman, 1983, p. 162), and thus give; 
rise to various physically unacceptable paradoxes. 

Most telling, however, is the fact that the formulation of Einstein causality 31 in either 
special or general classical relativity theory does not have to be carried out in measurement 
theoretical terms, and in fact it is usually formulated in purely dynamical terms [M,W] 
relativistic causal signals are assumed to propagate only along causal worldlines, where, by 
definition, a causal worldline is a smooth path in some classical spacetime manifold whose' 
tangent vector at each one of its points is future-directed, and it is either null or timelik|| 
The relation of this formulation to the theory of measurement then leads to a categorical 
choice, subject to a yes-no type of experimental verification, in the case of any field or par 
tide theory formulated in a classical spacetime manifold (M,g) which is globally hyper¬ 
bolic (cf. Theorem 8.3.14 in [W]): either that theory does obey Einstein causality, in whi 
case the fields or particles whose behavior it purportedly governs cannot be used to trar 
mit signals from a point x e M to some other point x‘ e M which does not lie within its 
causal future J + (x ) [W]; or it does not obey Einstein causality, in which case it should be 
possible, at least in prindple, to envisage experimental arrangements, based on that theory,' 
in which a signal transmitted from some point igM would be definitely received at sonjfj 
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points e rC*). Hence, in the second instance, an experimental test can be then carried out 
t0 confirm or refute such a theoretical prediction, and thereby empirically falsify the theory 
if the latter turns out to be the case. Due to the yes-no nature of such tests, if the latter 
would not turn out to be the case, that would either signify a serious challenge to classical 
relativity theory as a whole, or the possibility of transmission of signals backwards in time 
- both alternatives difficult to consider as serious possibilities. 

On the other hand, this yes-no nature of the tests of OCR's fundamental principles is 
||p|ip t necessarily shared by those physical theories which are basically statistical in nature - 
|||as it was already realized m the last century by Boltzmann (cf. Kac, 1964), in the course of 
Ig- interpreting the second law of classical thermodynamics from the point of view of classical 
U statistical mechanics. However, albeit conventional quantum field theory is a statistical the- 
Jg-jory at the measurement theoretical level, it is nevertheless compatible only with yes-no 
; formulations of relativistic microcausality due to the earlier mentioned global nature of the 
g jpnceptoflocal (anti) commutativity, which lies at its very foundation. In turn, the identifi- 
§jf ation . . mathemat ical concept of local (anti)commutativity with the physical concept of 
relativistic microcausality is contingent upon the adoption of underlying classical (and 
^g|erefore deterministic) geometries, as well as upon the adoption of a deterministic mode of 
quantum field propagation. And indeed, deterministic field equations remain the hallmark 
» ll ! e conven tional conceptualization of quantum field propagation despite the, by now 
1| routine use of Feynman path integral formulations for that propagation (Faddeev and 
jJ§fft nOV ’ i98 9 ; Rlvers ’ 1987 > PQ]). This is due to the fact that, in the conventional mode 
of conceptualizing quantum field propagation, path integral formulations are primarily 
lllgewed as sources of mathematical techniques for computing functional integrals, rather 
^ an as accurate reflections of the physical nature of that propagation. 

R'V'i ? n lhe , 0t f lcr hand ’ ( l uantum geometries based on the three principles stated in Sec 
t **? ad( J pted ’ then the ensuing quantum field theoretical concept of locality is no longer 
IIP* global nature > since the measurement-theoretical separability of regions in M is no 
|Ionger sharp: in accordance with the principle of irreducible indeterminacy (cf. Principle 1 
JIS™ V .' the georaetnc structure of quantum fibres (cf. Secs. 3.7-3.9) modifies the op- 
| erattonal interpretation of the geometry of regions in the “classical spacetime” manifold M 

- by blurring their boundaries. Furthermore, in the context of quantum geometries, path 
i|S^ en v f wed f as accurate reflections of the physical nature of the actual 

of GS excit °ns. Indeed, such quantum objects possess a proper state vector 
ar ! f n0t /°, intll u e ’ S ° that their P ro P agation can be envisaged as taking place 

- L3, 3 ? U i lndlVlduaI P aths ’ wlth out running into inconsistencies with the uncertainty 

. 6 • ° n account of the supeiposition principle, these paths no longer have to be 

* dM “ 1 sen se, since it is well-known that superimposed wave packets can lead 
2 effects, but also to reduction effects. One can therefore distinguish 

and ; veak verslons of relativistic microcausality - in the same manner as we 
^nn bee. 5.7 - without arriving at any conflict with the well established experimental data 
_?“! causality at the macroscopic level. Consequently, in the GS framework, the ul- 
gate chmce between these two possibilities can be left to future theoretical research, as 
weu as to experimental investigations. 

“gf* by 6xpIicitly defining 

local bl^L VTe T n u approach based on quantum geometries, all GS quantum fields are 
P by Virtue of the fact that they assume well-defined values within fibres above various 
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points x in a Lorentzian base manifold M. On the other hand, their microcausality featur;; 
reflect only an aspect of the propagation of GS quantum fields, namely the type of path 
along which they propagate: strong GS microcausality results from GS quantum fie;c 
propagation along strictly causal paths (i.e., paths resulting as limits of broken paths | 
constructed from arcs of timelike or null geodesics), whereas weak GS microcausality ■; 
_r_... re o.ointom nrr\rv»tjf»tion alonr broken paths which also incorporate arcs -Wr 


ot certain spacenice gcouesics, ui me **■.—. , \ -, , . —*-|gi 

in this section. In turn, microcausality should be distinguished from the aforementioned M 
measurement-theoretical concept of separability, which deals only with the possibility oflj 
exchanging reliable signals (i.e., signals clearly distinguishable from the background ^ 
noise” of geometro-stochastic fluctuations) between various operationally distinguishable Jg 

base locations in a quantum spacetime. . . ■ |H 

The above described feature of GS locality is shared by the concept of local classical Jg 
fields over a classical spacetime manifold M. Indeed, classical fields are local only because , 
they assume values in fibres above various points xeM - except that those classic^ 
fibres are finite-dimensional real vector spaces, rather than the infinite-dimensional spac|| 
constituting operator algebras over Fock fibres in GS quantum field theories. By contrast, 
conventional quantum fields, such as those in (1.7), are “local” only by virtue of the fact 
that, when rigorously defined as operator-valued distributions, as is the case m d.8) they 
are well-defined for test functions f of arbitrarily small support within M (Jaffe, 1967)i T 
but can never be defined as bona fide operator-valued functions of x eM, except m the 
physically and mathematically trivial case that they are equal to constant multiples ofth<? 
identity operator (cf. [BL], Sec. 10.4). 

7.7. Strongly and Weakly Causal Geometro-Stochastic Field Propagation |L, 

The strong microcausality of GS relativistic quantum fields is reflected by the type of 
GS free-fall propagation that generalizes the one described in Sec. 5.4 in the case of sitig| 
spin-0 exciton states. As a matter of fact, for GS fields that interact only with the presggg 
external gravitational field, which supplies the metric as well as the Levi-Civita connec||| 
to the base Lorentzian manifold M of the quantum Fock bundle % all the features o|||§g 
propagation follow from the GS propagator in (5.4.8). That single-exciton P ro P|M 
obviously gives rise to the following type of strongly causal GS quantum field propagato. 
(Prugovebki, 1988b), . 

KW )\•(*')) = lim f TV d(j(x n yD[<p(xJ\ K(<p(.x n >, <p(*»-i)) * :S 

e ^ J n=JV 

from the base location r'sMto some future location x" el + (x ) in the base manifold 
Its definition is based on the following averaging procedure, that is carried out ov«£ 
relativistically causal broken geodesic paths connecting x to x el (x). pnor to ' ^ 

the limit e = max(t n -f „_,) -> +0 in (7.1), the integration m is earned out, for each.ff 
over o f „ r\I + (x n ~i) nl~(x") for integrands K((p(x n );(p(x n ^)) that areequi 
the propagator in (5.21) for parallel transport along the timelike geodesic |g 
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which connects the respective points x n -\ and x n on the two consecutive slices (?/„_, and 
6 t renormalized by division with the area of /-(*"). 

’ To express the strongly causal GS propagation of an arbitrary state within the Fock 
bundle (4.2)- (4.3) in terms of the propagator in (7.1), let us expand any such state as 
follows, in accordance with (4.6) and (4.23): 

H' = \ v 'D\f\nf)<I>f , f* F, T,0 f e9 x , (7.2a) 

W) = (0,1 ■/') = (0 f |y) , f e F x , V'.dy e 7 . (7.2b) 

We can then arrive at the following generalization of (5.5.2), describing the propagation of 
multi-exciton states in £: 

t>(<p(*(0))= L «(^(G);K^(0)))n^(0)))2>[9>(^(0))] . (7.3) 

JF *(0) 

The GS quantum field propagators in (7.1) are therefore completely described by the 
strongly causal free-fall propagation of any quantum field state corresponding to any initial 
exciton configuration within a Fock fibre £*<o>. 

% As discussed in Sec. 5.7, within the context of a given geometTodynamic evolution 
(5.4.6), weakly causal GS free-fall propagation results by the superposition principle from 
stochastic parallel transport along stochastic paths whose broken-path approximations 
might also contain arcs of spacelike geodesics connecting points on two successive 
hypersurfaces in that geometrodynamic evolution. Hence, weak causality emerges from the 
global time-ordering governed by that geometrodynamic evolution. The resulting weakly 
causal GS quantum field propagator is given by (Prugovebki, 1987b) 

H ' %f<p(x')\ tp(x')) = lim f TT do{.x n )‘D[(p(x n )\ KM(x n ); <p(x*_i)) , (7.4a) 

8||| e -* 40 * r ^ 

, veV + , C(x n ) = (-a l {x n ),v l ) , (7.4b) 

where the integration in x n is carried out, for each n = 1,...,N, over the entire hypersurface 
'<J< n , anddenotes the propagator in (5.21) for the parallel transport along a given geo¬ 
desic y{x n . u x n ) , connecting the points x rt _, and x n on the two consecutive slices c,„_, 
and c ln , of the field modes in (7.4b). We note that those field modes arc localized at the 
respective points of contact between the base manifold and its tangent spaces. On account 
of (5.21) (5.23), such a weakly causal propagator can be expressed in the form 

' -/if" 

^(p{x');p(x'))= f (D(pcxp(iS[(p,7t]) , ^ = FL^I^l . (7.5) 

On the surface, this functional integral has the same appearance as the one in (5.21), 
but, in fact, there are several fundamental distinctions 33 . 
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First of all, the functional integration in (7.5) is over those external field mode, 
resulting from the weakly causal GS propagation described in Sec. 5.6, and localized'at 
points of contact with base points x that lie within the segment between the reference 
hypcrsurfaces o,- and <V, containing x and x", respectively, rather than over all possible 
internal modes at points along a Fixed curve y in the base space. Second, the action term 
that makes its appearance in (7.5), i.e., 

S[(p,k} = ^_dt^ L k \(p{x{t),v\k{x{t)\v)\do k {x{t))dQ{v) , (7.6) ; 

incorporates the Lagrangian emerging from the parallel transport along special curves, 
namely geodesics connecting two points on successive reference hypersurfaces o, within 
that segment, thus reflecting free fall conditions. Moreover, for each fixed value of f, the 
integration is performed over the hypersuifaces £, = o> x V + in general relativistic phaff 
space, rather than over hypersurfaces contained within the tangent and cotangent spaces of 
M at points along a fixed piecewise smooth curve y. Consequently, (7.5) shares manyf 
common formal features with the path integrals formulated in conventional quantum field 
theory (Rivers, 1987). As mentioned at the end of Sec. 5.7, this is a feature that maj|f 
weakly causal GS propagation worth considering as a very serious alternative to'itfl 
strongly causal one, leaving it to future theoretical and experimental investigations to decide' 
on the correct choice between them. 

In this context it should be noted that the weakly causal counterpart of (7.3), namely 

■f'Cew*))) , a, 

supplies within 7 + (x(0)) the same probability amplitudes as (7.3) does in the case whe 
(M,g) is the Minkowski spacetime. Indeed, in each of the Poincare gauges displayed m 
(2.3.12), the weakly causal propagator then transcends, on account of (7.4), into a propa-: 
gator which for each single exciton state coincides with the one in (3.6.21)-(3.6.25), witf 
7] equal to the proper state vector of that exciton. Due to the path-independence of parallel 
transport in the case of such a flat (M,g), the same is true of the the strongly causal propa 
gator in (7.3) - which for single exciton states always reduces to the one in (5.4.8). | 

Thus, in those regions where gravitational curvature effects are negligible, the above 
two forms of GS propagation are experimentally indistinguishable within the chronologi 
future I + (x( 0)) of any base point x(0) within those regions. Furthermore, in the case of 
weakly causal propagation, the “spillovers” resulting from propagation outside / + (x(0)) fxfc 
excitons whose proper linear dimensions approach the Planck length are exceedingly sr 
and approach zero as the Minkowski time coordinate t tends to infinity (Greenwood 
Prugovecki, 1984). Consequendy, the design of actually feasible experimental tests ni 
to distinguish between these two modes of propagation on causality grounds alone migh 
be very difficult to achieve in a contemporary terrestrial setting. : 

The empirically observable distinctions between the weak and strong modes of GS 
propagation become, however, more emphatic in those strong gravitational fields w 
cumulative effects due to violations of strict causality can clearly manifest themselves, 
most clear-cut such instance is presented by the gravitational field of a black hole: strong! 
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: causal GS propagation obviously cannot give rise to black hole evaporation of the Hawking 
(1975a) type, since all excitons within the event horizon [M,W1 cannot escape. However 
weakly causal GS propagation can give rise to such evaporation due to the possibility of 
“tunnelling” through that event horizon, by propagation along stochastic paths that can be 
approximated by broken piecewise smooth curves incorporating spacelikc geodesics 

This brings to mind the question as to whether weakly causal GS propagation might 
not give rise to paradoxes that are similar to those displayed by the conventional approach - 
as discussed in Sec. 7.3. Indeed, superficially it might appear that the above described vio¬ 
lations of strict classical causality are of the same type as those due to spontaneous particle 
creation in the conventional approach. However, that is not actually the case, due to the fact 
that in conventional quantum field theory in curved spacetime field propagation is globally 
implemented, whereas in GS quantum field theory weakly causal propagation is based on 
^ local concepts, formulated in accordance with local energy-momentum conservation. 
I Indeed, it is well-known that global conservation of energy and momentum cannot be 
; meaningfully imposed in CGR (cf. [Wj, pp. 286-287). On the other hand, a local conser¬ 
vation holds for the classical energy-momentum, which is reflected by the condition in 
C2.7.9) on the stress-energy tensor (cf. [M], p. 386; [W], pp. 69-70). According to (4.12), 
(4.21) and (5.8), in GS quantum field theory we have 

fc (OtlTjkWx-'OW) = f*[f(0 + g<03(* f |<^), f,g s Fj , (7.8a) 

jj|t| = + i^( w2 f(0 2 -5 a f(0;£f(0 : i)) , (7.8b) 

C; where the semicolons indicate covariant derivatives of the classical field f($) obtained by 
^keeping in l'(x;Q the components C of £ in (4.4b) fixed while varying x . We note that 
iv-°b) are the components of a classical stress-energy tensor (cf. Eq. (4.3 10) in FWl) for 
which we have in accordance with (2.7.9), 

111 = V‘2>[f(0]» 0 . (7.9) 

!j || t0 the fact that, on account of (3.3.5), (5.1.1) and (5.1.5), 

ItSiS:- 

r (V*V,W)f(O = 0 . (7.10). 

Since weakly as well as strongly causal GS propagation is based on parallel transport, both 
fUf forms of propagation respect local energy-momentum conservation. 

7.8. Interacting Quantum Fields in Extended Fock Bundles 

The concept of locality of quantum fields has to be distinguished from the concept of local 
eiu interactions. In special relativity nonlocal interactions of local classical fields over 
-inkowski space can be defined by introducing nonlinear interaction tenns which contain 
. va ™ of thosc t,elds at distinct points in Minkowski space. Of course, usually there is 
physical motivation for studying such nonlocal interaction between local fields in 
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Minkowski space. On the other hand, ever since the early efforts of Yukawa (1950), there l 
have been advocates of nonlocal quantum field theories that employ nonlocal interactions irf| 


We note that the normal ordering in (8.1) is well-defined due to the presence of a local 
vacuum in each Fock fibre 7 X - Moreover, that normally-ordered operator in (8.1) is 


constructing nonlocal interacting field Lagrangians (Efimov, 1977; Namsrai, 1986; EvensIpH j ense ly defined in 7 X for each value of £. In particular, all the elements of the second- 


et al., 1991), while retaining local Lagrangians for the free fields. Hence, in such quantum; 
field theories nonlocal interactions emerge from ad hoc “nonlocal regularization” rulings for-fgf 
the removal of ultraviolet divergencies from the corresponding “local” models. T||p* 

On the other hand, the corresponding conventionally “local” quantum field theoretical 
models are themselves not mathematically well defined in their usual form [IQ,SI]. Hence, ; 
their rigorous mathematical interpretation within the constructive quantum field theory pro- a, 
gramme (Glimm and Jaffe, 1987) proceeds by first introducing various field “cutoffs”.>g 
which violate relativistic invariance as well as locality. Their “removal” is then attempted by;§ 
constructing “renormalized” Hamiltonians that act in a new Hilbert space, which carries a 
non-Fock representation of the canonical (anti)commutation relations. However, as men- T 
tioned in the preceding section, this procedure has failed to arrive at any physically non 
trivial relativistic quantum field theoretical models in four-dimensional Minkowski space. |f 
The question of interacting fields in curved spacetime has not been faced at a mathe- :| 
matically rigorous level in either of the above approaches. This is understandable in view.qf|| 
the fundamental obstacles which are encountered in that context not only at the mathemati-J| 
cal but also at the physical level. For example, even in the case of those classical fields over & 
a curved classical spacetime (M,g) which are not scalar fields, the nonlocal interactions 
taken from the special relativistic regime are not well defined, since they involve field val-j| 
ues at distinct points in M. On a purely mathematical level, this difficulty could be dealt 


''quantized frames in (4.16) are within its domain of definition. On the other hand, a lengthy 
but straightforward computation, based on the repeated use of the commutation relations in 
(4.11), shows that (cf. (5.1.14), (5.1.18) and (4.4a)): 

|: O' 4[4<;>(C;C)f = 2^°(m 1 /^) 4 . (8.2) 

,£>'! ■ 

Consequently, the source term that modifies the time-evolution governed by the free Hamil¬ 
tonian Po-.u ^ (6-8), namely the operator 

H, „ = -a/4!)J:<K*;C) 4 : da"(q)dO(v) , (8.3) 


matically rigorous level in either of the above approaches. This is understandable in view of|| g j s not we n defined as a Bochner integral whose integrand acts on the elements & t of the 
the fundamental obstacles which are encountered in that context not only at the mathemati- | sec0 nd-quantized frames in 7 X , since in the present context that definition requires (cf. 
cal but also at the physical level. For example, even in the case of those classical fields over ,pQj p 479) ,h at norm in (8.2) be integrable over the hypersurface X over which the 
a curved classical spacetime (M,g) which are not scalar fields, the nonlocal interactions^ jp integration in (8.3) is carried out. Moreover, if we try to deal with this problem by intro- 
taken from the special relativistic regime are not well defined, since they involve held val-jg J|g duci a sp ace cutoff m ( 8 3) and expanding the quantum frame field (4.12) in accordance 
ues at distinct points in M. On a purely mathematical level, this difficulty could be dealt|| || (4.24) and (4.27), 

with by implementing parallel transport between those distinct points in M. This, however, J| |||L‘; 
would raise the question as to what paths should be used in performing such parallel tran$ : || ||||#, r v - 

port. Hence, the definition of nonlocal field interactions over a curved classical spacetin||g HpgL- WO = 2L«=il w » ( * ; £' a « + w «U;C)a a Wj , 

(M,£) would have to involve physically ad hoc assumptions. This problem is shared by || 

any quantum field theory with nonlocal interactions, so that there is no physically con^dn^^ | we 0 ^ serve t h at th c rem oval of that space cutoff cannot be carried out within 7% . since in 
ing way of transferring the nonlocal models of Efimov (1977) an ot ers to t e curvedlS that j imit amplitudes for states with N excitons do not approach zero as N is al- 


spacetime regime. 

On the other hand, local GS interactions can be defined without any difficulty by ^ 
nonlinear terms of GS quantum fields acting in Fock fibres above the same base location ^||Tr 


jjjjilowed to go to infinity. In other words, the interaction Hamiltonian in (8.3) gives rise to 
H states for which the probability of observing N excitons is bounded from below by a strict- 
IJiy positive number, so that it does not approach zero, as in the case of Fock space states. 
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M, once those Fock fibres are appropriately extended. There is no physical This mathematical fact is a reflection of the underlying reason for the presence of the 


present for considering such interactions between massive fields mediated by fields which 
are also massive, since it is by now generally believed that all fundamental interactions i| 
nature are mediated by gauge fields. Hence, the most appropriate place for discussing 1ck|| 
GS quantum field interactions would be in Chapters 10-11 - where that becomes mand|| 
tory due to the unavoidable presence of self-interactions exhibited by the non-Abelian 
gauge fields treated in those chapters. However, if we concentrate only on key mathematic 
cal points, then the basic ideas for treating local GS interactions can be readily explained 
already at this stage. For the sake of notational simplicity, we shall use for the purpose of 
illustration the well-known /model 34 - but all our remarks remain equally valid for any 
interaction Lagrangian which is a polynomial in the interacting fields. 

As in conventional quantum field theory, we shall treat each quantum field interact 
by means of a Lagrangian density supplying a source term, which in the case of the 
model is equal to (cf. Nash, 1978) 

L,{<p(x-,0] = ~ai 4!):p(*;C) 4 : . S® 



p|f well-known Haag theorem [BL] in conventional quantum field theory, which prohibits the 
I mathematically rigorous formulation of such theories for interacting fields within any single 
. Fock space. The proof of Haag's theorem provided by Streit (1969), as further analyzed in 
: i;(Emch, 1972), Ch. 3, Sec. Id, reveals that this theorem is not a reflection either of local 
(anti)commutativity or of relativistic invariance of quantum theories for interacting fields. 
Rather, it merely represents a reflection of the required uniqueness of a global vacuum state 
: and of the (explicit or implicit) imposition of the canonical formalism via the demand that 
§1 the generator H of time translations satisfy, for some choice of real pre-Hilbert space % 

jj§ P(f) = i[H,Q(f)) , feX , (8.5) 

T in relation to an irreducible representation of the canonical commutation relations (CCR's) 
J associated with an infinite numbers of degrees of freedom (cf. Emch, 1972, p. 251). Such 
ia representation is the following one (cf. Emch, 1972, p. 234), 






lQ(f),P(g)l = i{f\g) , [Q(f),Q(g)] = lP(f).P(.g)'\ = 0 , f,ge% , (8.6,1 

where, in general, the above commutators are defined in a dense Girding domain within 
the Hilbert space H in which they act. sgj 

The Fock representations are singled out by the requirement that in H there js|g 
vector % such that 


a (f) % = 0 , a(f) = 2 ~ y2 (Q(f) + iP(f )) , V/* € »■. 


(8.7) 


Of course, in physical terms this vector represents the Fock vacuum state - cf. (1.6). Fort® ’ 
an infinite numbers of degrees of freedom, the Fock representations are the only ones forp 
which total particle number operators, such as those in (1.9), are well-defined (cf. Emcjy||; 
1972, p. 262). Thus, in all the other representations that are unitarily non-equivalent t<*lf 
Fock representations all quantum states display an infinite number of particles 35 . On th|§f 
otlier hand, Haag's theorem essentially asserts that if, at any single instant t 0 , a Hamiltorii|pi! 
H satisfies (8.5) for any representation ( 8 . 6 ) of the OCR's that is unitarily equivalent tpffj 
Fock representation, then H has to be unitarily equivalent to the free Hamiltonian H 0 of that l 
Fock representation. Taken in conjunction with the (postulated) uniqueness of the (global) if 
vacuum state as the only state left invariant by spacetime translations, this leads to thejff§ 
conclusion that H cannot describe interactions (cf. [BL], Sec. 21.2). . 

Clearly, for a finite number of degrees of freedom, the conditions in (8.5) reflect in ® 
the nonrelativistic context the standard canonical quantization procedure, whereby in tliefP 
classical Hamilton equations for position and momentum the Poisson brackets are replaced I 
with operator commutator brackets. However, the Hamiltonian formalism encounters in tip 
relativistic regime severe difficulties already at the classical level, where no-go theorerc|f 
demonstrate its incompatibility with the presence of interactions between classical particles 
(Currie et al., 1963; Kerner, 1965; Hill, 1967). Consequently, there certainly are nq||| 
compelling physical reasons to insist on the retention of (8.5) in the quantum relativistic'ff 
regime. Rather, the contrary is the case: the entire problem with position operators for | 
sharp localization in the relativistic regime, briefly recounted in Secs. 1.2 and 3.4, indicates p 
that the relations (8.5), which have their roots in nonrelativistic classical mechanics, canriotpl? 
be retained in the relativistic regime. Naturally, in conventional quantum field theory there IS 
are no plausible alternatives to (8.5), since in that context a global vacuum staters.jf| 
postulated, and a single Hilbert space is adopted for quantum fields, so that (8.5) emerges®:^ 
from the requirement of global Poincare covariance of the conventional quantum field® 
theoretical formalism. On the other hand, in GS quantum field theory these problems do||| 
not exist, since only local Poincare gauge invariance is instead required, and only local 
vacuum states arc envisaged. Consequently, the difficulties created by Haag's theorem can || 
be circumvented - as it will transpire from the subsequent considerations in this section. 

In the present GS context the CCR's in ( 8 . 6 ) are embedded within each Fock fibre 
via the commutation relations in (4.28). Let us therefore adopt within the typical fibre F an 
orthonormal basis, such as the one in (3.7.17). We can then introduce the real Hilbert 
space in (3.8.4a), so that we can set within the standard Fock fibre 


Q(f) ~ 2" 1/2 la*(/’) t- a(f)) , P(f) = 2 lll Ha*(f)-a(n\, (W 


jpx-y ~ qCCa <* ’ a cx = <P ( W) , w a = o£w a g F , (8.8b) 

jjjjf [°a> = Sap > a p ) = [a* a ,a*p ] = 0 , a,(3 = 1,2,.,. . (8.8c) 

J Corresponding relarions are obtainable within each Fock fibre %, by using the generalized 
| soldering map in (4.6) and its inverse. However, as pointed out earlier, when the operator 
u in (8.3) acts upon 0 f , the contribution from the pure creation terms do not belong to % . 
iftaP h. This problem can be handled by introducing a Naimark extension 5 T of the typical 
Fock fibre 7 , and then building a Naimark bundle £ T whose fibre <Fx above each x e M 
equals the corresponding extension of ^F x . Indeed, upon introducing, in accordance with 
f il( 3 . 8 . 2 ), (3.8.4) and (4.31), the POV measures 

P *,.(«„> = (2jc)~ n j B , B n c R 2n , (8 .9) 

we can construct 36 the Naimark extension This extension is a nonseparable Hilbert 
space which carries non-Fock representations of the CCR’s, in addition to the Fock 
representation in (4.28) that corresponds to the one given within the typical fibre ? by 
| ( 8 . 8 ). In each one of these Naimark fibres the operators 

PtA-ll- K)«fdf*(^| = w.limJE,(R* 1 ) (810) 

act as orthogonal projectors onto % , so that the original Fock bundle £ emerges as a sub- 
bundle of the Naimark bundle £ r . 

Pg§ j The application of the Naimark extension procedure leading from ? to fF T , and from 
lit?* to , respectively, ensures that the Naimark bundle is associated to the principal 
Klein-Gordon quantum frame bundle in (5.1.22). Hence, the connection as well as the 
^.parallel transport described in Sec. 7.5 can be routinely extended to the Naimark bundle 
||||:-» ■?? w h° se fibres the interaction Hamiltonian (8.3) acts in a mathematically meaningful 
g-irtanner. However, as we shall now demonstrate, the projection of (8.3), 

gj = P f ,//^P n =-(A/4!), (8.11) 

oack into the Fock fibres can represent the correct interaction Hamiltonian. This means that 
phF . can porously deal with the problem posed by Haag’s theorem in conventional theory 
jn a manner which is very close to the customary mathematically nonrigorous treatments 
lol.IQ] of quantum field theoretical interactions, which habitually ignore 37 that theorem. 

^35 J ust ^‘ cat ‘ on for the adoption of (8.11) as the interaction Hamiltonian in the 
;g§P I ? s ® nt GS context emerges by drawing suitable parallels with the treatment of interactions 
gj||ioiirelativistic SQM (cf. [P], p. 44). Thus, for a stochastically extended particle with 
Iggpper state vector £ , whose states are in general represented by wave functions from 
s P ace yf - P^L 2 (R 6 ) described in Sec. 3.2, the Naimark extension H equals 
ft 7 K). Hence, the projector represents a mathematical counterpart of the one in (8.10). 
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For an external field represented by a potential V we could now attempt to define ■ 
For an external iiciu p manner customary in conventional nonrelatmigj 

interaction Hamiiton / " ation of ^ with y( q ). However, in general such'| 

quantum mectan “ ^ On the other hand, it would be perfectly! 

“ ° P ® T H tKL, is that H = P { «R‘>. rather than H = VQfj* 

well-defined on H ( )■ P CCR’s Therefore, in conformity with basic#! 

H,, - Pcftp; that has to be adopted as the coSl 

of other representations of the Galilei gr p. _ ™ nS -T> f 2 CR 6 t Henrdll 

(3 2 12) unitarily inequivalent to the one in the particular subspace <H - P* L (R ). Hencgj 

such a rationalization ca P_ y on u, interaction Hamiltonian whic|s 

representation revea s t a /.€ 4 ' act } ng upon a pointlike particle with .3 

corresponds to the » g *po transcends in the sharp-point limg| 

loca'l^intera«ion Hamiltonian for point quantum particles - efi j 

Ch ' ^NamXitcouldbe 2gued that the above simple-minded argument is irrelej 

gj 

nUmb ?he°conventional image of infinite •‘clouds” of virtual quanta, which purport® 
“dress” bare particles in conventional quantum field theory, reflects a global spa 
pSnt of vSw P , as it becomes evident as soon as 

underlies such imagery is examined within Minkowski space (c . [ I], . ^ 

from "stymie pit of view, such an approach treats 

annihilations that accompany the propagationofanysm^ |H 

could be collectively incorporated into a single entity, 

spacetime - rather than as an evolutionary process, whereby finite numbers oij ^ 
constantly being created and annihilated, while the process of Quantum propag ^ 
unabSedly taking place. This is largely due to the adoption of the 
on which the Feynman diagram techniques rely, as epstemo ogically fundamen^ | 
to a mere idJization, which is, strictly speaking, physically 

provide a convenient description of scattering processes in asymptotically flat p e. ^ 
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However^ this concept becomes physically meaningless in generic curved spacetimes, 
alluding those which serve as realistic cosmological models [N]. As an extreme case, 
7 !what could be the possible physical meaning of asymptotic states in a closed Robertson- 
ft/alker model, which starts with a “Big Bang”, and ends in a “Big Crunch”? In general, 
‘what could be the physical meaning of free asymptotic states [PQ3 and of an S-matrix in the 
global cver-prescncc of gravitation, from which there is no escape and no shielding? 

® Thus, the fundamental epistemological distinction between the two points of view - 
infinite clouds of virtual quanta dressing “bare” particles for infinite spans of time vs. 
dynamic processes involving perpetual but localized virtual pair creation and annihilation 
©Constituting an integral part of GS propagation - reflects fundamental disparities in modes 
Wmphysical conceptualization: the conventional point of view is intrinsically global, and as 
Ifiljfii it can at best be in keeping with the conceptualizations of spacetime predating general 
(taitivity; whereas the GS point of view is intrinsically local, and as such it is in keeping 
ftrith general relativity - albeit the underlying notion of locality is fundamentally quantum, 
IlSither than classical, in its physical as well as mathematical nature. 

' In accordance with (4.12), (4.21) and (7.8), we have, 

:; t [<p< IH,= -(A/4!)(4>,| ® r )J(f(0 + ViO)'dc\q)dn(v) . (8.12) 

©In view of the fact that the functions within the round bracket in (8.12) are continuous, 
“' ■ bounded and square-integrable over any of the E-hypersurfaces of integration, the integral 
jl|g8.12) converges for all f,f 6 F*. In accordance with (3.6.18) and (4.4.8), the 
interaction Hamiltonian in (8.11) contributes the additional term 

|§f A( P+ V’.k A 9 ~<P A( P,k ~ <P' A V,k)~W A] -Hk{<P + <P'Y > (8.13a) 

Jjjjt: . <p = <p(x(t);0 , (p'-(p'{x{t)\0 » A(p = (p-(p' , (8.13b) 

to the functional integral in (7.1) (which is obtained from the action integral in (5.22) after 
all (p{x(t);C) are replaced by <p'(pc(t);Q), and a corresponding term to the functional inte¬ 
gral in (7.6). Hence, the superposition of proper state vectors resulting from strong or 
If^eak GS propagation along various paths, from some x e M to a given x e M, will be 
. : _modified by the process of pair creation and annihilation embedded in (8.11)-(8.13). This 
propagation takes place between distinct Fock fibres, so that the underlying assumptions of 
Haag's theorem are not applicable: in GS quantum field theory there are no infinite renor- 
alizations, but rather an uncountable infinity of distinct local Fock fibres. These fibres are 
.e seats of physically feasible states, describing (in principle) observable excitons above 
ous base locations x e M within a given quantum spacetime geometry. 

Thus, by adopting a fundamentally local point of view, GS quantum field theory 
penses with the conceptualization of an infinity of virtual quanta that are postulated by 
nventional renormalization procedures. In this manner it abides by Dirac's many 
nonishments 38 against the ad hoc subtraction of infinities, cited in this chapter as well as 
Chapter 12. Indeed, all renormalizations in GS quantum field theory arc finite, as 
fleeted by the finite renormalization factors in the Lagrangian in (5.22). It is only in the 
tivisticaily unacceptable) sharp-point limit, discussed in the nonrelativistic as well as 
ivistic context in See. 3.5 and 3.6, that these renormalizations diverge to infinity. 
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Notes to Chapter 7 


This article was originally intended for a special issue commemorating Dirac's 80th year: “A special 
Festshrift prepared for him under the authorship of some of his friends, which was to be published i n g 
1984 with a contribution by him entitled ‘The Inadequacies of quantum field theory’, will now, mosf® 
regrettably, appear as a memorial to him.” (Kursunoglu, 1987, p. xiii). 

2 “Paul Adrien Maurice Dirac, bom in Bristol, England, on August 8, 1902, died on October 20, 1984 
just two months after his 82th birthday. His loss ranks with the loss of Isaac Newton, James Clerk' 
Maxwell, and Albert Einstein," (Kursunoglu, 1987, p. ix). 

3 This mathematically very satisfactory axiomatic formulation of conventional quantum field theory^ 
stemmed from the thesis that, by the early 1960s, “the Main Problem of quantum field theory turned oufl 
to be to kill it or cure it: either to show that idealizations involved in the fundamental notions of the® 
theory (relativistic invariance, quantum mechanics, local fields, etc.) are incompatible in some physical? 
sense, or to recast the theory in such a form that it provides a practical language for the description of 
elementary particle dynamics.” (Streater and Wightman, 1964, p. 1). For some time many mathematical 
physicists, including the present author (PrugoveCki, 1964), were convinced the latter will turn out be 
the case. However, as discussed in Sec. 1.2, that hope proved illusory for many fundamental reasonsS 
all centered around the concept of locality in relativistic quantum theory. 

4 In two-dimensional Minkowski space the and the Yukawa model appear to satisfy the modification of 
those axioms corresponding to the unphysical choice of dimension. There have also been some partial! 
successes with these two models in t/irec-dimensional Minkowski space (Glimm and Jaffe, 1987),! 
However, in the physically realistic case of/bur-dimensional Minkowski space, the mathematically 
rigorous methods developed by Glimm and Jaffe (1987), in conjunction with their many followers, lead 
to a ^ model which is physically trivial (Frdhlich, 1991), and the same seems to be true even of OED 
- cf. (Glimm and Jaffe, 1987), p. 120. 

5 In fact, even nowadays there still are no astronomical observations that can be indubitably interpreted as! 

black holes. Hence, even though the prediction of thermal black hole radiation has obviously captured 
the imagination of many physicists, it is still not supported by hard observational data. ;. 

Note that throughout this monograph we follow a convention whereby fields that create particles cany a! 
“plus” sign, whereas those which annihilate particles carry a “minus” sign. This convention is the 
opposite to the one adopted in most physics textbooks on conventional quantum field theory [IQ,SI]. il 
Physically this point is not that well understood, since there is no physical justification for the choice! 
of any one particular space of test functions over another. Sometimes the well-known results of Bohr 
and Rosenfeld (1950) are invoked, since they imply that quantum fields over classical spacetime regions 
with sharp boundaries are not physically well-defined. However, even assuming that the smearing with 
test functions which are not generically positive definite represents a legitimate way of taking care of 
this problem, that still does not single out a particular space of test functions as physically acceptable. 

The v-derivative in (1.17) is in fact an ordinary derivative, since it is applied to a scalar field, whereat 
the covariant /i-derivative in (1.17) is the one defined by (2.6.23)-(2.6.25) for the Levi-Civita connect^, 
in the Lorentzian manifold (M,g). The case of conformal coupling [BD], which requires the insertion 
within the bracket in (1.17) of the additional term R/6, is also very popular on account of conformal 
invariance, and the fact that the Feynman path integrals require its presence (cf. [ST], Ch. 24). However, 
that term leads to no new fundamental insights. Since the formulation of GS propagation does hot 
require it, we shall omit it in the subsequent considerations. 

^ With the convention most common in physics literature, a sesquilinear form [PQ] is antilinear in its: 
first argument, and linear in the second argument, but it is nevertheless also often called a bilinear form.; 
Note that the covariant derivatives in (1.18) coincide, in any coordinate chart, with ordinary derivatives; 
since the solutions of (1.17) are scalar fields. 

10 A static classical spacetime manifold (M,g) is a stationary one in which in addition the Killing field t is 
orthogonal to the (Cauchy) reference surfaces a, in (1.18), so that in (1.21) we have g a0 = 0 for all d" 
1,2,3 [M,Wj. | 

The most recent developments with regard to the renormalization of the stress-energy tensor based on 
improved versions of these axioms in conventional quantum field theory in curved spacetime were 
recently reviewed by Fulling (1989). Several years after the appearance of the review article by DeWitt 
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(1975), papers by Isham (1978) and Dimock (1980) also provided Wightman and Haag-Kastler axioms, 
respectively, for quantum field theory in curved spacetime. These mathematical formulations do not 
remove, however, any of the foundational difficulties in this area (cf. Sec. 7.6). For example, the mere 
■ ■' postulation of an “algebra of observables” guarantees neither its feasibility, nor the uniqueness of its 
■ construction if it is actually implementable, in which case “the resulting representation of the algebra is 
- - not guaranteed to have any physical relevance (in the nonstatic case).” (Fulling, 1989, p. 127). 

12 The present situation is aptly summarized by Wald (1984) as follows: “In curved spacetime, there is, in 
general, no meaningful notion of an ‘instantaneous vacuum state’ with respect to which one could 
‘normal order’ the expression for the [stress-energy tensor 7| v ]. ... [To remove its divergencies] one 

. finds that one must introduce, two new, nonclassical parameters into the expression for 7| v correspond¬ 
ing ing to the freedom of adding in the identity operator times multiples of the two conserved local curvature 
|| terms of dimension (length)^. Thus, there is a two-parameter ambiguity in the expression for 7g v . 
gv However, 7g v satisfies a list of physically reasonable properties which uniquely determine it up to this 
. two-parameter ambiguity (Wald, 1977, 1978), so it appears that this is the only ambiguity present ” 
gg([WJ, p.410). 

13 According to Bell and Leinaas (1983), very large storage rings, such as SPEAR at Stanford, could 
produce thermal radiation temperatures in the 1200° K range. However, as we shall point out later in 
this section, the presence of such radiation in an accelerator or storage ring might be of no relevance to 

/• the Rindler radiation effect based on (2.5). 

14 In fact, as mentioned in the preceding note, this limitation might have been actually already overcome 
in case of nonlinear accelerations. 

15 In an article provocatively entitled “Particles do not exist”, P.C.W. Davies states the following: “These 

|f ‘particles’ [in Minkowski spacetime] carry no energy or momentum, yet they still excite a static detec¬ 
tor! ... The ‘particles' that excite a Rindler (accelerating) detector do not carry energy or momentum ei¬ 
ther-So, in a sense, the energy is not where the particles are, and may have long departed from the 

space-time region of the detector.” (Davies, 1984, pp. 72-73). 

16 is actually the case in the earlier cited considerations by Bell and Leinaas (1983), who point out 
: that electrons in a linear accelerator have to be accelerated by an electric field of approximately 1400 

g MV/m in order to register a Rindler temperature of about 1°K, whereas the SLAC linear accelerator 
produces only 7 MV/m; on the other hand, ultra-relativistic electrons in very large storage rings, such as 
SPEAR at Stanford, achieve accelerations which, according to (2.8), correspond to Rindler radiation 
temperatures in the 1200°K range. 

■}? Of course, the proponents of “scenarios” of the creation of the universe ex nihilo might answer this last 
H question by invoking “vacuum fluctuations”. However, as it was pointed out in Sec. 1.5, and as it fur- 
ther discussed in Chapter 12, such creation ex nihilo “scenarios” warrant very close scrutiny. 

# They were first pointed out in (PrugoveCki, 1988a), and then further discussed in (PrugoveCki, 1989b), 
g. Appendix A. A summary of the conclusions reached thus far will be provided in Chapter 12. 

;‘ 9 The concepts of Whitney direct sum and of Whitney direct product are usually defined for real and com- 
| plex vector bundles with finite-dimensional fibres (cf. [KN], p. 306; Osborn, 1982, pp. 110 and 170, re- 
.g.;spectively), but those definitions can be extended in a most obvious manner to all Hilbert bundles with 
infinite-dimensional fibres (cf. Fell and Doran, 1988, pp. 149-151). 

As discussed in (PrugoveCki, 1991a), as well as in Chapter 12, one should distinguish between the 
concepts of “locality” and “separability” in general relativistic theories of measurement. One way of 
underlining this distinction is to say that locality pertains to measurement procedures dealing with 
spatio-temporal relationships between physical systems and local frames of reference (which are the only 
kind of frames admissible in general relativistic theories), whereas separability pertains to measurement 
procedures dealing with spatio-temporal relationships between various local frames. In CGR the origins 
of such frames are taken to be sharply separable. For example, it is taken for granted that, for two given 
inertial frames, amongst the measurement procedures that can be performed by a third party, there are 
always some that can distinguish with absolute certainty between their origins. In the present quantum 
geometry framework, this kind of assumption is relinquished on account of the epistemological reasons 
explained in Sec. 1.3, and further elaborated in Chapter 12. 

This is not the case in Hilbert spaces of functions which are square integrable with respect to Lebesgue 
measure, such as those in (3.1.1), or those in the Hilbert space in (1.1). The wave functions belonging 
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to them actually belong to equivalence classes of “almost everywhere" equal functions IPQ1. so that | 
their values at each point can be changed without changing the equivalence class. Hence with such. 
Etas ft “subsequent construction in (4.7M4.9), and therefore also all the mam considerations, j 

this chapter, would not be feasible. k ij mihS ® 

22 As is generally the custom even in mathematically rigorous treatments^ q u ^ U! J fleld S | 
throughout this monograph such commutation relations as those in (1.33), (4.11) and (4.13), lo which - 
the left-hand side is only densely defined, whereas a real or complex number appears on the right-hand ;/ ; 
side, are to be interpreted as holding with that number multiplying the restriction of the idenUty operator | 

to the dense domain of definition of the left-hand side. 

23 The concept of Bochner integral can be treated most generally in the context of Banach spaces (Hille and ^ f 
Phillips 1968) However, in the case of Hilbert spaces, its basic theory simplifies considerably - as jj 
shown in [PQ] Ch V, Sec. 3.7. Readers not interested in its mathematical aspect can interpret.:; 
Bochner integrals by integrating matrix elements of the operator-valued integrand with respect to the | 
specified measure, in order to arrive at the corresponding matrix element of the operator represented^ j 

24 Strictly 0 speakingf that is not the case when a similar construction is earned out with the creation and ^ : 

annihilation operators in (1.7b), since not only are those operators not well defined I m.Fock. sp>ac<e,1b|| ^ 
the “eigenvalue” f(x) is also not well defined for an arbitrary element of the Hilbert space m (1.1).^ 
Indeedf the elements of those Hilbert spaces are equivalence classes of functions, rather than single o 
functions well defined at each point* in Minkowski space. Mathematically, this is one of the func &- .yj 
mental reasons why many of the constructions carried out in the remainder of this chapter cannot be J ; 
duptcaSd within die conventional formalism. Physically, the ' 

notion of locality in relativistic quantum mechanics - as our analysis of these problems in Chapters 3 
and 5 has made it at least in part clear, and as later considerations will further illucidate this point. 

25 Cf Eq (5) of Schwinger (1959), which contains “a number characterizing the statistical relation betwe^J 

S stated As such, tins number might be expected to be real, but in fact it equa s the comphx| 
nrobability amplitude in Eq. (12). Since Eq. (5) is fundamental for all that follows in that paper, that .. 
means that complex probability amplitudes, rather than mere probabilities are introduced from thjl 
outset in an implicit manner. Hence, the ultimate promise that “further anaiysis of die m^surem^ ^ 
algebra leads to a geometry associated with the states of the system (Schwinger, 1959, p. 55 ) ptffl||g 
in the direction of a quantum geometry, rather than in the direction of a classicalgeornetry^ -%l 

26 C f. Axiom IV in the third paper in (PrugoveCki, 1966) - which is 

as its ad hoc nature to similar axioms in “quantum logic formulations (Mackey, 1963). The P« .£§: 

of implemendng far-reaching structural features in a quantum theoretical framework by imp^g 
seemingly innocuous assumptions, labelled “axioms”, attests to the intrinsic and fundamental weakngg 

of the axiomatic approach in the formative stages of any physical framework of ideas. _ ! ;i: 

27 This assumption is often justified by the postulate that the set of all observables can ^ 5 

of 5 . setf-adg! — of a reata coftplex, _e, ^ ^ 

Sciated with “the algebra of all self-adjoint operators in a uniformly closed involutive a'gebra of r 
bounded operators acting in a real (or complex) Hilbert space” (ibid., p. 75). In turn the roots 
postulate can be traced to von Neumann’s (1932) assumption that all self-adjoint operators m *eHilbert 
space of a nonrelativistic quantum system represent observables. 

(1976,1981), not only do we not know how to measure even such simple observables as 

or QP 2 Q , but even if we knew, we could not measure them even in principle, in * e ^ nvent ^.fS 

of obtaining “sharp” (or, at least, arbitrarily sharp) measurement outcomes - cf. also (Busch, UUbfejM 

28 The roots of this belief can be traced to the fact that von Neumann s theorem on vptog 

unitary equivalence, of irreducible representations of the canonical commutanon re ations (cf e.g., 
[P(E ChdV, Sec. 6), does not remain valid in the case of infinitely many degrees of freedomjc ., ^^ 
(Emch, 1972), Ch. 3 . As a matter of fact, in the latter case there are infinitely many represent^ 
which We no equivalent to Fock representations, and, according to Haag s theorem 
rSointeSting fields does not correspond to any Fock representation of the canonmal (a«gj 
Suction relatilns. This mathematical fact is, however, of no relevance in the present cong| 
which relies on Fock bundles rather than Fock spaces, and in which the role played by the c . c- 
commutation relations in conventional theory is taken over by geometro-stochastic methods. . 
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29 In fact, in this context, even purely quantum field “local observables” (cf., e.g., Horuzhy, 1990) do not 
; fare better in literature than particle “observables”. Indeed, the considerations carried out more than two 
decades ago by the present author (Pmgovedki, 1969a), seem to have remained over the intervening years 
// the only published attempt at establishing that some of the elements in J3(B) might be indeed related to 
operationally meaningful concepts, rather than merely an ad hoc attachment of the label “observable” to 
an abstract mathematical construct. In hindsight, their lack of success at the physical level can be 
understood in view of the later published theorem of Hegerfeldt (1974). 

.30 One of the first of these assessments by Dirac that appeared in print stated that “Recent work by Lamb, 
, Schwinger and Feynman and others has been very successful... but the resulting theory is an ugly and 
incomplete one.” (Dirac, 1951). Other unfavorable assessments continued to appear in print at regular 
intervals over the years (Dirac, 1962, 1965,1973,1977, 1978). Their essence became crystalized in his 
very last paper, whose title “The Inadequacies of Quantum Field Theory” reflects his life-long concern 
■ with the modem developments in this most important area of quantum theory, which he had founded in 
(%\927 - cf. Note 36 to this chapter, as well as Chapter 12. 

31 Unfortunately, the term “Einstein causality” is sometimes used as yet another synonym for the local 
commutativity of quantum fields in Minkowski space - cf. e.g., (Emch, 1972, p. 278). However, it is 
not' only historically inaccurate to identify local commutativity with Einstein's name, but in view of 

: Einstein’s well-known attitude towards quantum theory in general, it represents a disservice to the 
memory of some of his deepest epistemological convictions (Einstein, 1949). 

32 jt has been argued by Aharanov and Vardi (1980) that they can “give an operational meaning to an 
• ; individual ‘Feynman path’... [by] a process of dense measurements, made in temporal sequence, which 
'V; check whether the particle moves along any given trajectory in space-time.” However, such a 

determination clearly involves the simultaneous measurement of position and momentum, so that it 
/.cannot be carried out with arbitrary precision once the effects of the disturbances created by the 
measurement act are taken into account. In fact, the subsequently discovered “new interpretation of the 
scalar product in Hilbert space” (Aharanov et al., 1981) turned out to be “the one underlying the 
stochastic phase-space approach to nonrelativistic quantum mechanics” (PrugoveCki, 1982b) - namely 
the one in (3.2.4). Similarly, the “surprising quantum effect” (Aharonov et al., 1987), of apparently 
non-disturbing spin measurements, turned out “to be an instance of the generalized (stochastic, fuzzy, 
unsharp, imprecise,...) measurements which were systematically introduced in the operational approach 
V ■ to quantum mechanics” (Busch, 1988). 

33 On the other hand, the interpretation of the functional integral in (7.4a) can proceed along the same 
jf- general lines as in the case of the one in (5.21): the space of all single-exciton wave functions in (7.4b) 
/ ■; is introduced, which are square-integrable in the measure 4£over each relativistic phase space slice , 

whose elements are obtained from those at the starting point by means of the weakly causal GS 
/ .propagation described in Secs. S.6-5.7; the functional integration is then performed over all such 
; external modes along each slice . 

...34 The treatment of the <ff model in conventional quantum field theory is discussed in detail by Nash (1978) 
.{/; at the mathematically formal level, and by Glimm and Jaffe (1987) within the context of constructive 
quantum field theory. As mentioned in the preceding section, in the latter case this model turns out to be 
. physically trivial in four spacetime dimensions, despite the apparent nontriviality of its self-interaction 
.. term. Thus, according to Glimm and Jaffe (1987), p. 433: “Constructive field theory provides a standard 
of absolute truth for testing ideas and hypotheses concerning quantum fields. ... Consider d> 5 space- 
/ffij time dimensions. We show in this case that the continuum ^ field theory is trivial. The method of 
proof strongly suggests that the result may also extend to pure scalar <Sf models in d = 4.” The same 
. triviality verdict is extended even to quantum electrodynamics, which is otherwise well-known for its 
numerically nontrivial and experimentally well-verified results when it is treated by the usual (i.e., 
1 mathematically nonrigorous) Dyson perturbation series methods, rather than by the Glimm-Jaffe 
methods. In their monograph Glimm and Jaffe support their astounding conclusions with the claim that 
in quantum field theory “truth is more easily accessible by a mathematical proof then it would be by a 
laboratory measurement” (ibid., p. 433), and that “twenty years after its inception constructive quantum 
field theory is on the threshold of achieving its major goals” (ibid., p. v). However, to those who 
/; 7 approach the study of Nature with the same kind of humility and reverence that has been in past 
‘ / centuries exemplified by the statements and actions of all great scientists since Newton - and in this 
l ‘ century most notably by Einstein and Dirac - the kind of almost “unprecedented level of success” 
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The physical, mathematical and epistemological objections of this chain of ad foe 
procedures remains the same as those presented in Secs. 7.2 and 7.3 in the spin-0 context. - 
Consequently, we shall dispense with any reviews of the conventional quantization proce- t 
dure for spin-1/2 fields in curved spacetime. ... . -||§| 

We begin, therefore, right away by describing in Sec. 8.1 the first step in the GST 
second quantization for spin-1/2 fermions, namely the construction of Fock-Dirac quantum 
bundles. In Sec. 8.2 we discuss the parallel transport, and the corresponding connection-,: 
within such bundles, deriving in that context the expressions for the GS stress-energy I 
tensor of fermion fields. In Sec. 8.3 we introduce Z 2 -graded standard Berezin-Dirac‘S 
superfibres over Grassmann algebras of supemumbers, which we then use in Sec. 8.4 i||j 
the formulation of path-integral formulae for propagators for the parallel transport offo 
Berezin-Dirac quantum frames within the corresponding Berezin-Dirac superfibre bundles. || 

1111 

8.1. Fock-Dirac Bundles for Spin-1/2 Charged Quantum Fields 

In the case of spin-1/2 charged quantum fields, a Fock-Dirac quantum bundle *£ can be| 
constructed along the same general lines as in the spin-0 case (Prugovecki, 1987b|| 
Prugovecki and Warlow, 1989), provided allowances are made for the presence ofFengl 
Dirac instead of Bose-Einstein statistics. Thus, a standard Fock-Dirac fibre IT is first co^ 
structed as follows from the single-fermion and single-antifermion subspaces of the stajjlf 
dard Dirac fibre F in (6.3.1) by means of antisymmetric tensor products 1 : 

7 = (|j 

Then, for a given Lorentzian base manifold M, we can set *£ equal to its bundle produef 
with the principal frame bundle SFM of affine spin frames in (6.3.10): 


gy the extension principle for bounded linear operators (cf. [PQ], p. 188), we can then 
extend this generalized soldering map to the entire Fock-Dirac fibre f x : 

S Ye? , W x e7 x , u = (g,£ A ) e TT\x) c SFM . (1.5) 

The local quantum fluctuation amplitudes for spin-1/2 (fermion)-excitons are the 
counterparts of the ones in (7.4.4) for spin-0 (boson)-excitons, and are given by (cf. 
|r(6.3.7)) 

S?((;0 = -(1/2m)(m+iy i 3lSq ] ')A^((;C) . (1.6) 

In terms of them we can define spin-1/2 fermionic exciton creation operators by 

|fj (v l+) (x;C,r) ^«,n;*) m+1 , B (Ci^i.U.W;-) = *(m+ ir V2 

x I> + iW^ +)( &.r / ;C,r)n w (Ci,r 1 . , (1.7a) 

where the hats signify that the variables under them are to be omitted, and the r-variables 
|:refer to matrix components. On the other hand, for spin-1/2 antifermion creation operators 
§fwe have 

fc (^ (+) (^;-C^ ) n,,n;*) m , ll+1 (---;C,Cn + l.nr +1 ) = i(n + l )- 3/2 

(-l) J+m Si + %,rj;C,r)r^ . £ n+l ,r n+1 ) . (1.7b) 




£ = SFM x G 7 


G = ISL(2,C) . 


Alternatively, we could have defined the Fock-Dirac bundle £ as equal to the Wjuine 
direct sum of appropriately antisymmetrized Whitney direct products of duplicates 
fermion and antifermion subbundles of the Dirac quantum bundle DM in (6.4.1): 


of the i 


£ = (DM (+) ®---®DM (+) )®(Z)M (_) ®-"®M ( ] ) . 

\~sm,n =o a A A A 


(1.3): 


As in the spin-0 case, the above construction implicitly assigns a normalized local 
vacuum state vector S7 0pX to each base location teM. This vector spans the (complex) in 
dimensional vacuum sector % x of the Fock fibre ( fx above that base location. Jr 
The generalized soldering map in (6.4.2) can be extended in a natural manner 
Fock-Dirac fibre 7 X as follows: in the m-exciton and n-antiexciton sector 7 m ,n^. we r 
to each state vector 'F m , n -,x a coordinate wave function TV* 6 7 m ,n > with respectJc 
Dirac quantum frame defined in (6.3.2), in such a manner that . fo 


•f-In either case, the fermion annihilation operators can be defined by taking adjoints, so that 
in view of the reproducibility properties in (6.3.6) we have: 

= W V2 *5n >B ;*(C»G Ci>n .> (l-8a) 

= . (1.8b) 

following anticommutation relations are then easily derived: 

W-'{r,±Z,r\ v/ + >fe±r,r)) = -iS?\Z,r;C,r') , (1.9a) 

[y/-\x;±ZxW'\x i +CS)) = l\i/ ± Kx\ZsW ± Hx)CS)] = 0 . (1.9b) 

The Dirac quantum frame field can be now defined as the one-column matrices 
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y/(x;g,v)~ y/ { ) (x\q,v)+y/ <+ \x;q,-v) , (l.IOaj? 

if/ (+ \x' t Q= y l *Hx;Of , C=(q,v)zT x MxV x + , (l.lOb)| 

of superpositions of creation and annihilation operators. They are ISL(2,C)-gauge 
covariant objects, i.e., with the change of choice of section of the affine spin frame bundle 
in (6.3.10), such as the one in (6.4.4), they transform as follows 

V '(x;C,r) y/(x;£,r') = X * =1 S r - r (A(x))y/(x;C,r) , (1 

where the matrix S(A) is related to A as in (6.1.10b). Their components are bounded 
operators, which as such arc defined in the Fock-Dirac fibre T x - as opposed to their spin-; 
0 counterparts in (7.4.12), which are only densely defined. On account of (1.6)-(1.8), it is 
immediately seen that the quantum frame field above each x e M satisfies the Dirac equation 

|1| 

( iy J d/dq J - m)if/(x\C) = 0 , £ = (a+ q i e j ,v j e j ) , ( 1 . 12 )] 

as it acts within the Fock-Dirac fibre % • 

8.2. Parallel Transport and Stress-Energy Tensors in Fock-Dirac Bundles 

The parallel transport within any Fock-Dirac bundle £can be derived from the parallel 
transport operators in (6.4.8) that act in the Dirac quantum bundle DM. Thus, according f 

(1.3), E is constructed by taking Whitney sums of antisymmetrized Whitney products 
DM, so that the operator for parallel transport in (6.4.8) gives rise to a unitary operator | 


We shall now relate these generators to an operator-valued stress-energy tensor acting 
within the Fock-Dirac fibre f / x . The procedure is in most respects quite similar to the one 
jn Sec. 7.5 for the spin-0 case, despite the presence of Fermi-Dirac statistics. Thus, the 
generators of spacetime translations with respect to the Poincare frame associated with the 
affine spin frame u , which correspond to the representation in (2.3), are given by 


Pj,» = i j V'(x;03j ^-\x,0d£(0 > dj = d/dg j . 


(2.4) 


T r (x",x') : 7 X . -4 , 


(2.1 


acting between the Fock-Dirac fibres above the end points x' and x" of a given piecewist 
smooth curve 7 , which lies within the base manifold M. As usual, covariant derivatiV 
can be then defined in accordance with (5.2.16). For a given section s of SFM in (1. 
they give rise to the covariant differentiation operator (cf. Sec. 2.4) 




d = 0% , d 0 =d €i , 




where the connection coefficients are the same as in (6.4.11a), whereas, the infinites 
generators are those of the representation 


U x;u (b,A)= ® (U^(6,A)®" l ®U^(6,A)® rt ) , 




7 * 1 , 71=0 


induced in E x by the representations in (6.4.4b) - cf. also (7.5.3). 


This can be easily verified by taking matrix elements of the above operator in between any 
two states with m fermions and n antifermions, and using ( 1 . 6 )-( 1 . 8 ) in conjunction with 
the expression of the type (6.2.8) for the inner product in the Fock-Dirac fibre %. In this 
context it should be observed that the operator in between round brackets in ( 6 . 2 . 8 ) has the 
value ±1 for fermion and antifermion states, respectively. Upon making the transition to 
the manifestly covariant form of the inner product corresponding to (6.2.9), we can recast 

(2.4) into the form 

| Pj. u =imZ /im jiff i *\x;OY k dy~\x;Odo k iq)dO(v) . (2.5) 

Taking into account that 

j|| jY l± \x;Qd k \j/ i± \x;Odo A (q)dn(v) = 0 , (2.6) 

f§ and using normal ordering, we can rewrite (2.5) in the manifestly covariant form 
Bp Pr,u=j-T J d¥(x;Oldcf k (q)di2(v) , (2.7) 

7 which involves a renormalized stress-energy tensor 

|||W = im Zf,m(vr k Yj - W,jy k v) - (2.8) 

Wm , On account of (6.2.7) we can derive, in a manner analogous to that used in the der- 

(2.4), that the generators of infinitesimal Lorentz transformations are given by 

: K=‘l 0{Ql3 J - (&y-‘ fe QdUQ+S« 

= O] 0 d.Z(0+ Sj> , (2.9a) 

gjjj s » = 7 J y] y/<-\x-,QdZ(0 . (2.9b) 

per carrying out deductive steps which are totally analogous to those leading to ( 2 . 5 ) and 
(26), we arrive at the following manifestly covariant form for these generators, 
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■ do k {q)dQ(v) , 

which contains bona fide relativistic angular momentum tensor operators: 


( 2 . 10 ) 


= imZ / _ m (\mQLd i -Q^)r k ¥]+lv^y i .r i ly k h) ■ P-nJ 

As it was the case for the boson fields treated in Sec. 7.5, the operator-valued stress- 
energy tensor in (2.8), as well as the operator-valued angular momentum tensor in (2.11),^ 
arc perfectly well defined as they stand - in contrast to their counterparts in conventional^ 
quantum field theory [SIJ. This will enable us to obtain in Sec. 8.4 well-defined actionj 
integrals for the propagator for the parallel transport based on (2.1). However, before such :■ 
a derivation is possible, we require second quantized fermionic frames similar to those ml 
(7.4.16) for the bosonic case. It is at this stage that one of the fundamental mathematiqpj 
differences between Bose-Einstein and Fermi-Dirac statistics emerges at the technical level. • 

8.3. Second-Quantized Frames in Berezin-Dirac Superfibre Bundles 

■" .-c agaii 

The fact that the excitons and antiexcitons produced by the creation operators in (1.7) obejJ 
Fermi-Dirac statistics, giving rise to the anticommutation relations in (1.9), implies thag 
immediate counterparts of the states in (7.4.16) do not provide the continuous resolub|®| 
of the identity in the Fock-Dirac fibre %, which are required in order to implement die path; 
integral methods introduced in Chapter 7. There are, however, various methods for degg 
ing coherent states for fermions, of which the one developed by Berezin [B,BI] is the bes| 
known, as well as the best suited to our purposes 2 . _ .. .. 

The adaptation of these techniques to the present situation can be achieved by J|| 
extending the typical Fock-Dirac fibre 7 into a typical Berezin-Dirac superfibre % and /’ 
constructing a Berezin-Dirac superfibre bundle which represents an extension 3 of the F 
Dirac fibre bundle ‘E. The typical superfibre ‘B of this Berezin-Dirac superfibre bundle < 
be defined as a Hilbert superspace over an infinite-dimensional Grassmann algebra A w 
involution 4 . Generically, such a Grassmann algebra is a topological vector space over^ 
field C 1 of complex numbers, within which an operation of algebraic multiplicadr- 
defined in such a manner that its general element, to which we shall refer 
super number 5 , can be written in the form (cf. [B], p. 60; or [D], p. 1; or [BI], p. 36) 

«= c »+ir■ c ». - 6c ‘• 

where the above complex coefficients are antisymmetric under the permutation of any ‘ 
of their indices, and {0«| a = 1,2,...) represents a family of generators of A. A?- 
consequence of the basic definition of the involution operation within a Grassmann ’ 1 

(cf. [Bj, pp. 66-67), under any given involution all the above coefficients will be t 
into their complex conjugates. Furthermore, if a bar above a supernumber is used to • 
its conjugate, i.e., its image under that involution, then we shall have 


[e a ,e p ) = {e a ,e p ) = {e a ,e p } 


a,fi = 1,2,3,... 


(3.2) 


v/hcre the brace brackets in (3.2) stand for anticommutators. 

Any supemumber can be obviously decomposed into its even or grade-0 component, 
obtained by replacing with zero all the coefficients in (3.1) corresponding to odd values of 
n , and an odd or grade-1 component, obtained by replacing with zero all the coefficients in 
( 3 . 1 ) corresponding to even values of n , including the one with n = 0. In turn, this gives 
rise to the decomposition of A into a commutative subalgebra A 0 consisting of all even su¬ 
pemumbers, and the vector subspace A 1 of all odd supemumbers, which docs not consti¬ 
tute a subalgebra, since the product of two odd supemumbers is always an even super¬ 
number. Thus, a Grassmann algebra is a Z^-graded vector space. 

Superanalysis 1 BIT] and functional superanalysis (Khrennikov, 1988) became well- 
developed in the eighties. However, for our needs we shall require only the formal concept 
of Berezin integration [B,Bf], based on the following well-known basic definitions IB,IQ|: 


\d6 a =\dO a = 0 , je a dd a =je a de a = 1 , cc = 1,2,3,... 


(3.3) 


These rules can be extended to multiple integrals of arbitrary supemumber-valued functions 
by linearity and by iteration, in accordance with the rules (cf. [BJ, p. 52) 


{ de a , de p } = { e a , de p ) = { e a , de f) } = o , a,p = 1,2,3,... , 


(3.4) 


as well as the rules obtained by taking the involutes of the above relations. 

The typical Berezin-Dirac superfibre r B can be now constructed by first extending the 
standard Dirac fibre into a Hilbert superspace 6 B, with inner product that has the property 




fig e B , U*ii eA 


(3.5) 


■fhen, upon constructing B from B in accordance with (1.1), we easily deduce that 

£ e A 0 , £eR 4 xV , (3.6a) 


l$y ±) (x;O\ = 0 , 


£ e A 1 , £eR 4 xV ? 


(3.6b) 


holds for the extensions to f B of the fermion and antifermion creation or annihilation 
operators in the typical Fock-Dirac fibre ( }\ if we allow all supemumbers to commute with 
the Fock-Dirac vacuum state vector ¥o,o- We obtain the desired Berezin-Dirac superfibre 
bundle by extending in a similar manner each fibre F* into a corresponding superfibre B x , 
and then constructing in the above manner a Berezin-Dirac superfibre out of B x . 

/ Let us now choose within the standard Dirac fibres F (±) orthonormal bases, so that 
by combining them we can decompose the identity operator lp in F=F (+) ©F (_) as follows: 


X:»K>RI = ip 


(w a \w p ) = Sap , a,p = 1,2,... 


(3.7) 
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The inverse of the generalized soldering map in (1.4)-(1.5) maps this basis into a correal 
sponding orthonormal basis within F x = - ^f hQ]X © % >VtX : 
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(O 1 : w a w a e¥ x , a - 1,2,... , 
If we now set, in accordance with (6.2.9) and (6.2.10), 

r (+ W) = J v {+ \x\t)Y k f(C)d<T k (q)dn(v), 

- J f(Oy k ^(x;Odo k (q)dh(v) , 

then we can deduce by using (1.9) that 


u € c SFM . (3.8)1 

( 

f = ff , C 


Y (+ \x; Wp )} = ~ijw a (0rj[Si + \C;O + Si~\C^ 

xy k w p (C)dcx J (q)dn(v)da k (q , )dn(v’) . (3.10)’ 
Hence, in view of (6.3.5) and (6.3.6), we conclude that 

{Y ( -\x;wjy+\x;wp)} = (w a \w p ) = 8 af) , a,p = 1 , 2 ,... . ( 3 $| 

Furthermore, (1.9b) also implies that 

{y ' M (x-,w a ),y/ M (x)w p )} = ty-'towj,Y ( ~\x;w p )} = 0 , (3.1 

so that a representation of the canonical anticommutation relations is thus obtained in 
one of the Fock-Dirac fibres 

This means that we can now introduce in the corresponding Berezin-Dirac fibres 
the following Berezin coherent states [B], 

Qf = . (3.12 

associated with the Grassmann algebra generators adopted in (3.2). In formal a 41 
these coherent states resemble the Glauber coherent states in (7.4.30). Hence, let 
associate with each f e F* the following supernumber-valued functions that repre 
elements within the superfibre B*, and its dual, respectively: 


We can then introduce the following creation operators acting in the Berezin-Dirac super¬ 
fibre (Bx 7 and its dual, respectively, 

9)do\q)dd(v), £eB x , (3.14a) 

[ V^~ ) (x;£) = j£(t; i O)Y k \i/-\x;Qdo k (q)dn(v) > JeBj;. (3.14b) 

. In turn, we can use these operators to define supemumber-valued Berezin-Dirac quantum 
superframes, and their duals, in a manner formally analogous to the Klein-Gordon second 
quantized frames in (7.4.16a): 

- - 

fife |^) = e ^“iJf(C0)r^(C^)^V^W)exp(yr {+ \a:;^))|‘F O(O , ;t ) , (3.15a) 

(^| = (^o,o ; *|e:^(vr (_) (*;£))e^ . (3.15b) 

We observe that the elements of the Berezin-Dirac quantum superframe specified in 
5 (3- 15a) can be set in one-to-one correspondence with the Berezin coherent states in (3.12), 


0f <-> |<P £ ) , 


/■ eF x sF x , / j h^F i cB j 


(3.16) 


on account of the one-to-one map between the single fermion or antifermion state vectors f 
g^jflJx and those £ gB, represented by the supernumber-valued functions in (3.13a). Hence, 

' we can use the Berezin method of integration to set, in formal analogy with (7.4.31), 

!£- \f x \*s) d Z d t{*z\ = w n -J^ n J|%) d ^ d ^(^ n | > (3-Ha) 

jjfr Zn(C>o) = ^ n a=1 o a (iv a \f)w a (0 , de n de n =YV a=n de a de a , ( 3 . 17 b) 

■•where, due to the one-to-one map in (3.16), the integration can be viewed as taking place 
. over the Grasmannian image of F x . According to a basic theorem of Berezin (cf. [B], p. 
g|3), the Berezin functional integral in (3.17) then supplies a continuous resolution of the 
' identity operator in the Fock-Dirac fibre %: 


= i ,,. 


(3.18) 


^o) = YZ=x e ^ w «\f) w a(Q 7 o = (e 1 ,e 2 ,...) , 

Z(C’0) = Y<^A{f\ w a )™ a (O , e = (e iy e 2 ,...) . 


(3.13c 


-.-furthermore, by using (3.2), it is easily verified that the constituents of the Berezin-Dirac 
quantum superffames in (3.15a) are eigenvectors of the natural extension to CB X of the 
annihilation operators in (1.8): 


r w U;OK) = «(C,0)|a> { ) , 


^ e F x c B x . 


(3.19) 







We can also extend in a natural manner the generalized soldering map in (1.4)-(l|j| 
to the fibres of the Berezin-Dirac superfibre bundle 7 . This is most easily achieved by using 
the map in (3.8) to introduce the counterparts Ip 

■ f(ce)=X“ • < 3 ?f 

,y|lp 

of the supemumber-valued functions in (3.13), and then proceeding as in (3.14)-(3.18), so 
as to arrive at the following relation and definitions, respectively: 


= 1, , < 3 ' 2 !| 

= ■ < 3 - 2 f 

) = lv i *Hx-,QY k W,e)dAq) d n(v), C3.2i# 

We can subsequently incorporate the Berezin-Dirac quantum superframes into the domain 
of the generalized soldering map in (1.5) by setting •, 


ft: ^ e ® , 




(3.22a) 


On account of (3.18) and (3.21b), we then arrive by linearity at the desired extension of the 
generalized soldering map to all of 


e(B , 'Te'B x . 


(3.22b) 


This construction results in a Berezin-Fock bundle which is associated to the Dirac 
quantum frame bundle DFM in (6.3.12), or its classical counterpart, namely the affine . 
spin frame bundle SFM in (6.3.10), so that, from either point of view, ISL(2,C) can be 
regarded as its structure group. Indeed, under a change of section of SFM, giving ri|j|| 
the change of coordinate wave functions in (6.4.4a), we shall have a corresponding change, 
of supemumber-valued functions (i.e., “classical” supernumber fields) in (3.20), 

of 0(0?)-*: |(C,0) = - ( 

<'o«r‘: 4(4,0) h> fXC, 0 ) = Z”i0«{/1“'aH(f ) , (3. 


01 


where the primed basis elements in (3.23) are obtained from their unprimed counterpar 
accordance with (6.4.4). The above extended transition maps then act on the elemeni 
the standard Berezin-Dirac superfibre $ in accordance with (3.22) and (3.23). C 
quently, the formulation of connection and parallel transport introduced in the p 
section can be immediately extended from the Fock-Dirac bundle to the present E 
Fock bundle. f:|; 


m 

m 




m 
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§g. 4 - Geometro-Stochastic Propagation in Fock-Dirac Bundles 

S|jyj natural extension of the operator for parallel transport in (2.1) to the Berezin-Dirac 
Superfibre bundle defined in the preceding section enables the introduction of the Poincare 
the ISL(2,C)-sense) gauge invariant Berezin-Dirac superframe propagator, 

fjj JT r (4”;4') = IT r (*”,*')^) , ?e F, c B x ., F,. c B«- , (4.1) 

S§rparallel transport along any smooth curve 7 = {x(r)j t'<t< t"}, joining any two points 
1 f %x(f) e M and x" = x(t") g M. The values assumed by such a propagator are in 
Ifeneral supemumbers with nonvanishing odd components. However, on account of 
(3.18), the parallel transports of Fock-Dirac state vectors, which are themselves Fock-Dirac 
state vectors, can be expressed directly in terms of Berezin functional integrals: 

T r (x-,x)V = J^ drdr^rjf. dt’d?K r (Z";4')(0 4 .]•/') . ( 4 . 2 ) 

Indeed, the above integration results in supemumbers with vanishing soul component (cf. 
Note 5) on account of the fact that (3.18) provides a resolution of the identity in the Fock- 
Dirac fibre proper. On the other hand, upon inserting z,(x ", x') - r y (x ", x ) x r (x , x 0 into 
the right-hand side of the inner product in (4.1), and then using (3.18) at any given point x 
e y between its two endpoints, we arrive at the following reproducibility relation. 


*,<«”;«’) = J f; K r (4"; 4) <*Id4K r (£;£') . <«) 

in which, on account of (3.15), the left-hand side assumes supernumber values that have 
■nonzero odd parts. Hence, by using iteration in the same manner as in the bosonic case 
^treated in Sec.7.5, we conclude that in the limit of sequences of subdivisions t'=t 0 <t l < 
t N = t" of the interval [t' ,t" ] for which e =max(/„-r n -[) —* +0 , we have that 

: K,(4";4’)=lim JX(4,,;4„J nd4*d4„tf r ®;4»J ■ (4.4) 


7 Let us choose now some Poincare gauge which, on account of Geroch’s theorem 
mentioned in Sec. 6.3, can be given in the present context by specifying a global section s 
of the affine spin frame bundle SFM. The elements of the Berezin-Dirac superframes in 
§3.15) lie in the domains of definition of the extensions to the fibres of the Berezin-Dirac 
bundle of the infinitesimal generators of (2.3) which enter (2.2), so that we can write 


0{(8t n f) , 




(4.5a) 






VM = Zn , ^-i(^n) = ((<r 1 o<_ 1 )^_ 1 , 


Vn(x n ) ^ uOrJ = (0,| A (sj) , (djggjl 

where, for the sake of simplicity, we have restricted our attention to Poincare nano- B 
corresponding to sections of the Lorentz frame bundle LM, so that a(x) = 0 (cf. (6.3 lopi® 
On the formal level, the procedure leading to an action integral for the Berezin-Dira -i 
superframe propagator in (4.1) is the same as in the case of the second quantized Kip&m 
Gordon frame propagator in (7.5.10). Nevertheless, basic differences exist, since in fhii 

present context we are dealing with supemumber-valued functions and functionals.- 

To be S in wi{h > * e coordinate wave function amplitudes of the superfibre elements in I 
(4.5) represent elements of the typical superfibre B and its adjoint, so that they assuill 
values specified for all £ e R 4 x V + in terms of one-column or one-row matrices, Jill 


" 


, 

g; 

sou 


IS 

A 


v^-vC.b )= x “ M w *\< vh-m) w « ( o , 

f(x n -X,6) = Vn(X n )\w a )w a (0 , 


m 

Ife 

H 


with supernumber entries. Consequently, it follows from (2.7)-(2.9) and ( 4 . 5 ) that Jli 

ifSI 

K r (£n>Zn- 1 ) = [i -iSsi Pi(yKx n ); V / (^-i))](^„ (Xn) |^ n _ [(Xn) } . ;Jj| 

+ i &jk(SxJM Jk (yKx n );y*x n _+0((5t n ) 2 ), ( 4 .|| 

where, on account of (3.19) and its adjoint relation, the functionals of the supernumber¬ 
valued fields in (4.6) are themselves supemumber-valued: 

Pi(w(*n)> V'fon-i)) = \TikW( x n\Q>-v,0)\ q,v,0)] do\q)dQ(v) , (4.8)j 

M J \y/(x n );y/ix^)) =\M 3kl [\}f(x n \q,-v,Oy t y(x n _{,q,v,Q)'\do l {q)dn{v). (4.9) 

As a matter of fact, in view of (2.8) and (2.11), we have 
T jkty(x n ;q-v, o>, yK~vQ,v, 0)1 

= im ^vl+wL,)rM+vLlj -<?*+ vLthrM* rDl (4jjj 

MJkl ty(.x n \q,-v, 0); W^ n _{,q,v, 0 )] jljj 

s o^Wivt +irL)] |jj 

+?(W« T + wLittwyWKvi + yL)) » (4.ioi>§ 




Yn~i = V(Xn-i>q>±v,0) , = ¥ (x n ;q,+v,0) , v e V + , 


(4.10c); 


so that the values they assume are even supernumbers with nonzero soul components. 


1 spin-112 Quantum Fields 
S| gr------- 257 

„ inte £ rat > on in (3.3) and (3.4), taken in conjunction with the 

definitions in (3.15) for the elements of Berezin-Dirac quantum sunerfram^ ,V 
duals, yield tn a very straightforward manner a formal analogue of ( 7 . 5 %. d CT 

(®{K) = c *pI/ f(CO)nf'(£«<lcr*(g)^( 0 ) 

-l/(?(f.s)y*|(C,W+?’(Ce)j',{'(f,©)(i ( ,*(g) c ;j 2 ( t ,)] _ ( 4 .n) 


I When we use this result in (4.7), we end up with a formal counterpart of (7.5.18), 

ft; = V(.<Slex V [iSt n L r (^x n )-MXn-M , ( 4 . 12 a) 

; = = n = 1, (4.12b) 

|V where the pnme indicates the absence of functional integration over the AT-th mode, and* 
L r (ytx „);iK*„-i)) 

■ 5 C ®+f Ov.ii C. 5) r* wOv-d f, &>)da\q)dniv) 

~X n Pi(yKxJ);\)Kx n _ l )), ( 4 .) 3 a ) 
||; ' K * n) = (»<*»)-v<*„.i))/a„, fovj = (VK^)- ¥**„))/&„ . (4.13b) 

Consequently, upon using (4.8)-(4.10), we arrive at the following functional integral 

K r (W(Aytf)) = j© I//exp(iS,[w,vr]), ©yr = (4.14) 

• S^tmeirift^sTn M rK e fTf ,0r f “u ParaUel trans P° rt ’ whlch ™ s in 

purely geometric terms m ( 4 . 1 ), but which in its above form incorporates the action 

I ‘W,V']= l<it]LfW(x(t)-t;,e),vMtyxMdv'iqidaiv) , (4 .i 5 a) 

' 4 r) [rW«; f, e), ^(f); f, 0 )] = 

[y (*»); C, 0) r>w<); f, 0)^+ tut-o>, f. S) n f, e)] 

-X'WTuXyKx(t);C, 0), ¥ (x(t - 0);0)] 

+ v u %(x n (t))u‘fiyKm;C,e)Mx(t-oy,c,e)] , *=0,1,2,3 . (4 .i5b) 


case f s “- 7-5, the action in (4.15a) contains four 

enforceS in Z P , y reasifor * at ^ lhe sa ™ us in the bosonic case: the 
nt in the present context of Poincare gauge invariance, based on local moving 
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e tonne t w are absent under global Poincare 1 
spin frames, necessitates the a PP e ^ 3 ^^^eed as in the derivation of (7.5.23a), f 
transformations of ^obal frames, ludetd V normals to the surfaces c(*(f)) forq- § 

i.e., if we choose a section s which is ada^ tor ,norm frames along y, and 1 

integration that point ^ on ^ h h e .^ e e ^ ed al o ng y wit h the variable <f in the typical fibre I 
if we use a parameter t which is identified aio g / 4 15 y I 

of 7M, then three of these “Lagrangian” terms disappear from (4. m;. 

S y ly, V ] = l 1<r 4, r> [?W q°)itMvM<l°te’ e)]d>,lda(x,) ' ( ' , ' U ’“ > 

4’ ,, [f(*(g 0 );C,e),i/W9 0 >.Ce)] = 

-x^TJv'Wg'OX.e), yWe 0 - 0) ;C«M . ^ = • (4 ' 16b) - 

Naturally, the geometric phase (cf. SbC ^ 3 h 8 j^ d rid^rf’cTl^remains. In fact, similar: 

^antumficldtheotywhencoherents.tes^ 

USet ^ vMh the action functional integral ^^y^Q^Qf^ongl^an^weak^causal 

Dirac quantum superframes thus e^ablishe er as in the boson i c case treated in Sec. ; 

GS propagation proceeds in exactiy the same f . ic coun terparts of the definitions 

attVtArW) -Lfti 0 * (4 l7a) 

• (4 - 17b) 

Furthermore, the femioihc conS 1 ?he"only 0 emerging difference. 

^r StSlE (7.8.6) have to he replaced by the correspond 
anticommutation relations realized in (3.11). -1 


Notes to Chapter 8 Jig 

.• •„ n n fallows tSIl In some textbooks the definition of ; / 

1 Cf. [PQ], Ch. IV, Sec. 4.5. bv ^king direct sums of antisymmetric tensor products | 

of the single-fermion and single-anufemuon subspac«,^ me Cod of Blaizot and Orland 7 

2 For example, as opposed to the B «™ msdio 1 ) * mb b r £., i. e „ of Hilbert superspaces over ■ 

(1980, 1981) does not make use of anticommunng hu 
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Grassmann algebras. Rather, it uses duplicates of the fermionic Fock space to consmict a bosonic Fock 
space, which carries the required coherent states, and into which the original fermionic Fock space can be 
embedded in a natural manner. However, a Blaizot-Orland coherent state \f) cannot be an eigenvector of 
the annihilation operator ^(r,£), as it is the case in (3.19) for Berezin coherent states. Indeed, an ap¬ 
plication of y<-)( x;Q to both sides of (3.19) immediately yields flQ 2 = 0 . This implies that, if f(£) were 
an ordinary complex number, then we would necessarily have that/14) = 0. 

3 The methods for constructing such extensions are very similar to those for constructing the Naimark 
extensions in Sec. 7.8. The fundamental difference is, however, that in Sec. 7.8 we were dealing with 
extensions of Fock fibres that were Hilbert spaces over the field C 1 of complex numbers, whereas at 

- present we are dealing with extensions which are Hilbert superspaces over a Grassmann algebra A, which 
contains anticommuting elements. 

4 Most of the basic definitions and results on Grassmann algebras and on superanalysis that are required in 
the sequel can be found in [B]. A mathematically more rigorous exposition, which also deals with super¬ 
manifolds, is presented in [BI]. A presentation of superanalysis and of supermanifold theory that is more 
accessible to physicists can be found in [D], This last presentation can be suitably supplemented with 
the treatment of Berezin-type coherent states given by Ohnuki and Kashiwa (1978). 

5 It should be noted, however, that a Grassmann algebra does not constitute an (algebraic) field, since not 
every nonzero supemumber has a unique inverse. Indeed, the supemumber in (3.1) has an inverse if and 
only if its body (i.e., the term c 0 [D]) is non-zero, so that a supemumber which has only a non-zero soul 

(i.e., the term represented by the sum in (3.1) [D]) does not possess an inverse. 

6 Cf. Sec. 5.2 in [D], where the term super-Hilbert space is used instead. A definition of Hilbert super¬ 
spaces which completely parallels the conventional one [PQ], by not involving duals from the outset, 
can be found in (Khrennikov, 1988). In fact, readers concerned with making use of mathematically sound 
methods in quantum physics should take note of the fact that the dual #*of a Hilbert space !H\ s a topo¬ 
logical rather than an algebraic dual, so that it consists of only those linear functionals which are con¬ 
tinuous. Indeed, by Riesz’s theorem (cf. [PQ], p. 184), it is due to this continuity that each element </[ 
of that dual X* can be identified with a vector |/> in the original Hilbert space Thus, the presence 
of an inner product is required prior to defining duals of Hilbert spaces. The tradition of reversing the 
order in which these two concepts are introduced, exemplified in many physics textbooks on quantum 
mechanics (cf. Sec. 12.3), reflects a lack of understanding of the fundamental mathematical differences 
between the theory of finite-dimensional Hilbert spaces (where that is indeed possible, since topological 
and algebraic duals are identical), and the theory of infinite-dimensional Hilbert spaces (where that is not 
possible, since the algebraic dual is much larger than the topological dual). 

7 We make a distinction between superfibre bundles, which, by definition, are bundles whose base spaces 
/ are ordinary manifolds, but whose fibres are superspaces, and superbundles, which are bona fide super¬ 
manifolds for which, therefore, the fibres as well as the base spaces are themselves supermanifolds. The 
structure groups of the former can be ordinary Lie groups, as it is the case with the present Berezin-Dirac 

r : superfibre bundles, whereas the structure groups of the latter are generically Lie supergroups [BI,D]. 

8 The conventional Lagrangian density (cf. [SI], p. 218; or [IQ], p. 143) for Dirac fields is of first order in 
d 0 y, so that the canonically conjugate field momenta are not independent of the (non-quantized) Dirac 
field y. As a matter of fact, that Lagrangian density vanishes when y satisfies the Dirac equation. At the 
quantum level, however, the normal ordering of the energy-momentum tensor and the presence of Fermi- 
Dirac statistics, imposed via canonical anticommutation relations, prohibits the same conclusion. 
However, in deference to the conventional point of view, we denote the objects in (4.13b) as if they 
were “time derivatives”, despite the fact that the very notion of derivative along a typical stochastic path, 
which as a rule is not smooth, has no well-defined mathematical meaning. On the other hand, for the 
sake of notational simplicity, we denote the measure for the functional integration in (4T4) and (4.17a) 
by the Dy defined in (4.12b) and (4.14), rather than, as customary (Rivers, 1987), by DyTty. 
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Quantum Geometries for 
Electromagnetic Fields 


The geometro-stochastic quantization of the electromagnetic field gives rise to a kind of ■- 
problem not treated thus far in this monograph, namely the formulation of quantum ;| 
geometries for quanta of zero mass. Even at a classical level the localization of particles of lip 
zero mass poses special problems due to the absence of rest frames for such objects. This IF 
means the notion of proper time is meaningless for zero-mass particles, and that such 
particles can be localized only in relation to frames constructed out of massive particles. :!||§g 
The problems encountered by the conventional approaches with the formulation of i 
localizability of quantum particles of non-zero mass are exacerbated in the zero-mass case. | 
Hence, although there is a significant amount of literature attempting to deal with the 
problem of photon localization, and of mass-0 quantum particles in general, those treat-1 
ments have made no impact on the conventional methods of quantization of the electro¬ 
magnetic field in Minkowski space. .^|§ 

The Dirac-Schwinger and the Gupta-Bleuler methods of quantization of the electro-- 
magnetic field provide the two best known frameworks for the formulation of quantum , 
electrodynamics (QED) in Minkowski space. The Dirac-Schwinger framework employs a k 
positive-definite inner product in the space of state vectors of the quantum electromagnetic® 
field, and can be in fact mathematically related to the Gupta-Bleuler framework (Durr arid | 
Rudolph, 1969; Ferrari et al., 1974). However, the latter has by now totally prevailed in Jjt'j 
physics literature due to its manifest gauge covariance and to the formal “locality” displayed | 
in it by all electromagnetic quantum field modes. These features have been purchasedjgfj 
however, at the expense of a positive-definite inner product, so that in the Gupta-Bleuler * l 
framework the space of single-photon states carries an indefinite inner product. On tftef 5 
other hand, the fundamental classification [BR] of the irreducible unitary representations of 
the Poincafo group, first carried out by Wigner (1939), supplies for the mass-0 case only • 
representations in infinite-dimensional Hilbert spaces with positive-definite inner product. ;; 

We shall therefore begin by demonstrating in Sec. 9.1 the mathematical equivalence 
of the depiction of the quantum states of a single photon by equivalence classes of elements 
of a pseudo-Hilbert space with indefinite metric (introduced in physics by Dirac (1942), 
and called a Krein space in mathematics literature) with their depiction by elements of aril 
ordinary Hilbert space, in which a mass-0 and spin-1 unitary and irreducible representation 
of the (orthochronous) Poincare group acts in the manner originally formulated by Wigner. g 
In Sec. 9.2 we construct the standard fibre for the bundle of local single-photon states. The 
Gupta-Bleuler bundle of multi-photon local states is then constructed in Sec. 9.3, with 
special attention being devoted to key mathematical aspects that have thus far remained 
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unnoticed in the mathematically rigorous literature on the Gupta-Bleuler formalism. In Sec. 
9.4 we study parallel transport within such bundles, and in Sec. 9.5 we formulate action 
integrals for that parallel transport and the corresponding GS propagation. We then discuss 
in Sec. 9.6 the relationship of the GS formulation of quantum electrodynamics, based on 
the framework developed in the present and in the preceding chapter, to conventional QED, 
comparing them on the basic issues of locality, microcausality and occurrence of infinities. 


9 . 1 . Krein Spaces for Momentum Space Representations of Photon States 

The Gupta-Bleuler (1950) formalism for the quantization of a free classical electromagnetic 
field in Minkowski space requires the introduction of a global Lorentz frame {e^jl = 
0 ,1,2,3), and the replacement of that field with 4-potentials, so that the Maxwell equations 
in vacuo assume in relation to that frame the form [SI, IQ]: 


— d v d u A (l - 0 , 


“ dpAy dyAp . 


This formulation remains invariant under the general Maxwell gauge transformations 

| 

\(x) i-> A'^x) =A fl (x) + d fl i(.x) , dp = d/dx* 1 . (1.2) 

An especially convenient choice is the family of Lorenz 1 gauges, in which the four equa¬ 
tions for the 4-potential in (1.1) assume the decoupled form 


jfjirt... „ 

^dpA v = 0 , 


d^Ap=0 . 


A mathematically rigorous formulation of Gupta-Bleuler quantization 2 can be arrived 
at by considering the linear space of all solutions of the wave equations in (1.3), and disre¬ 
garding the Lorenz gauge condition (Fermi, 1932), but requiring that the sesquilinear form 

m 


^ ffil = d * x d.4) 

be well-defined and non-negative definite, so that it gives rise to a so-called /-inner product 
(Bognar, 1974). The completion [PQ] of the resulting pre-Hilbert space with respect to the 
norm defined by this /-inner product leads to a Krein space 3 , i.e., to a pseudo-Hilbert 
space in which the following additional indefinite inner product is defined: 

{/|/') = -i J x0=o vTf*{x) d 0 f‘ v {x) d 3 x . (1.5) 

We can decompose this Krein space of single-photon states into the direct sum 

K = KtoKJ, Kt=j/ 6 K|/ oS o}, Kj - j/ e k|^ ~ 0 , a = 1,2,3} , (1.6) 
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so that the indefinite inner product in (1.5) is positive definite on the first of the subspaces % 
in this direct sum, and negative definite on the second of these subspaces. Furthermore, by |g 
using the fundamental projections onto these subspaces, obtained by setting equal to zero, j| 
respectively, the first component or the last three of the components of any given 4-vector-Jg 

valued wave function that satisfies ( 1 . 1 ), we can write -|S 

' - 


. £=r?- p ; • <|jj! 

' 'ISI1 

On account of (2.3.7), the representation of the orthochronous 4 Poincare group, jg 
defined on the above constructed Krein configuration-representation space for photons by jj 

U(a,A) : fax) i-» fax) = A fl v f v (A~ l (x-a)) , (a,A) e ISO T (3,l) , (1.8) 

is pseudo-unitary, i.e., it preserves the indefinite inner product in (1.5) - but it is not uni¬ 
tary with respect to the /-inner product in (1.4). In other words, the /-inner product is 
left invariant by all the transformations in (1.8), since obviously the adoption in Minkowski! 
space of global Lorentz frames which are not stationary with respect to each other gives rise" 
to distinct /-inner products. This means that, in physical terms, a Lorentz boost gives rise 
to a new Krein configuration-representation space for photons. On the other hand,p| 
norm topology defined by these /-inner products is left invariant, since the operators in 
(1.8) are /-bounded, i.e., they are bounded with respect to a given /-inner product in (1.4)| 
Hence, although /-inner products can play no direct physical role, similar to that played b| 
inner products in the Hilbert spaces of massive quantum particles, they do play the ver£ 
important mathematical role of determining the majorant topology (Bognar, 1974) required 
in defining continuity properties of representations of the Poincare group - as well as q^a 
mathematical features which cannot be defined by the indefinite inner product in (1.5).;^^ 
Although we followed conventional terminology by referring to the Krein space in. 
(1.6) as the photon “configuration representation” space, there is no formulation of photon 
localization in Minkowski space that can be associated with the wave functions of th|,^ 
Krein space. Indeed, all the problems with such localization for massive particles,; 
described in Chapter 3, not only remain unresolved, but in the mass-0 case they are 
exacerbated by the lack of existence of a positive-definite relativistically invariant inner 
product in the spaces of such wave functions. The problem of localization in momentum 
space can be nevertheless solved, on account of the possibility of introducing polarization 
tetrads in a corresponding momentum representation for single-photon states. 

The photon wave functions in this momentum-representation space are defined bjf * 

fak) = 2 k X} ( 2 jir 3/2 \ x0=Q exp(ik-x)f tl (x)d 3 x. , (i| 

fix) = (2%Y m \, expHx- k)^(k)dO 0 ( k ) , 0-9!> 

v 0 + = [k = (Ao,k)|^ = |k| , dQ 0 (k ) = S(k?)d‘k , k 1 =k-k. (1 

The transformation defined by (1.9a) leads to the Krein space - 
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K = KJffiKJ, Kt = {/ e k |/ 0 s o} , K} = [f e k|/«, - 0. a = 1,2,3}, (1.10) 
%hich carries the following indefinite inner product and /-inner product, respectively, 

) c »rg«) Kmdtw) , o-ii) 

§ \f\f% = f> £«> = (f\j'r) , J=pj-pj ■ (i.i2) 

The transform of the representation in (1.8) is easily computed to be given by: 

jjp ' XJ{a,A) : fak) t-> fp(k) -exp(ia-k)Ap V f v (A~ l k) . (1.13) 

gtA To elucidate the physical interpretation of this pseudo-unitary momentum space rep¬ 
resentation of the orthochronous Poincare group, and to show how it can lead to a repre¬ 
sentation 5 which is equivalent to the unitary and irreducible representation of Wigner-type 
for mass-0 and spin-1 quantum particles [BR], let us restrict ourselves to the Lorenz space 

K l = s k| k^ik) = 0 } c K , /**:= vTfv • <1-W) 

Consisting of all momentum space photon wave functions whose configuration space 
lepunterparts satisfy (1.3). This subspace is obviously left invariant by the pseudo-unitary 
^representation in (1.13). The same is true of the subspace 

If K° = {/ 6 k|*/,(*)-*/,,(*) =0, /i,v = 0,l,2,3} c K l , (1.15) 

which consists of all momentum space photon wave functions whose configuration space 
Counterparts correspond to a vanishing electromagnetic field Fp V . It is easily checked that 
this subspace of the Krein space in (1.10) is indeed also a subspace of the Lorenz space 
defined in (1.14). 

HII; For a given global Lorentz frame u = (e M |p = 0,1,2,3}, both these subspaces can 
be conveniently characterized by introducing a family of corresponding polarization frames 
I or tetrads {£(«>(&)] a = 0 , 1 , 2 , 3 ), attached to all forward light-cone points, and such that 

\ %,(*>= |k| ’z! M- • d- 1 ®) 

Since according to the above construction k = k 0 (%)(&) + %>(&)), it is easily seen that 


|! K L = {/ = f ia \k)e M (k) e K| f m (k) = f™(k)} , 


(1.17) 
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i° = {/ e K 1 !/' 1 ^) = /«(*) = O] = {/ e = o} . 


Furthermore, by means of such polarization tetrads the indefinite inner product and /-inner 
product can be expressed in the Lorenz space in the following respective forms, 7|| 


(/|/') = -J Vi , Vanf (a) *(k)f m \k) d-Q^k) , f,r* K l , 

(/|/jj = ELoJvf 0 (k) , f.fe K l , 


(1.19) 1 : 
. 1 ’ 

( 1 . 20 ) ,: 


= i?(kM y(A)C3 , k = (Afc,k) , k = k/|k| , * = |(e 0 + e 3 ) e V 0 + , (1.25b) 

-, where i?(k) rotates e 3 into k around an axis which is orthogonal to these two 3-vectors, 
f! and Aye 3 I s die boost along e 3 = (0,e 3 ) which takes k into (k 0 ,k 0 e 3 )- This Wigner represen- 
. tation is realized on the Hilbert space of two-component wave functions with inner product 


provided that the remaining freedom in choosing the transversal elements of the polarization M 
frames in (1.16) is carried out in accordance with the later imposed relation (1.29). As a® 
consequence, the Lorenz space can be decomposed into the direct sum 

-■■■v?SgB 88 

K L = K°®K L Jt = /<«>(*) ea® « K L \f">Kk) * f«Kk) = 0 }, ( 1 . 2 l)|' 

with respect to the /-inner product in the chosen Lorentz frame u . Its subspace K j is : nc|J 
left invariant by the representative (1.13) of a general Poincare transformation, but it is left ft; 
invariant by all those transformations for which A e 0 = e 0 , so that it is only /-dependent. , ;■ 
On the other hand, the quotient space 


v- - (f\f') = X rrtl J y . A*«) frW)dQ 0 (.k) , 

| and for A e SOq( 3,1) it incorporates the well-known representation [BR] 


(1.26) 


k l /k °={[/]| f e k 1 , [/]=[/-] o (f-r\?-r) =o} 


(JB/2 -i0/2 ^ 

jgT D & : A(A(e,z)) A(20,O) e £,(2) , A(0,z) = Ze _. g/2 , (1.27) 

y 0 e , 

of the little group 6 forphotons, which is defined in terms of the map in (6.1.3a) as follows: 

^'*(2) = |^ e SL(2,C)A4A* = a| = {A(0,z)| £?e[0,4^), zeC 1 } . (1.28) 

The proof of the unitary equivalence of the representations in (1.24) and (1.25) can be then 
obtained by introducing the circular polarization 4-vectors 


is a bona fide Hilbert space with respect to the inner product induced on the equivalence 
classes constituting its elements by the indefinite inner product on the Lorenz space in;; 
(1.17). This Hilbert space is obviously left invariant by the representation of the Poincare .% 
group induced by the pseudo-unitary representation in (1.13), since both spaces in thatlf 
quotient are left invariant by it. Furthermore, the representation thus induced on the Hilbert ^ 
space in (1.22) is unitary since it can be expressed in the form (Warlow, 1992) 


£[ ± i](^) - A k s [±l fk) , 


W*)=^( c 1 ±I ' e 2 ) » 


and verifying (cf. Sec. 11.8) that the linear map 


W u :[f]^f= 1 , (V u \/])(*) = / (+ »(^) C[+ #) + /^) £[ . 1] (A : ), (1.30) 

U 


U u (ct,A) = V u [U(a,A)]V ; 1 , V u : [/] i-> P u f e , [/] e K L /K° t (i;^^B bnitary> and thatitis such 


where V u is a unitary transform, and P u is the /-orthogonal projection onto the second 
subspace in the /-orthogonal decomposition in (1.21). An explicit computation shows ttiatf 


U u (a,A ): f h-> exp(ia -k^A fW'ld-iM* '?’ . k.A.’fJU^k) ■ fflB 

The fact that (1.24) is an irreducible representation of the orthochronous Poincard 
group can be established by proving its unitary equivalence to the Wigner representation ggj^ 


U u (a,A ) : ftk) i-^ exp(ia -k)DAA^AA .)/(A l k) , 


(1.25a>H 


* 


jg U u (a,A) = W u U u (a,A)Wf 1 . ( i. 3 l) 

The two-component wave functions of the Wigner representation provide a physical 
interpretation of the above formalism, since those components can be interpreted as being 
the momentum space probability amplitudes for the single-photon states represented by 
uibse wave functions. Thus, neither the elements of the Krein spaces in (1.6) and (1.10), 
§ 0 r those of the Lorenz space in (1.17), possess a direct physical meaning as probability 
amplitudes, but they can be grouped into equivalence classes, which can be then set in one- 
to-one correspondence with wave functions which do have a direct physical meaning. We 
coserve that this correspondence intrinsically necessitates a choice of global Ixjrentz frame 
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in Minkowski space, and a corresponding choice of polarization tetrads in (1.16), whose V 
complete specification is fixed by (1.29). V:|gjj 

y Hil 

9.2. The Typical Krein-Maxwell Fibre for Single-Photon States 

In the context of classical special relativity theory, a mass-0 particle, such as the photon, 
possesses no rest frame. As a consequence, the concept of 4-velocity has no physical"^ 
meaning for a photon, albeit the concept of its 4-momentum is physically meaningful - as 
confirmed experimentally by the well-known Compton effect [SI], which establishes itsfl 
conservation in collision processes. Its localization can be carried out therefore only at the K 
instant of its collision with a massive particle, by observing the recoil of the latter. 

This suggests that the localization of photons should be mathematically treated by all 
limiting procedure in the momentum representation, whereby one begins with a system of 
covariance for the localization of a spin-1 particle of rest mass fi 0 > 0 with respect to a 
quantum frame of spin-0 test panicles of fixed rest mass - which we choose to be equal tp|| 
one - and then one considers the limit —3> +0. In order to recover in such a limit the ; 
Lorenz spaces introduced and studied in Sec. 9.1, we have to begin by considering the |j 
solutions of the Proca equations for mass p 0 > 0: 

rF^+ulA^ = 0 , ■ ( 2 . 1)5 

These equations are easily seen to imply that (cf. [IQ], Sec. 3-2-3) 


(^+/io 2 )AS Uo) =0 , 


d^A^ o) = 0 , 


so that, as jU 0 -» +0 , any photon wave functions that are obtained by taking such a limit./:- 
are automatically in the Lorenz gauge. 'JaB 

In the momentum representation, the Proca space of solutions of (2.2), namely -vjjal 


SW. /W 5tJ v+ \f^\k)\ dQ M Jik)< + oo , k ^\k) =0 , |gj 


carries the following Proca inner product and J-inner product, respectively, 

• J ijj 

(fW|/W'\ = r ^>»i) , (2.4)' 

=£* LJ^mf^k)dn4k)=(f^\jJ^') . (rig 

V -V 4 - 

The counterpart of the representation in (1.13) for the case of massive Proca particles jg 


spin one is 


: f^Xk) h> =exp (ia-kU/f^KA-'k) . 


By using the same method as in establishing the physical equivalence of the representations 
^*n (1.13) and (1.25), we can demonstrate the physical equivalence of the indefinite-metric 
representation in (2.6) to the positive-definite metric Wigner-type representation 

£ U { ^\a,A) : f {fl °\k) ^ exp {ia-k)DXR(A,k))f^XA~ l k) , (2.7a) 

fc R(A,k) = A~ k 1 AA~i- lk e SO(3) a SO(3,l) , k=(k 0 ,k)<=V fl + 0 , (2.7b) 

which acts on three-component wave functions from the direct sum of three Hilbert spaces, 
each one of which carries the inner product in (3.3.13). The matrix R(A,k) in (2.7) 
represents a Wigner rotation, considered as an element of the Lorentz group 7 , and A* is 
the pure Lorentz transformation which boosts a particle of mass m , that is at rest, into one 
that has 4-momentum k . 

|r -The little group for particles of rest mass f.i 0 > 0 contracts 8 , in the appropriately taken 
limit JJ-o —» + 0, into that of the corresponding massless particles. The corresponding 
■contraction of SO(3) into SE(2) can be heuristically envisaged by embedding a sphere of 
large radius R into a Euclidean 3-space, and then considering around its “north pole” an 
area which is so small that it can be deemed to be almost flat, so that those rotations which 
Kmove the locations of the axis of a Cartesian frame passing through the pole to a location 
within that area can be approximated with translations in the tangent plane at the “north 
pole”. In a strict sense, the contractions of SO(3) into SE(2) ensue as we take the limit R 
§4 +°°. The detailed study of the zero-mass and infinite-momentum contractions of the 
kittle groups of massive particles shows (Kim and Wigner, 1987) that the contraction 
procedure requires a choice of global Lorentz frame, and that it is dependent on that choice 
5to the extent that the procedure is not left invariant by boosts of the originally chosen frame. 

Indeed, geometrically this procedure depends in an intrinsic manner on the choice of 
point on the forward hyperboloid for rest mass p 0 > 0 , which in the limit /r 0 -» + 0 
merges into the vertex of the forward light cone - i.e., in physical terms, on the choice of 
massive particles at rest which in that limit “merge” into mass-0 particles. Thus, the 
mathematical nature of the contraction reflects the fact that, from the physical point of view, 
|the limit involved in it is not operationally realizable. Indeed, a mass-0 particle has no rest 
frame, since from the classical point of view it travels with the same speed in relation to any 
. global Lorentz frame. Thus, although such a limit is mathematically well-defined, and it is 
■ routinely invoked in quantum field theory [IQ] when dealing with mass-0 particles and their 
propagators, it is of importance for later considerations to keep in mind that it represents a 
mathematically asymptotic procedure, which as such has no exact counterpart in physical 
.reality. 

The frame-dependence of this zero-mass limit is reflected quantum mechanically in 
|the manner in which the elements of the Lorenz space in (1.14) are set in one-to-one corre¬ 
spondence with the elements of a -dense set in the Proca space in (2.3), namely by the 
-fact that the map 

|: / W (Vk 2 +M„ 2 ,k) 0 f(|k|,k) , kX! > ( 2 - 8 ) 

H not left invariant by Lorentz boosts. Consequently, distinct / Mo -dense sets are obtained 
Hf global Lorentz frames which are not at rest with respect to each other. 
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All this is also reflected in the concept of photon GS localization which emerges^ j| 
when, for a given quantum spacetime form factor /, we construct a counterpart of (5.1.2), If 
namely the phase-space transform 

Ifjg 

f {flQ \q,v) =Z^ rl j v , exp [-iq-k]f{k v)f^\k) dQ^k) . ( 2 . 9 )# 

Po 3 |B 

This construction determines a transformation of the Proca momentum representation space 1 % 
in (2.3) into a space of wave functions with inner product - ^|g|8||l 


The adaptation to the case of (2.15) of the computations leading to (3.6.26) or to (5.5.6), 
under the requirement that the equality in (2.11) be satisfied, leads to the conclusion that 


Zf »> = (8* 4 K 2 (2 l^)/tnir = 2*7 el'nt + 0(V/i„) 


(2.16) 




( 2 ,o, 


As it was shown to be the case in (5.1.9), the integration in (2.10) can be carried out overfe 
any hypersurface £ = oxV + in relativistic phase space whose spacetime component o is ':7 
maximally spacelike.The value of the renormalization constant in (2.9) is determined by thjJfj | 
requirement that (2.4) and (2.10) should be equal, so that the resulting transformatioh| 8 1 
would be pseudo-unitary, namely that .■mm 

■ .r'?/i ■ 






Let us now take the mass-0 limit in a given global Lorentz frame u : 


f(q,v) = lim Zf a) f^°\q,v) - lim f 3 exp tfq-k-g^k 2 +/t 0 2 

/in-HO 7 «n-^40 J R J \ ” 




n 




x /(u •vk 2 + i u 2 -v- 


Then, in accordance with (2.8), we obtain that 

fid, v) - J + exp(-t q ■ k) f(k ■ v)f(k) dn 0 (k ) , 


+/4> k )‘ 


2A 2 + , 


(2.1311 


since the normalization constant in (2.9) was removed by a wave function amplitude renori|| 
malization, because it diverges in the mass-0 limit. ;|f||| 

To explicitly see that such is the case, let us specialize the above considerations to the i 
case of th c fundamental quantum spacetime form factor in (5.5.5). Upon inserting 


f t n n (v-k)=exp(-£ vk) , 


l > o , kev; n , 


into (2.9) (cf. Sec. 12.5 for foundational arguments supporting this choice), wc obtain , 


As a feature characteristic of zero mass, the renormalization of the amplitude of the 
wave function in (2.15) belongs to the category of infrared renormalizations carried out in 
conventional QED (cf. [IQ], Sec. 5-1-7), as well as in all non-Abelian quantum gauge field 
theories (Curci and Ferrari, 1976). However, as opposed to the latter cases, the present 
^normalization is the outcome of a well-defined limit that requires no ad hoc sub¬ 
tractions 10 . As such, it is in no way dependent on formal regularization procedures, but it 
is a renormalization in the strict mathematical sense of the word, i.e., it represents a change 
of norm resulting from the multiplication of an inner product by a positive number, coupled 
with the subsequent taking of the well-defined limit in (2.16). 

For reasons discussed in Sec. 12.5, the quantum spacetime form factor in (2.14), 
with l equal to the Planck length, is the most natural choice of fundamental quantum 
spacetime form factor. As such, it will enter into the later derived propagator for massless 
GS excitons. Consequently, we shall henceforth focus all our attention on it, albeit most of 
the results reached in the present chapter, as well as in the subsequent two chapters, could 
be equally well derived for generic quantum spacetime form factors. On the other hand, 
although £ = 1 in the Planck natural units, which we have adopted throughout this 
monograph, we shall retain in all of the subsequent formulae the general value of i . This 
will enable us to later illustrate with greater ease the effects of taking in them the sharp- 
point limit £ -»+ 0 . 

§£-. We now adopt as standard single-photon fibre the Krein-Maxwell space K of all the 
photon wave functions 

1|- f(Q = J y + exp(-i X • k)f(k) dQ 0 {k) , £ = q+i£v , q e R 4 , v e V"\ (2.17) 

that are obtained as f varies over all elements of the Krein space (1.10). These functions 
are analytic in a neighborhood of the domain specified in (2.17) for the complex variable £, 
but their indefinite as well as /-inner products, 

= . di(0 = Z?^d£(0 . (2.18a) 

dvi, = T p J z Uof;<.odUo=(f\jn , j=p;~pj , (2.i8b) 

require an infinite renormalization, formally absorbed into the measure of integration, in 
order to retain their equality to those in ( 1 . 11 ) and ( 1 . 12 ), respectively. 

| The Klein-Gordon form of the inner product in (2.10), which represents a counter¬ 
part of the alternative form (5.1.13) of the inner product in (5.1.9), is given by 


f^O = exp(-if -*)/H(*) dajM , ( = q+Uv . (2.15) | = ■ 
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It is defined on the direct sum of four of the Hilbert spaces in (5.1.1), so that the family ofj 
wave functions which in addition satisfies (with respect to q) the Lorenz-type conditionj|S 
(2.2) constitutes a proper subspace. That subspace carries a pseudo-unitary irreducible^ 
representation of the orthochronous Poincare group which is equivalent to the one in (2.6). j 
The inner product in (2.19) contains the renormalization constant 


Zf* = K 2 (2^ 0 )/m 0 K 1 (2^ 0 ) = 1/2/jiJ + CXVHo ) 


(2.2» 


so tliat in the zero-mass limit it leads to tlie following expression for the inner product tn$|pp 
standard single-photon fibre K , ^(|||| 

lf\f) = -i\n^L(05>.fv (Od<!’-(q)dn<u) , d&v)=zp<UM- <|j3| 

As it was the case in (2.18), the infinite renormalization constant resulting from the limiting % 
procedure that leads from (2.19) to (2.21) was again incorporated into the measure 
integration - a feature symbolized by a tilde above Q , so as to distinguish it from the ha|j*. 
that symbolizes the finite renormalization carried out in (6.2.10) for the case of massive* 

fermions. _ , vll 

By using such relationships as (3.6.24), it is easily verified that Proca phase space * 
representation spaces with the inner product (2.10) are reproducing kernel spaces, hi the 
zero-mass limit the corresponding reproducing kernels in the Krein-Maxwell space K are||| 
given by the 4x4 matrix-valued functions whose matrix elements have the form 


Its existence enables us to construct the single-photon fibre bundle 

f: 1 SPM = P r M x G K , P t M = P(M,G) , G = ISO T (3,1) , (2.25) 

•"associated to the principal Poincare frame bundle P’M, whose typical fibre is diffeomoiphic 
to the orthochronous Poincard group ISO T (3,l). The theory of propagators for the parallel 
transport of single photon states within K can be easily developed (Prugovebki, 1988b). 
However, _we shall not reproduce those results here, since it is the propagation of multi¬ 
photon Gupta-Bleuler quantum frames, rather than of single-photon states, that is of pri¬ 
mary interest in quantum electrodynamics. Such quantum frames will be treated as elements 
of an enveloping Gupta-Bleuler bundle , which will be constructed in the next section. 

9.3. Gupta-Bleuler Quantum Bundles and Frames 

At a purely formal level, the construction of a Gupta-Bleuler bundle, in which a GS 
quantum electromagnetic field could act, might appear to be able to proceed along lines very 
similar to the construction of the Fock quantum bundle in Sec. 7.4. Indeed, we could use 
the single-photon standard fibre K to construct the Gupta-Bleuler space 




7C„ = K®-"®K 

v - n s s 


SD w (C”;OV = v| v * ex P<*A>(« • 


m 

-'ji| 

(2.22a) 


in which the representation in (2.24) then gives rise to the pseudo-unitary representation 


Uj(a,A) = ©°° UidyA)* 


(a,A)eISO T (3,l) , 


The value of the integral in (2.22a) can be explicitly computed by the procedure used in IP] 
for computing (3.6.27), with the following result: • 

D M (q",v"\q',v') = -27u/(q"-q'-U{v"+v')) , R, v ,v"e V . (2.2 ^g 

The function in (2.22b) obeys the reproducibility relations I 

w M (C";0 =-hD (+ \C;OD ( +\bOdz(0 jjj 

from which those for the phase space photon propagator in (2.22a) immediately follow. . 

The transform of the representation in (1.13) under the mapping of the Krein spac||jg 
(1.10) onto K , determined by (2.17), yields the following pseudo-unitary representadgjj 
of the orthochronous Poincare group: 


of the orthochronous Poincare group. It might therefore appear that, as it was the case in 
(7.4.2), we could define the Gupta-Bleuler bundle as being equal to the G-product of the 
extended Poincare principal frame bundle P T M with the Gupta-Bleuler space in (3.1). 

S ■ At the mathematically rigorous level, special care is, however, required on account of 
the fact that the representation in (3.2) is unbounded in the /-norm topology of the Krein 
space in (3.1). In fact, the conventional counterparts of the operators in (3.2), acting in the 
Gupta-Bleuler spaces constructed out of the Krein spaces in (1.6) or (1.10), are also 
unbounded 11 , so that these Gupta-Bleuler spaces cannot be treated as ordinary Krein 
spaces. Rather, their mathematically rigorous formulation requires a generalization of the 
?:concept of Krein space 12 , whereby all possible /-inner products have to be considered 
• Simultaneously, each one giving rise to a separate branch of that Gupta-Bleuler space. Each 
■ one of these branches is by itself a Krein space, and they all have in common the algebraic 
direct sum of n-photon subspaces for n = 0,1,2,..., but they all have distinct /-closures. 
H* In the case of the Gupta-Bleuler space in (3.1), these branches are Krein spaces that 
equal the /-direct sums 


U(a,A) : Uq,v) ^ <.q-a\A~'v) . 


(2.24) . 


d 






and have in common the algebraic 13 direct sum X°° of the n-photon spaces Xn , which 
the representation in (3.2) leaves invariant: 

X = Uhl* x* • u /<^> •' at- ■-» *- ■= © X* <= fL* */. (3.4) 

The family Lq of all distinct 7-operators in (3.3) can be set in one-to-one correspondence 
with the family of /-operators in (1.7) or (1.12). In turn, this latter family can be set in one- 
to-one correspondence with the family of all Lorentz boosts of a given frame (such as the 
canonical basis in R 4 , giving rise to the fundamental symmetry J 0 ) in the direction of its 
third spatial axis - cf. (5.2.21). Thus, the pseudo-unitary operators in (3.2) corresponding 
to such boosts provide isomorphisms that relate pairs of Krein-Gupta-Bleuler spaces: 


UjCctj-Afl 5 ) : Xj * Xj- > 


Af: u\—$u' . 


All this suggests 14 the introduction of a base manifold L identifiable, for any given if 
global section s 0 of jP T M, with the principal bundle of all Lorentz frames obtained from each f 
other by boost operations along their e 3 axes: 

L = (P 0 ,n,s 0 , L w ) cPM, M o s 0 , SO„(1 ,Db L (3) = 1^ .- (3.6§l 

Using the well-known fact that any proper Lorentz transformation can be decomposed as 
follows (cf. Scharf, 1989, Theorem 1.1, p. 4), "4^® 

, A™eL m , R^R, eSO(3)cSO 0 (3,l) , (3.7) 

we can cany out in a natural manner the identification .% 


P M « (PL,J7 0 ,L,G 0 ) . 


G 0 = O(3),x(T 4 ASO(3)) r . (3.8) 


An enveloping Gupta-Bleuler bundle can be then constructed, which has L as its base 
manifold, G 0 as its structure group, and the Krein-Gupta-Bleuler space X corresponding 
to the canonical basis in R 4 as its typical fibre: . ■ f 

£, = PLx Go 3C, PL = (P t M.^,.L,G 0 ) , SC = ©“ 0 »C„. (3.9- : 

J 0 

On account of (3.8), the core Gupta-Bleuler bundle § c , which has M as its base manifold, 
the orthochronous Poincare group ISO T (3,l) as its structure group, and the restricted 
Gupta-Bleuler space X°° in (3.4) as its typical fibre, can be then imbedded into it: 


Q c = P t M x g X. 


G = ISO T (3,1) . 



i 


The considerations in Sec. 7.4 can be now combined with those of the preceding 
|| section, and then extended to this nested type of Gupta-Bleuler bundle. Such a task can be 
44 most easily accomplished by first extending them, in an obvious manner, to the auxiliary 
second-quantized Proca bundles 

£ (/io) = PLx Gq X^ o} = ®°°_ 3C?°\ 2CSf o) =K ( ^ o) ®--®K (/lo) ,(3.10) 

J Mo n ~° S S 

“^constructed from the wave functions in (2.9), and then taking the zero-mass limits in 
:^accordance with (2.12). By this method we can arrive at the generalized soldering maps of 
r the Gupta-Bleuler fibres, 


J!" <%’ VeX , Y eX x ,j > u = (a,e £ ) e c PL , (3.11) 

! by assigning to each n-photon local state 'F„- X e Xn pc a coordinate wave function l F n - jX e % lt 

lpf£ 

^ *!>•••> Cm &«) > e -K.tr,x « (3.12a) 


Cr = (<*+ Qr^y^i) e T x M X v; , Cr=<3r+iv r > r - , 


(3.12b) 


and then extending the above map to the entire Krein-Gupta-Bleuler fibre in (3.11). Note 
should be made of the fact that n-photon subspaces in (3.10) are /-independent, so that the 
Gupta-Bleuler bundle displays ordinary Poincare gauge invariance for states with finite 
• V numbers of photons, whereas novel fibre-theoretical features emerge for (countably) 
infinite superpositions of such states. As we shall see in the next chapter, these novel 
| features are closely related to supergauge degrees of freedom. 

||44 The above construction also provides the local photon fluctuation amplitudes 

o < ; , (r;o=-i| v; ex P [-i(r-r) q an^ =2. 0.13) 

ggfrif 

by means of which we can construct photon creation operators: 

(A' + >feOn ; d„ tl (fi.i..{.«.*»,> 

jjg = — >(n+D it\c r ;0 KJC,.h . UUUi, .C,U.(3.i4) 

I The corresponding annihilation operators satisfy the relations 

(j4f ( x >0*fn;x) n _i(Gl>h>’’’>Gn-vin-l) = ’ (3.15) 

and are equal to the pseudo-adjoints of the appropriate/-closures of the creation operators 
m each Krein-Gupta-Bleuler fibre. These families of creation and annihilation operators 
satisfy the following commutation relations: 
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[4->(*;{),A‘r)(x;C-)] = -i»J,^ , (f;0 , KU;aA?>(,;r>] = 0. (3.,J| w the following communion Radons: 


.-.33 

They also give rise to corresponding Gupta-Bleuler quantum frame fields 

A i Cr,C) = A < j *>C*;J)+A<->fef) . 

'■■Jam §£■ 

■ flat* 

The well-known Gupta-Bleuler type of subsidiary conditions : J Jj 

d i A\-\x\0'f / = 0, di = d/dq l , (3.18) | 

give rise, upon taking ./-closures of the sets of local state vectors satisfying them, to a sub- j| f 
bundle of the enveloping Gupta-Bleuler bundle &. This subbundle coincides with the. J | 
Gupta-Bleuler-Lorenz bundle l^j 


[ a i,o* a },p\ ~-Vij^ap » [ a i.(*’ a j.p] ~ [ a /.«» a ),p] ~ 0 • (3-24) 

Upon inserting (3.22) into (3.21), and then using the ./-orthonormality properties of 
the basis in (3.22), as well as the algebraic relation between the indefinite and the /-inner 
products in (2.18), it can be easily verified that 


- ex P {l z i.a z i.a 2 t,a a J,a)j ^0;x e » 


(3.25a) 


(3.25b) 


the above expression it can deduced in a routine manner that the elements of the 
Gupta-Bleuler quantum frames are eigenvectors of the photon annihilation operators: 


$P = PLx G „3C\ ^ = ©1^’ aCj=K i f-®K i , (3.19)1 A¥><jr,0*, *>.j ■ 


which is constructed from the Lorenz typical single-photon fibre 

K t = {/sK|a i / , i (9,u) = 0} <320)| 

in the same manner in which the Gupta-Bleuler bundle was constructed from the typicajl| ^ 
Krein-Gupta-Bleuler fibre. . Jig hf 

Following a method of Gomatam (1971), used for constructing coherent states in g 
Fock-type spaces with indefinite metric, we introduce the Gupta-Bleuler quantum frames | 

0 f * exp[-|{f|/)-|A04 +) C^0df(C)] • ( 3 - 21 U| 

in each of the Krein-Gupta-Bleuler fibres 3Gj • The Berezin method of functional integrgjjj g 
tion, adapted in Sec. 7.4 to the Fock quantum bundle for spin-0 massive fields, can be now. | 
further adapted to the present zero-mass situation by introducing an orthonormal basis ifffgj fy 
each one of the four components of the /-direct sum into which the typical Krein-MaxwelL^ ■ 
single-photon fibre decomposes with respect to the canonical frame, 

f~ ^=k»i4„ > ■ (3 : 22 1^ : 

It can be then derived from (2.23) and (3.16), by essentially the same procedure as the ot||j | 
used in (7.4.29), that the operators J 

a tja =-]wi aL (OA'fXx-,Qd£(Q , . |9| 


fcn the other hand, when trying to derive a counterpart of (7.4.31), the fact that for each 
one of the timelike basis elements in (3.22) the commutator of the corresponding pair of 
annihilation and creation operators in (3.24) displays a negative rather than a positive value 
: gives rise to the divergent factor 

- -p[ii:. 1 K,r.=-p[ii:ji/o ( fr^ ( f ) ] • p- 2?) 

Slf one proceeds formally, as it is customary in conventional quantum field theory [SI,IQ]. 
This factor can be, however, eliminated by introducing a compensating factor in the 
■ measure of integration, with the following final outcome: 

Ipl: J K J<fy) = W i -_bm7r^ n J R8n \z n )dz n dz n * (z n \ = l x>J , (3.28a) 

JP |4) = |2o,l.-»Z3,n J 0»0»-) “ * (3,28b) 

j| : = ex P [-x: =i K a | 2 ]n; =1 nL^^am z, a ) . 


Ht The limit in (3.28a) can be taken in the weak topology induced by the indefinite met¬ 
ric in %l x j - However, the presence of the exponential factor in (3.28c) destroys any 
•possibility of manifest covariance of the formalism. The same situation is encountered in 
V the treatment of coherent states within the conventional Gupta-Bleuler framework (Goma- 
)stam, 1971). This is to be expected, in view of the general observations about frame- 
| dependence of Gupta-Bleuler spaces presented at the beginning of this section. 





Formal covariance can be restored to the above types of continuous resolutions of 
identity if the functional integration is restricted to the transversal-mode Gupta-Bleuler 
Lorenz subbundle >;Si 


Qj = PL * G „ a? . Sf = ©” „ < , < = »■ ■ ®Kj o , (3.29)' 


of the Gupta-Bleuler-Lorenz bundle in (3.19), obtained by restricting the single-phot 
wave functions to the transversal-polarization Ijorenz subfibre 


k* = {/ 6 K|a‘/5(f) s 0, f m (0 = f a \0= 0} 



The elements of this subfibre can be obtained from those of the subspace K j/o in th£ 
decomposition in (1.21), to which the fundamental symmetry J 0 corresponding to the 
canonical basis u 0 in R 4 gives rise, upon introducing within the typical single-photo| 
fibre in (3.20) the photon polarization tetrads J9 
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-J 6 kj , 7 , r=-j dkof { °xo[^f +<?). <3.3510 

When we insert it into (3.21), we find that there is a similar decomposition of the Gupta- 
Bleuler quantum frame for Lorenz gauge modes, 


, 




(3.36) 


into a component that depends only on the two physical (i.c., transversal) polarization 
modes, and which, on account of (3.34), can be expressed also in the following alternative 
form, 

||!g = ex P[“i(/* T k T ) + J[/^ (1) (0+f (2> (0]- A {+) (x;0dZ(O\ %- x , (3.37a) 




4) = %yf iV) » /i = 0,1,2,3 , 


(3.37b) 


ij and a remainder obtained upon expanding the resulting exponential into a series: 




and the corresponding photon polarization coordinate wave functions: 

/W(0=^ v (^ f |r) • ■ <3. 

Indeed, we can then expand any local single-photon state vector with respect to the a 
quantum polarization tetrads in the following manner: 

f = -\d.Z(0f w (.0® u 3 ■ • (3 

According to (1.17), (1.19) and (1.20), we can write 

{f\f’)=-\ V„vf w (Qf <v) '(0d£(O = XU(Odx(0 . (3.: 

= XU^ Kof<>0 ' (C)d£(0 • f f ' e K L • I 

Consequently, we can carry out a unique decomposition, corresponding to the /-direct 
in (1.21), of any single-photon local state vector in the Lorenz gauge: 


It is then easily seen that 

.. (^ T | 0 f T ) = (^/-|^) = l > ^/•|0 f T^(4y L |4y 1 ) = O . (3.39) 

:: We can now adopt, instead of (3.22), an expansion into a basis respecting the four 
^polarization modes, so that 

•/' = Z^oEr=, z « ) ^ ) , 4P=(w£°| f)j > A^€K , (3.40a) 

= & K X,J . = (o*)" 1 ^ . (3.40b) 

|Ve can then proceed as in (3.23)-(3.25), by first introducing the annihilation and creation 
operators 

af = -J wf l \0 ■ A ( ~\x; QdZ(0 , a? )f = A (+) (jc;0^(0 , (3.41) 

u P° n verifying the counterparts of (3.24), deriving a counterpart of (3.25a). The 
essential new observation is that 


f = r+f L eK^j , f ± eKl J ={heK L XiJ \{h\h) = 0} , 0 




%; X e !Klj • 


(3.42) 





Hence, we obtain the following counterparts of (3.28), 


| T \*r)dfdf(*r\ = w-lun7T -2w J R4B jz n )df n di„*(z„| = 1> (3-43ay| 


\K) = l^i.i **<MU> = exp[r a=1 i:4^K1 2 + * ^ )] ’ (3 - 43 f | 

<iz n dz,: = n; = 1 n:., d(Ro z » >)d(Ira 2 » !) • (3 - 43 |j 

in which the measure for integration contains no extraneous exponential factors. 

Thus, wc have arrived at continuous resolutions of the identity operators in the -% 
transversal-mode subfibres of the Gupta-Bleuler-Lorenz bundle which possess all the,'..-! 
formal covariance features associated with those modes, namely manifest covariance under^ 
spatial rotations and spacetime translations. Moreover, since on account of (3.36) and ^ 
(3-39), Jjfll 




K^=K^®K^ , ■ < 3 fj 

where the second terms in the above /-direct sums are null subfibres (i.e., subspaces of|p 
Gupta-Bleuler-Lorenz fibre consisting of vectors of zero indefinite-metric norm), we cad 
express the indefinite inner product in each Gupta-Bleuler-Lorenz fibre in terms of the r t 
functional integral in (3.43): 

lv J {' p \ 0 r) dfd f( 0 r\' p ') = (v\r) , . (3.45) 

Hence, although manifest Poincare covariance is lacking, a physical type of Poincare-. 
covariance prevails in Gupta-Bleuler-Lorenz bundles: the transversal-polarization Lon|||g 
subfibres carry representative photon state vectors which fall into equivalence classes, and. 
the equivalence relations defining them are based on representations of the Poincare group 
for every state with a finite number of photons. ^fjST 

*9.4. Parallel Transport in Gupta-Bleuler Quantum Bundles || 

Parallel transport within the core of the Gupta-Bleuler quantum bundle defined in (3.<_^ 
can be formulated as in the massive case, since that bundle is associated directly 
Poincare frame bundle PM. Thus, the operator for parallel transport 

r r (*",*') : r V" , yea■ (4 '- 

is determined by the operator in (5.2.11) in terms of the following map: 

T y (x",x) = (^)' 1 oO^: , W"= T r (x",x)u f . (‘ 
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The above linear map leaves unchanged the respective n-photon coordinate wave functions 
define by (3.12), so that, in particular, 

f'e K,. t/ . <* 0?r=o?TeK . (4.3) 

Consequently, it is immediately seen that, in each of the H-photon subfibres, the operator 
for parallel transport in (4.2) is pseudo-unitary, as well as /-unitary with respect to the /- 
inner products induced by the initial and final Poincare frames. 

One of the mathematical features of the present mass-0 case, which is absent in the 
massive case considered in the preceding two chapters, emerges from the need 15 to use as a 
base manifold of the enveloping Gupta-Bleuler bundle the principal bundle L in (3.6), 
rather than the Lorcntz manifold (M,g) itself. This foreshadows the need of using appro¬ 
priate extensions of the base manifold M in the construction, in the next chapter, of quan- 
tum'bundles for non-Abelian gauge fields. Indeed, the extension of the base manifold M 
into either a principal bundle or superbundle necessitates the imposition of constraints, 
which will turn out to assume the form of a generalization of the well-known BRST con¬ 
straints in the conventional theory of non-Abelian gauge fields [IQ]. 

§§v In the GS framework the need for such constraints can be justified geometrically, by 
distinguishing between physical and unphysical smooth paths in the thus extended base 
manifold. Indeed, a path in a principal frame bundle with a total space L, which lies en¬ 
tirely within a given fibre merely corresponds to a change of frame at a given base location 
jeM, and it is therefore unphysical from the point of view of quantum propagation. On 
the other hand, any physical process based on the application of the equivalence principle to 
the parallel transport of frames, should allow amongst the paths y T which are lifts of paths 
• y in M, namely which correspond to an assignment of a frame u0c)eL to each xe y, 
only those y T for which all the frames u(x) along y T are parallel transports of each other, 
fin other words, a smooth path y T in L is physical if and only if it equals the horizontal lift 
ly* (cf. Sec. 2.4) of a smooth path y in M. 

. For such a smooth physical path y* in L, which connects (x',J') to .parallel 

transport within the enveloping Gupta-Bleuler bundle in (3.9a) can be defined in a natural 
manner, and directly from (4.2) and (4.3), by setting 

life 

jjj; x r {x",x r ) : 0 f , 4> r , f=f"eK , f’= 0 *' f’ , f"=o$f" . (4.4) 

This definition of parallel transport of Gupta-Bleuler quantum frames along physical paths 
/ can be then extended to all vectors within each fibre of (j c by using (3.28), 

r r .(x",x’) ■. } K df’drnn^r »-» J K df"df" nn <f r ■ («) 

It then gives rise to operators for parallel transport that are pseudo-unitary, as well as /- 
/•unitary with respect to the /-inner products induced by the initial and final Poincare frames: 

t§: (TyAx’WWl = {«f| r) , , 


(4.6a) 
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^z r ,(x ,x)Y^’U y ,(x ,x )- (y| ¥") j, . (4 gjjj & 

Thereby, all functional-analytic ambiguities 16 due to the unbounded nature of the operators 
in (3.2) are avoided, as long as we restrict ourselves to smooth physical paths within L. :f|| 
It is of geometric interest, however, to define the notion of parallel transport within'^ 
the enveloping Gupta-Bleuler bundle for arbitrary smooth, or piecewise smooth, paths^ 
within L. This obviously necessitates the extension of the Levi-Civita connection f 0r ^ 
bundles over M to bundles over L. Such considerations will throw light on the physical 
justification for replacing in the next chapter base manifolds with frame bundles, and theni^ 
imposing BRST types of constraints on the connections in those frame bundles, as well as € 
on the parallel transport of the local state vectors in the corresponding superfibre bundles, iff 
In order to extend any connection form ©j on a principal bundle (P x ,IIi y MjGOfcflP 
Sec. 2.2) to a new principal bundle (P 2 ,i7 2 , P lt G 2 ) over its total space P, in a manner^ 
which reflects correctly the physical role played by parallel transport in M, let us consider j| 
the principal bundle with total space given by the product manifold P 2 = F^xGa, whose’S 
structure group G 2 is in general a Lie subgroup of G x (so that, in particular, we might ha\|Jt 
= Gi), which acts in P 2 in a natural manner, namely by right translation upon theS 
second element of each pair from the direct product PjxGa. In the case of exclusive ilffl 
portance to us, namely when M.Gj) is a principal frame bundle, the new bundle | 

(P2>£4> P!,G 2 ) can be identified with a principal frame bundle, j 


P,xG 5 


P 2 ={« a =«-A I uePi, AeG 2 }, 


'(*L 


in which the action of G 2 upon the frames u in the original frame bundle is viewed as : 
giving rise to new degrees of freedom. 

We observe that the manifold can be subjected to two consecutive fibrations 


thus giving rise to a doubly-fibrated principal bundle , in which P, can be identified with the 
global section Pix {e} of P 2 . We can, therefore, extend now the connection form CO] on P, 
into a connection form co 2 on P 2 as follows (cf. [I], Eq. (3.5.10), p. 158), 


(/X) UA (XpX 2 ) = Ad / ._i(fi),. B (X 1 )) + e h (X 2 ) , 


0 h (X 2 )=L h *X 


‘h » 


(X v X 2 )eT Uh P 2 = T U P 1 © T h G 2 , 



where the anoint representation h 1 —> Ad A -i is defined in accoidance with (2.5.7b). Th| 
L(G 2 )-vaIued one-form is the well-known left-invariant Maurer-Cartan form on the Lie 
group G 2 (cf. [C], p. 168, or [Tj, p. 85, as well as Chapter 10 - especially Eqs. (10.2.12) 
and (10.3.10)), and it obeys the Maurer-Cartan structural equation [C,I,KN]: 


de h (x,Y)+[e k (X),0 h m = o , 


X,Y <=T h G 2 
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• Naturally, the coefficients in (4.10) are the structure constants of the Lie algebra L(G 2 ), so 
that comparison with (2.5.16) shows that the validity of these structural equations is 
equivalent to the statement that the extension of the original connection co, in the direction of 
/the fibres of the new bundle (P 2 ,i7 2 , Pi,G 2 ) is flat. 

Another way of looking at this construction is achieved upon noting that the horizon- 
tal subspaces of the old connection are preserved within each T Uh P x regarded as a subspace 
i pf^P 2 . Consequently, parallel transport within the G 2 -enlargements of the fibres of P, 
is path-independent, so that the only curvature effects in P 2 are those inherited from P,. 
We can express this fact most clearly by choosing, as in (2.5.8), a basis in the Lie algebra 
whose elements within L(G 2 ) provide a basis for L(G 2 ), and then setting 


GW = A d A - l (©i ;it ) = fi>“ fc Y a , a = l,...,dimG } , (4.11a) 

f &h= , a = 3 ,...,dimG 2 < dimG x , L(G 2 ) c L(G,) . (4.1 lb) 

The Maurer-Cartan structural equation in (4.10) then becomes equivalent to the system of 
equations whose formal appearance resembles 17 that of the key BRST constraints in the 
• theory of Yang-Mills fields (cf. Sec. 10.4): 

Jj| a&“ +\c f yei> A© r »o • (4.i2) 

Naturally, in (4.12) the operator d stands for exterior differentiation on the manifold 
I determined by the Lie group G 2 . 

We can now extend the considerations carried out in (2.5.17)-(2.5.26) to a vector 
bundle (E 2 ,^,P x ) associated with (P 2 ,/7 2 , P l5 G 2 ), which is such that its restriction to any 
global section s x of the principal bundle P x gives rise to a bundle (E^.s,) associated 
with (P 1 ,f7 b M,G 1 ). It is natural to say that such a doubly-fibrated vector bundle, 


is a bundle associated with the doubly-fibrated principal bundle in (4.8). We can, therefore, 
introduce a connection which, to any two respective sections s x and s 2 of P x and P 2 , 

jgr Si^HweP, , s 2 :«H«-kP 2 , s: rn uh e P x , xeM , (4.14) 

.•^jad to any section *¥ of the above doubly-fibrated vector bundle, 

g:. • Y: x i-> u (-> % h e nfixi) e E 2 , (4.15) 

assigns the following covariant derivative: 

7 i^=w I +< l (a 1 )A o ,» +0 »( s 1 - x ! V J ]'p I .*, 


(4.16a) 

(4.16b) 
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d x %.K = [(Xft + h ), a„ =r)/^, d a =d/3h“ . (4.16c).; 

The corresponding Koszul connection (cf. p. 47) in the doubly-fibrated vector bundle in. ; |: 
(4.13) can be therefore expressed in a form analogous to that of (2.5.23): 


V«P = [d + A 8 +C 82 ] , f' , d = dx*d tl +dh a d a , 
A 8 = atgA a . u . h , ©“(X,) = , 

C* 2 = 0“A a;B ., , ©“(X 2 ) = e£(s 2 *X 2 ) . 


(4.17a) I 
(4i7ra 
(4.17c) : 


The above construction can be used to define within the enveloping Gupta-Bleuler 
bundle a notion of parallel transport along arbitrary piecewise smooth curves in L, which; 
for those paths that are physical coincides with the one defined by (4.1)-(4.5). However, in j 
carrying out this task we have to extend the construction from the doubly-fibrated principal g 
bundle in (4.8) to a triply-fibrated principal bundle, 

’i 

p > -r,r '■ — > '' ~r M • (418, I 

on account of the fact that the group G 0 in (3.8) is not a subgroup of the Poincar 6 
As we shall see in the next chapter, the need to introduce a triply-fibrated bundle is very 
much an intrinsic feature of the geometric interpretation 18 of BRST transformations^ wth|jj 
the second and third fibration corresponding to the Faddeev-Popov so-called “ghost and 
“antighost” degrees of freedom. 

Let us start the required construction by first setting 

P, = P f M = P(M,G 1 ). G, = ISCfe.l) . P, = P, xG, . G, = SO(3), (4.19)jJ 
to arrive at a doubly-fibrated principal bundle (4.8). We can then construct the total space . >• 


P 2 xG E 


- 7 —> P 3 = { u h h = h 1 ‘ Uh I Uh e Pa ’ h eG ^= °( 3 )} > ( 4 || 


of a triply-fibrated principal bundle (4.18). We note that the action of G 3 upon the ffamw_ 
in P 2 represents algebraically action-from-the-right (cf. Note 15 to Chapter 2), so tha||| 
principal bundle with SO(3) as structure group is indeed the outcome of the construction. 
We can now introduce triply-fibrated vector bundles 


associated to the triply-fibrated principal bundle given by (4.19) and (4.20) by setting ; 

E 3 = P 3 X G , , E,:: P 2 x G? 9U , E, = ft = PM x c , . (4.2? 


VVe note that the fibres of all these bundles are prc-Hilbcn spaces in the respective majorant 
topologies of those fibres, but that upon taking the completions of the fibres of the bundles 
E 2 and E 3 in the 7-norms determined by the Poincare frames above which those fibres arc 
located, wc obtain the bona fide Krein bundles 


E 2 = Q2'- P2 x g, 


P3 x g, 


associated with P 2 and P 3 , respectively. 

The technical problem to which the unboundedness of the operators in (3.2) had 
given rise, and which prevented us from constructing a fibre bundle with typical fibre ‘f 
that would be associated directly to the Poincare frame bundle, is thus by-passed: we have 
constructed the doubly-fibrated bundle in (4.23), which has % as typical fibre, and which 
incorporates the triply-fibrated subbundle in (4.22), that displays full Poincare gauge co- 
variance. Thus, any Koszul connection on the latter bundle (4.22), given by definitions that 
extrapolate the ones in (4.17) in an obvious manner, namely by 

V¥' = [d + A*+C*=+C ! '»]'f' , A = dx l ‘d ll +dh a d a +dh% . (4.24a) 

*■’ = <Kk~^ ■ C * 2 = KK^.u-h - C ” = <V,„. A . (4.24b) 

5*. s: h~ 1 -uheP 1 , s 2 : uy^>u-heP 2 , s 3 : uh^h^-ue P 3 , (4.24c) 

gives rise to a parallel transport on the former bundle (4.23). This parallel transport reduces 
to Poincare-covariant parallel transport along piecewise smooth physical paths 7 ** in the 
sense that it coincides with parallel transport along the projection 7 of those paths in M. 
Clearly, in the present context a physical path results from the double lift 7 —> y* —> y** 
of a piecewise smooth path in M. 

The construction of the triply-fibrated bundle Q 3 in (4.23) removes the apparent de¬ 
pendence of the enveloping Gupta-Bleuler bundle in (3.9a) on the choice of section s 0 
in (3.6). Indeed, in the present context any global section of PM can be chosen, so that 
the framework displays full Poincare covariance. For sq = s 0 the identification of (j c with a 
subbundle of can be carried out in an obvious manner on the basis of the following 
identification: 


Pj = PM o (» 0 xG 2 )xG 3 -> P 3 =(P i xG 2 )xG 3 . (4.25) 

In this sense the present doubly-fibrated Gupta-Bleuler bundle in (4.23) can be said to im¬ 
part to the core Gupta-Bleuler bundle in (3.9) manifest extended Poincare covariance. 

This extended Poincare covariance can be formulated in a mathematically most ele¬ 
gant manner by extending the base Lorentz manifold M into a larger base manifold that 
coincides with the extended Poincare frame bundle P T M, whose typical fibre can be 
identified with the orthochronous Poincare group ISO T (3,l). Basically, that is the approach 
adopted in the next chapter in the context of (non-Abelian) Yang-Mills fields, for which the 
Gupta-Bleuler formalism proves to be inadequate. The results of Chapter 10 can be, of 
course, specialized to the present (Abelian) electromagnetic case. 
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9.5. Stress-Energy Tensors and GS Propagation in Gupta-Bleuler Bundles 

The concept of parallel transport, which served in the preceding two chapters as the corner-2 
stone in the formulation of GS propagation for massive fields, retains that fundamental rofe l 
in the case of gauge fields. This means that, since this concept is of a purely geometric 
nature, GS propagation can be formulated for all types of fields without any reference fol 
the action principles of Lagrangian field theory. Epistemologically, this is very desirable, a$f 
the conventional use of Noether’s theorem for classical fields (Bogolubov and Shirkov 1 
1959) is at best a heuristic device 19 in the quantum regime, and as such it is incapable oflI 
justifying the normal ordering of the stress-energy and the angular momentum tensors that 
provide the generators for infinitesimal parallel transport. By deriving these quantities froi 
fundamental geometric principles, not only are all ordering ambiguities removed in the G 
approach, but full mathematical rigor can be retained throughout the derivation. 

Using the formulae (3.14) and (3.15) defining the action of the photon creation and ! 
annihilation operators on n-photon state vectors, it is easy to verify that within the core ! 
Gupta-Bleuler bundle Q c in (3.9b), all the generators of spacetime translations can be ex : 
pressed in a form analogous to that in (7.5.4) and (8.2.4): :|j 
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P j;u = ij V ik ^\x; QdjAtKx-OdXiQ , dj = d/dq* . 


(5.i)';: 


By employing the form (2.21) of the indefinite inner product in the Gupta-Bleuler fibreff 
and by choosing a hypersurface Z corresponding to a constant q° value, such as q° =M 
with respect to the Poincare frame u, we can recast (5.1) in the form 

Pj,u = -j z d 3 qdn(v)Tf t [A i ^x;QS 0 d J A^(x)0-^(xi0^AV(^0\.(5$ 

igi 

Let us now restrict ourselves to the Gupta-Bleuler-Lorenz bundle in (3.19), villlS 
vectors satisfy (3.18), so that 


d‘d i A[-\x-0'P = 0 , 


k = 0,X2,3 . 


In that case, for j - 0 we can replace within the square bracket in (5.2) the expression on ^ 
the left-hand side of the following equality with that on its right-hand side, 



Upon carrying out an integration by parts with respect to the q-variable, we obtain 20 : 

On the other hand, by using the same type of arguments which establish the validity^ 
(7.5.5b), we can establish that 
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= o . (5.5b) 

Consequently, we arrive at the conclusion that 

V = V sK^j . (5.6) 

In the case of j- 1,2,3 we can apply (5.2) to state vectors in the Ix>renz gauge, and 
then integrate by parts to obtain 

Pt-,u * = / g0e0 d 3 qrfi2(t,)^[^A^;0^^i-feO 

+ d Q A { tXx\Qd b A < £\x\Q]'P , b = 1,2,3 . (5.7) 

Upon noting again that 

Uo d ^ d &vW\d b A { t\x-,Qd 0 A ( -f\x-,Q+ d 0 AfXx-Qd b Af\x\Q\ = 0 , (5.8) 

and then taking advantage of the Gupta-Bleuler subsidiary condition (3.18), we arrive at 
the following result: 

*a>. 

P bM V = \ q *, 0 d\dh(>i):dX(x)Od b A k (.x\Q-.'r, 6 = 1,2,3 .(5.9) 

p^ expressions in (5.6) and (5.9) are, at the formal level, totally analogous to those 
•for the 4-momentum operator in the conventional Gupta-Bleuler formalism [SI,IQ]. Upon 
introducing the stress-energy tensor 21 

, A u = SA,/dq\ A = A l O i , (5.10) 

they can be written in the following manifestly covariant form 

P j-,u=\'T jk [A{x\£)]:dG k {q)dn(v) y j = 0,1,2,3. (5.11) 

Hie derivation of the infinitesimal generators for spatial rotations and Lorcntz boosts 
proceeds in very much the same manner. The end result can be expressed in the type of 
notation used in (7.5.9) and (8.2.10)-(8.2.11): 


MS - J: M^ k [A(x;£)J: do k {q)dQ{v) , 

[A] = QlT^iA]- QlT ik {A] + A* Sf A . 


(5.12a) 

(5.12b) 
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We observe that the last term in (5.12b) incorporates the spin-1 contribution, and that it can 
be therefore derived from the Lie algebra of SO 0 (3,l). 

The derivation of an action-based formula for the propagator for parallel transport of 

Gupta-Bleuler frames along physical paths, 

K y {f"\f) = (& r \t r Xx" i x’)& r ) , > *r e ’ (5 - 13 ) 

proceeds along lines which are very similar to those of the massive spin-0 case treated in 
Sec. 7.5. Indeed, we can use (3.43) to write 


: \§ On the other hand, it follows from (3.37)-(3.39) that 

j§| = exp{-i[{A(^)|A(x n )) + (A(a: n _ 1 )| A(x„_ 1 ))]} 

fcj- x exp[(A(x n )|AU re _ x ))] , n — 1,2,...,AT ■ (5.19) 

| and that, on account of (3.34) and (3.35), these relations remain true even at the two end- 
i ^-points of y , where the chosen single-photon modes are not necessarily transversal - albeit 
, pjn the Gupta-Bleuler formalism they have to be in the Lorenz gauge. Upon inserting this re- 
||^ suit into (5.18), we obtain 


K r (T-,n = = K r (,f"-,f)K r (.f ;f')dfdf , <5 ' 14 i» if (A(*");AW) = lim f n’©[A(*„)] exp[i8t n L (A(.x n );A(.x„J)] , (5.20) 


for transversal modes f and f", but on account of (3.39) the above relation remains tru^ 
for arbitrary Lorenz-gauge modes f and f". Consequently, we can, in general, wnte 

iOACAAM^ Um ■ < 5 - 15 ), 

' E — »+0 J - 1 -'iSiS* 


In the above expression we have made the transition to the coordinate wave functions of the|| 
single-photon modes, so that 

AM = ^r,AW=ojTaK , feKj, f"^ , ( 5 . 16 a) 

AW = <-/,6 Kj 0 , f„<= K£ a , u„ = s(*„)ey* , (5.16b) 

df n df„ H> ®[A(*„)] , x„ey, n = \ 2 : . N -1 . (5.1 

When we apply (5.15) to a broken physical path, in which the parallel transpor|i 
carried out in L along horizontal lifts of the smooth segments of the path y in M, then we 
can work within the bundles (4.23) in the extended Poincare gauges in which s, = Sp 
whereas s 2 and s 3 are null sections, so that (4.24) reduces to the form 


Hi 


fHHi 


V*F = [d-ie i P i . u +{a> jk Mi k l't' , 


d = dx^dp . 


Hence, using (3.26), and proceeding as in ( 7 . 5 .13)-(7.5.16), we obtain that 

Jf r (A(x„);A(3C„_ 1 )) = [l-i&* /)(A(x„);A(i n _ 1 ))](<J>i.( I .)| 

+ | < ^- I o.)) + O ( (a » ) ’ ! ) • (518 “ 

P t {Atx n )-,A(x n _$ = })4U(x„;0 + A(x„_ i; f)] d^dQM , (5.18b 

.lfA(A(*,vA!.r„ ,)) -|Mf I Air,.;f) + A(x n ,;0I da,(q)dn(v ) . (5.18c) 


jf§ where, as in the analogous expression in (7.5.18a), the prime indicates the absence of the 
Igf functional integration over the N-th mode, and 

Z, r (A(x„);A(x„. 1 )) = {[( 77(x„)|A(x„_ 1 ))-(A(x„)|J7(x„))] 

-X„ i P i (A(x„));A(*„. 1 ))+iS Jt (X n )MJ‘(A(x„);A(*„. 1 )) , (5.21a) 

(A(xJ|/7(xJ) = i}[A(x„;0-/T*(^;0 - A*(x„;0'/7(^;0]rfri‘(9)^(u), (5.21b) 
A^Ck-dtAOKO , n(x n ;0-~(A(x n ;0-A(x n ^0)/(t„-t„_ 1 ).(5.21c) 

»ll;; 

fjy- Consequently, we arrive at the following functional integral for the propagator describing 
H the parallel transport of Gupta-Bleuler frames along any piecewise smooth physical path 
y*in L, with projection y in M, 

if r (A(x");A(x)) = J®A exp(iS r [A/I]), ®A = n r>cl .®[A(x(0)] , (5.22) 

: with the mathematical interpretation of the notation being the same as for (7.7.5) in Sec. 
§:7.7. On account of (5.20) and (5.21), this path integral is based on the following action, 

S r [A,77] = J‘'dtj/% , [A(x(t);PM(mO]dcT*(q)dnW , (5.23a) 

jg 4 r ’[AW0;a^Wf);f)] = 

[a ) ; o mm o +a y ut- o); o mm o\ 

-|Z™[A«f); QTI k WO; 0 + AWf - 0); f) -77* WO; £)] 

-X i mfT, k lA(m;0 + AUt - 0);01 

+ %© ( ,.(X n (f))Z< n M y, [AWf);f) + A«f-0);f)] , k = 0,1,2,3,(5.23b) 
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in which, in order to consider QED interactions in the next section, we have transferred the ^ 
infinite renormalization constant from the measure in (2.21) to the “Lagrangian” terms. 'll! 

Naturally, the above action is in outward appearance very analogous to the one '1! 
(7.5.22) - especially since the notation was so chosen as to underline the similarities 
However, at the deeper level there are some fundamental differences, in addition to th|l§| 
more obvious ones, namely the presence in (5.23) of an infinite renormalization formally ’a 
incorporated into the measure of integration, and of vector-valued fields corresponding^^ 
spin one, whose indefinite (Minkowski) inner products are denoted by a dot. Indeed, kth?ll 
present case there is an intrinsic choice of extended Poincare gauge, that has been made ai-^ftl 
ready in (5.17), and without which additional terms would appear in (5.23b). In a BR$f|f§ 
formulation, these terms would incorporate counterparts of Faddeev-Popov ghost and 
antighost fields. We shall encounter them in the next chapter, when deriving similar action 'f 
integrals for the propagators for the parallel transport of Yang-Mills fields, since those ex-1® 
pressions can be always specialized to the Abelian gauge field with which wc are dealing atlJS 
the present time. 6 |J 

A simplification of (5.23), which is totally analogous to the one in (7.5.23), can be 
carried out in exactly the same manner as in the case of the massive spin-0 fields treated in III 
Sec. 7.5. The comparison with the conventional formalism can be then easily implemented. 

As will be further discussed in the next section, this suggests the following weakly causal9i 
GS quantum field propagator for Gupta-Bleuler frames, 

’,11 11 

3C(A(*"); A(x')) = j mv .yDA exp(tS[A, 77]) , (DA = Yl^lMx)] ,' (5.24a) : £ 
A(*;u) = /(£(*)) , veV + , ;(x) = (-a i (x),v i ) , (5.24b) || 


where the interpretation of the above notation is the same as in (7.7.4) and (7.7.5). . Jf§| 

The corresponding strongly causal GS quantum field propagator for Gupta-Bleuler 
frames , from some base locationfeMtoa location x" eJ + (x') within its causal fuh^S 
[M,W] in the base manifold M, can be defined by analogy with (7.7.1) as follows: ' jjJ 

t 1 'SfM 

K(A(x");A(x')) = lim J n r ds(x n )(D[A(x n )] K{A{x n )\A{x n _^) . (5.25).^ 

However, in view of the fact that photons have zero mass, the averaging procedure is in 
some of its basic respects different from the one used in the massive case treated in Sec. 

7.7: in the present context the averaging has to be carried out over all broken null-geodesic f|| 
paths connecting x' to x" <=J + (x'), rather than over all broken timelike geodesic paths. || 
Consequently, prior to taking the limit e= max(t n -t n ^) +0 in (7.1), the integration in 
x n has to be carried out, for each n = over the curve o tn n C + (x n -i) 

where C + (x n _{) = J + (x n _ ,) - I + (x n ^) is the boundary of / + (£„_ 1 ). Thus, the integrand 
K(A(x n ) ;A(a:„_i )) in (5.25) is equal to the propagator in (5.22) for parallel transport along 
the null-geodesic y(x n -i,x n ), which connects the respective points and x n on the two . 
consecutive slices 0 ; n _, and , renormalized by division with the length of the spacelike 
curve o ln n C + (a:„_ I ) n J~(x ") . -"-^SS 
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jg * 9 . 6 . Geometro-Stochastic vs. Conventional Quantum Electrodynamics 

IS The quantization of the electromagnetic field was first considered by Bom and Jordan 
g| (1925). However, the generally acknowledged founder of quantum electrodynamics (QED) 
|| is Dirac, and with very good reason: his was the first attempt at developing a method of 
g: quantization of the electromagnetic field which would be truly consistent with the tenets of 
JJj special relativity. In the introduction to his pioneering 1927 paper, which de facto founded 
QED, Dirac himself correctly summarized the problems he encountered, and his degree of 
success at coping with them, as follows: 

“Hardly anything has been done up to the present on quantum electrodynamics. The 
question of the correct treatment of a system in which forces are propagated with the veloc¬ 
ity of light instead of instantaneously, of the production of an electromagnetic field by a 
moving electron, and of the reaction of this field on the electron have not yet been touched. 
In addition, there is a serious difficulty in making the theory satisfy all the requirements of 
the restricted principle of relativity, since a Hamiltonian function can no longer be used. 
This relativity question is, of course, connected with the previous one, and it will be im¬ 
possible to answer any one question completely without at the same time answering them 
all. However, it appears possible to build a fairly satisfactory theory of the emission of ra- 
diation and of the reaction of the radiation field on the emitting system on the basis of 
; kinematics and dynamics which are not strictly relativistic. This is the main object of the 
i present paper. The theory is non-relativistic on account of the time being counted through- 
out as a c-number, instead of being treated symmetrically with the space co-ordinates. 
|g--The mathematical development of the theory has been made possible by the author's 
general transformation theory of the quantum matrices. Owing to the fact that we count time 
f|tt as a c_num ber, we are allowed to use the notion of the value of the dynamical variable at 
Iglany instant of time. This value is a q-number, capable of being represented by a general- 
Bl^ed matrix according to many different matrix schemes, some of which may have contin- 
fepus ranges of rows and columns, and may require the matrix elements to involve certain 
| kind of infinities (of the type given by the 5 functions).” (Dirac, 1927, pp. 244-246). 

§j§i;' : Half a century later, after having made many attempts 22 to deal with this very 
^fundamental problem of infinities, which was left unresolved by his original attempt, and 
Rafter having to witness, since the late 1940s, the constantly repeated claims as to the 
f Purported success of conventional renormalization theory in coping with those infinities 
(Schweber, 1990), Dirac assessed the situation as follows: 

£:|v : [Quantum field] theory has to be based on sound mathematics, in which one 

neglects only quantities which are small. One is not allowed to neglect infinitely large 
quantities. The renormalization idea would be sensible only if it is applied with finite 
renormalization factors, not infinite ones. 

Stel ^ or these reasons I find the present quantum electrodynamics quite unsatisfactory. 
@§| e ou S ht no 5 to be complacent about its faults. The agreement with observation is pre- 
^ co ^ nc ’dence, just like the original calculation of the hydrogen spectrum with 
If , °hr orbits. Such coincidences are no reason for turning a blind eye to the faults of a 
?| theory. 

Quantum electrodynamics is rather like the Klein-Gordon equation. It was built up 
\ ^ Physical ideas that were not correctly incorporated into the theory and it has no sound 

§g ^thematical foundation. One must seek a new relativistic quantum mechanics and one’s 
U prune concern must be to base it on sound mathematics.” (Dirac, 1978b, p. 5). 
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Unfortunately, for historical reasons discussed in Chapter 12, Dirac’s dccn concern similar remarks on other occasions), explains how this might he possible, despite the 

with sound mathematics was not shared by most physicists of the post-World War IT gen . c0 mmon]y held belief as to the utterly unquestionable experimental verification of CQED: 

oration 23 In a 1975 lecture devoted exclusively to QED, Dirac unwittingly revelas a most ’ 5 “The most famous test of quantum electrodynamics is of course the Lamb-Rutherford 

anomalous situation whereby, motivated by a kind of scientific integrity 24 with perhaps no t: shift in hydrogen ..., [and it represents] an example of an often encountered state of tern- 

parallel in the history of science, one of the greatest physicists of this century publicly and porary uncertainty in the comparison between theory and experiment. The reader should 

repeatedly criticizes the very foundations of the most important theory which he had realize that this comparison is often not clear cut cither because different measurements dis- 

founded; whereas, also with no parallel in the history of science, the masses of proftsJ jfB agree with one another or because different theorists in their independent computations ob- 
sionals whom he addresses, ignore that criticism with utterly disinterested complacency: | I tain different results for these very complex calculations. Sometimes it takes years until 
“These calculations [of the Lamb shift, magnetic moment of the electron, etc.] dJ6 ^resuch discrepancies are resolved—While it does not seem likely that there is a discrepancy 
give results in agreement with observation. Hence most physicists are very satisfied witjSj lji[in the case of the Lamb shift], the present experimental and theoretical results do not 
this situation. They say: ‘Quantum electrodynamics is a good theory, and we do not haveterfj fe permit the conclusion that there is complete agreement. (Jauch and RcArlich 1976, pp. 
worry about it any more.’ I must say that I am very dissatisfied with the situation, becau&fl ® 533-535). If one adds to these remarks the fact that the Lamb shift can be denved without 
this so-called ‘good theory’ does involve neglecting infinities which appear in its equations^! tH the aid of CQED, then it becomes evident that Dirac s criticism of CQED actually was not 
neglecting them in an arbitrary way. This is just not sensible mathematics. Sensible ■ - - only justified, but that it warranted careful reconsideration of such CQED “successes”, 
mathematics involves neglecting a quantity when it turns out to be small - not neglecting itl fe In general, in CQED - not to mention the other areas of modern elementary particle 
just because it is infinitely great and you do not want it!” (Dirac, 1978a, p. 36). Ht* If physics to which the conventional renormalization schemes are applied - closer scrutiny re- 
These words were spoken more than a decade prior to the final admission by I §8 veals that the “excellent agreement between theory and experiment involves a consider- 
Feynman that “it’s also possible that [conventional quantum] electrodynamics is not i® livable amount of subjective faith in the theory, so that Dirac s remarks on this score were not 
consistent theory” (Davies and Brown, 1989, p. 199). They were also spoken a good' § unwarranted. Indeed, as we shall illustrate with examples in Chapter 12, it is not totally un- 
many years before the constructive quantum field theory attempt at basing QED m M common that what appears to be, during a given historical period incontrovertible expen- 
“sensible mathematics” finally led to the conclusion that “arguments favoring triviality. M M#ental evidence in favor of theories that were fashionable during that period, turns out later 
apply equally to the four-dimensional Yukawa and electrodynamic (QED) interactions® to have been based on extraneous factors, which primarily reflected the conceptual biases 
(Glimm and Jaffe 1987 p 120) 111 llf&mvailing during that period. In fact, one does not have to go as far back into the history of 

However, the fact that conventional QED (to which we shall refer in the remainder ofg . science as the Ptolomaic system to find such examples. Rather, they are plentiful in this 
this section as CQED) is fundamentally an inconsistent theory is still not generally ac§§ gif century- its second half included 2 . Consequently, to base one's “confidence in the cor- 
knowledged in physics literature. In fact, even some of the most recent textbooks dealing ; rectness of the results” of CQED exclusively on “their excellent agreement with expen- 
with this subject tend to leave their readers with the impression that conventional renomlfg does not a PP ear P rudent even the prevailing instrumentalist standards, that charac- 

ization theory is based on acceptable and legitimate mathematics. The following type of baljl v - terize * e post-World War H approach to quantum physics. At the very least the question 
anced depiction of the present status of CQED is still the exception, rather than the rule::» f • shou,d be asked as tobow wel * do the computational schemes advanced by the renormal- 
“There is as yet no logically consistent and complete relativistic quantum theory. ..j® §§ nation program stand up to closer scrutiny in the case of CQED - which,^ according to 
The [present] theory is largely constructed on the pattern of ordinary quantum mechanicsjg f -Feynman (1985), represents “the jewel of physics - our proudest possession . The follow- 
This structure of the theory has yielded good results in quantum electrodynamics. The Iac|J p ing is an assessment of the fundamental problems left open by the renormalization scheme 
of complete logical consistency in this theory is shown by the occurrence of diverge® ggin CQED, formulated from an instrumentalistic point of view: 

expressions when the mathematical formalism is directly applied, although there are «§ IJji “What has not been achieved so far [in CQED] is a rigorous derivation of [the 
well-defined ways of eliminating those divergencies. Nevertheless, such methods remain;^ §*f;Feynman rules for the 5-matrix] which would include a consistent treatment of the renor- 
to a considerable extent, semiempirical rules, and our confidence in the correctness of thej ^realization terms, a general proof of the unitanty of the new 5-matnx and a non-perturba- 
results is ultimately based only on their excellent agreement with experiment, not on ftiSj: live proof of the absence of infrared divergencies^ It is obvious that the present treatment of 
internal consistency or logical ordering of the fundamental principles ol the theory 
(Berestetskii et al., 1982, p. 4). . 

However, even this “excellent agreement with experiment” can represent a somewhat 
contentious issue if one is not predisposed to an unquestioning conformity to the type 
conventional wisdom that has become entrenched in quantum physics during the po?t 
World War H era (cf. Chapter 12). As we saw in an earlier quotation, Dirac has stated 
the “agreement with observation [of renormalized perturbative series computations 


| glf tive proof of the absence of infrared divergencies. It is obvious that the present treatment of 
| III the infrared problem comes as an afterthought. The coherent state space is not introduced 
| §gt into the theory from the beginning. Nor is the necessary infrared renormalization carried 
| ^ through and shown to be consistent with ultraviolet renormalization.” (Jauch and Rohrlich, 
I ptl? 6 , PP- 528-529). 

I; §|f>: Thus, from a foundational point of view it is not only justified, but even necessary 27 
to search for a new formulation of QED, which is nonperturbational in its origins, so that it 
the “agreement with observation [or renormanzea penuruauve senes euiuputamma j ^ oes n °I exhibit the fundamental physical and mathematical shortcomings of CQED, but 
CQED] is presumably a coincidence”. The following account of the status of this agrefe^ 1" which, in some kind of limit can be seen to reproduce its perturbative results. Clearly, if 
ment cited from the second edition of one of the best known textbooks on CQED, 0M gf any such new formulation is mathematically consistent, the limit in which the CQED 
published at around the same time as the comment by Dirac (who, however, made ma#Jpf|erturbation series is recovered would have to be merely formal, in the sense that, after all 
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the appropriate “renormalizations” are performed, each term in the formal perturbation W- 
expansion of the S-matrix in the new theory approaches its counterpart in CQED. Indeed H 
in view of all the inconsistencies of CQED, the best that one can hope to achieve is to It 
explain the numerical successes of CQED as being due to an underlying consistent theory, H 
in which all original sources of inconsistencies that manifest themselves in the form of 
divergencies have been removed from the outset, rather than by an ad hoc renormalization - 
procedure that merely discards them, without resolving any of the foundational problems of If 
cither a mathematical or a physical nature. 

As a matter of fact, as long as the mere removal of divergencies is the main concern " 
there is no unique way in which this problem can be solved. On the other hand, as we have 8 ^ 
seen in the last of the above quotations, coherent states are essential to any proposal for a I 
consistent solution. ’ITte GS approach to quantum field theory introduces such states, in the % 
form of local quantum frames, from the outset and on fundamental measurement-theoretical ff 
grounds, rather than as a mere afterthought. In this, as well as other key aspects, it distin- jS 
guishes itself from the nonlocal quantum field theories proposed in recent times (Efimov E 
1977; Namsrai, 1986; Evens et al., 1991), which try to deal with the problem of divergen- HI 
cies by the ad hoc introduction of cut-offs in the interaction term. 

The geometro-stochastic version of QED (to which we shall refer in this section as : : - 
GSQED) can be formulated over any Lorentz base manifold (M ,g) by introducing the St 
Whitney product of the Fock-Dirac bundle in (8.1.3) that corresponds to the fundamental S 
quantum spacetime form factor in (5.5.5), with the core Gupta-Bleuler bundle in (3.9b); M 
For the purpose of formulating parallel transport, and therefore GS propagation in M, thbfl | 
first one of these bundles has to be extended into the kind of Berezin-Dirac bundle de-lt 1 
scribed in Sec. 8.3, whereas the second one has to be nested into the enveloping Gupta-:! 
Bleuler bundle in (3.9a). The GS propagation for GSQED can be then formulated updflj § 
adopting a total action in which to the sum of the terms in (8.4.15b) and (5.23b) are added® | 
the following terms, 

nZtAvykAV-AWrk^ + iZPiAk-AA+A^AA-A-AAk-A’-AAk) 

-2emZ lm n k 0 (v? T + y' i) jy i (A i +A^y 1 + yr' T ) , (6.1a)J| 

y=y(x(t);C,0) , Y'= , Ay=y-y , (6.1b)||| 


Electromagnetic Fields 


A = A(x(t);0 


A'=AXx(t);0 




(6.1c) 


where the last term in (6.1a) stems from the standard QED interaction based on the charge# 
current that emerges from (6.2.10), ^jgg 

0 = 2 emZ t m y(x\ 0 f y(x; 0 , (6.2) | 

whereas the first two terms are the accompanying geometric phases (cf. Sec. 3.9) to which fi- 
that interaction term gives rise as it acts on quantum frames that are coherent states - as was!j 
the case also in (7.8.13). 

The distinction between the strongly and weakly causal GS propagation becomes * 
now crucial: in the strongly causal situation the paths of propagation between any two-\ 


___ _ 

consecutive slices of M is fundamentally different for forrYii^c 
being timehke geodesics in the massive case as opposed ZZn “ ° Pposcd to P ho ^ns - 
case. In the weakly causal situation no such distinction exist fncftht massless 
features emerge exclusively from the properties of all the S ; 1 h microc;ui ^!ity 
base location a:: those that have propagated from ih h ^ d thaI pro P a S atc 10 a given 

5ecs. «./, y./ and 1 (>. 1, as well as (Popov, 1983) Sec 8 To / ers » iy87 )> 

ize the above considerations to the case where nvr S' -, that ’ we havc to special- 
with special Poincare gauges ,h t co^sponJ Sp2Cetime ’ and work 

Wccan then carry outLidcmifaZ of,hi? T°" ° f a global Loren,z frame L. 

lum, this identification mediates the toffica^of'lhe^ n,0vmg / ame in < 2 312). I„ 
points U 1 M (and, of course also above those in 11 hi? corras P ondln E fibres above all 
bnnd.es involved. For sn h g ng s? he £?^one of the 
to fermionic pan of the acfon^sle“™ S ° * ha ‘ 
m corresponding form for the bosonic part v,VIrk Z combm ed with the 

densi* that can be “ a ‘°‘ a > 

- jZ/" (5 A v ) + 2 mZ lm (±y r Jy- m yf V )-2emZ tm <p Y v A, yr . {6 . 3) 

as with (2 ff 16135 Wdl 

Consequently, Aey“^ntaHS**S becom(: “ tem,ated at 
previous internal gauge variables of* tali n de P endent expressions, in which the 

| as it was the case in Chapter 3 theiartial ^ *!? roI - C Z Minkowski coordinates, so that, 

: - Ioc ai quantum fluctuation 5‘ 2) t0 the latter * Thus > the 

| tors (cf. Secs. 3.6 and ^ npbtadet m < 8 * ^ ca ” ^ identified with the SQM propaga- 

where, in view of (5.5.5)-(5.5.10) and (6.3.7)-(6.3.8), 

^\q,v,q\V) = ~ * Z tXj u a >0 exp[rm(qr'—q) ■ u — £(v'+v) ■ u]dQ{u) , (6.4b) 

z l. m = (87t 4 K 2 (2fl/W) 1 ' 2 = UWpK')-"-‘ + 0 (t' n ) , +00 , (64c) 

- - -• - 
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iZ#V = «' k - liV ' +V) ' ’ (6 ' 5a i 

Z ^> = (8^K 2 (2^o)/^r = 2^/^Vo 2 + 0(r-) -,53- +» ' (6 ' 5b > 
Clearly = above quantum 

+0 the role of their renorm 31 ^ particles in quantum states 

formally merge into “bare ^antum fields that gve ns p ng tQ w ^ 

rpnresented bv the wave functions in (6.1.12) ana in ^ b „ 

m 0 and M 0 , respectively, we first have to perform a “mass renormalizatio , 


y{q>v) -> i jt m ‘\q>v) , 
A(q,v ) A (N \q,v) , 


2Z />m/ = (2^mJ Z/ jJB , , 

2Z?‘ ) =(2 ? r)- 6 M?^ )4 * 


whereby we make ,he transition to the counterpart^ 

sponds to the masses m t and p t instead of m 0 and Mo, respecn y v ^ 6 

wave function renormalization 


Vl (q,v) = ZfW</ m ‘\q,v) , 

A t {q,v) = Z^t)A w (.q,v) , 


Z a (fl = (2^m ( % 4 i „, , 

Z 3 «) = (2jr)- e ft 4 Z/" M • 


this Lagrangian for “bare” GS fields assumes the form (cf. Eq. (8-97) in PQ1) 

L, = - irf A t A '" I 

-4(0 v A ( v ) £ +(iv',7.-5V ( m/v ; t V',) -<7 V,r. AJ V, . J||j 

e l = Z 1 WZ;KOZ;' l Xe)e = Z;^U)e, ZjW) = . (6.8| 

Furthermore, on account of the equalities imposed in (6.6) we have Z, (0 = Z0) (ct- 4 
(8-99) in [IQ]), and for “small” values of l we can wnte g 

j fe0>o exp[i(q , '-9 r )'^( u+u) ‘j 

» —z(2 tt) - 3 j^ 0 Q exp \i(q'-q) • &] <5(£ z - - A { J ( (q ~ <1 ) > ^ 

2m* - 9' } = s ^ (<? ' 9} ’ (6 -*lj 

■ 

Z]/Xt)D£(q,v;qW) = -£(2^r*J Jfc . >o expK(flr -«)-| 
« —i(2^) -3 J ft0 Q exp[t(g' -<?) ■ *1 = 


-On the other hand, in view of (6.4b) and (cf. Sec. 5.5) 

Z, m = K,(2«/mK 1 (2« = (to)' 1 + 0(1) ^ > +~ ■ (<U2) 

“bare” mass m* diverges in the sharp-point limit, 

0 , _ (6.13) 

W t hat in a strict mathematical sense, we cannot claim that the “bare” GS propagators 
converge to their conventional counterpart in the limit l +0. On the other hand, this 
feature of m*, together with the fact that by (6.4b), (6.7), (6.8) and (6.12), 

jj§ Z 1 «)=z 2 «) +~ • z ° w -6HO > + °° ’ C6 ' 14) 

fc-es with the formalistic treatment of “renormalization constants” in CQED. However, it 
lgo£ not, and it cannot, impart mathematical or physical legitimacy to that 
Snt, so that Dirac's earlier cited verdict remains in force: “One is not allowedto neglect 
■ .infinitely large quantities”! The present treatment is therefore merely meant to illustrate the 
||||tcauses for the appearance of those infinities, as well as to demonstrate why GSQED 

capable ojo>ping a ^ ^ CQED resides exc i U sively in its numerical successes, obtained 

from its well-known perturbation series. The formal ^guments leading; to that:tows (ct 
An Secs. 1 If and 13a) are equally well applicable to the interaction picture of GSQE 
Minkowski space, and provide the following formula for the S-matnx . 


' S = fr=T-J<W« ■ ■ 

n=0 n ■ 

d.jl{0 = d'q dQ(u) , f = (q,p)6R 4 xV t , 

U 7ff(0--«< ■■v t (0rvA v { (0vt(0- ■ 


(6.15a) 

(6.15b) 

(6.15c) 


i- Furthermore, Wick's theorem [SI.IQ] is applicable to the time-ordered productstin (6c 15a) 
so that those products can be expressed in terms of normal products and of the fo lowr g 
. -"causal" 31 two-point functions (cf. [SI], pp. 437-A46; (IQ], pp. 92,150, 133-134). 

{%\T[y,(Z,r) '?<,} = iS^Xq.v.nqWS) . < 6 ' 16a) 

|l T[ Vl (C,r)Yi^\rl] = 9 (q°~q'°)v t (q,v,r)iir t {qW,r') 

- 0(</° q°)V,(.qW,rW/’ v -ri • r,r'=%2,3,i , < 616b) 

I -iSP(.q,v;qW) = 6 ( 3 °-OS£W;?>'>- , ( 6 . 1 &) 

Mr[A tl (.OA t M')\ %) ' , ( 6 - 17a > 


T [ A t^0 A e v (O] = 6(q°~q'°)A ifl (q,v)A /v (q , ,v') -.'jjjj 

+0(q’°~q o )A iv (q’,v')A< f £q,v) , /t, v = 0,l,2,3 , (6.17b)jj 

- iD ( F %,v;qW) = 0(q°-q'°)D£(q,v;qW)-0(q' 0 ~q Q )D ( -\q,v,qW) . (6.17c)f| 

Expressions for these “causal” functions, that are in closed analytic form based on modified 'IP 
Bessel functions, follow directly from (5.5.8). Consequently, to all the standard CQEdB 
Feynman rules in configuration space (cf. [SI], p. 471) we can assign faithful GSQED® 
counteiparts, whose numerical values can be computed from those functions. 

The GSQED counterparts of the CQED rules in momentum space (cf. [SI, p. 47 g 8 
and [IQ], p. 275) - which enjoy much greater popularity - can be also derived in such a 
manner that the formal GSQED perturbation expansion can be then compared, diagram ti f l ll 
diagram for each 5-matrix element, with the corresponding CQED perturbation expansion’® 
Indeed, in the momentum representation, each incoming GSQED line representing a “baHH 
GS fermion, having spin component s along the third spatial axis of the chosen global If 
Lorentz frame, and impacting at q with stochastic 4-velocity v, gives rise (in accordance®! 
with the transformations to the momentum representation discussed in Sec. 3.4, with 18 
sharply defined 4-momentum p) to the following matrix-valued function (with if s (p) t§ 
defined as in [SI], pp. 87 and 478): 

w%p)exp(-ip-0 , l^q-Uv , p = (p°,p)eV^. (6.18)ff 

As such it contributes to the integrals for a GSQED 5-matrix element, computed on the IS 
basis of (6.15a) and of the inner product in the form (6.2.9). Similarly, an outgoing photoifS 
in a given transversal linear polarization mode (cf. (1.16) and (1.29)), can be deemed gfj 
give rise, in the momentum representation, to a wave function in the sharp 4-momentum nv 
variable 


e (p) (k) exp (ik■ 0 , C = q + Uv , k = (&°,k) e V* 


(6.19) \ 


Analogous representatives can be written down for all other states of incoming or outgoing i!; 
fermions, antifermions, and photons. 

To deal with the internal lines in the momentum representation, we first observe that,'4? 
according to (6.3.7) and (6.3.8), the momentum space representatives of the GSQED---'-: 
causal fermion propagator in (6.16c) can be also computed from 1 

S^(q,v;q',v') = -(m t +iy , ‘d/dq ,1 )A ( ^ i (q t v;q',u') , q° %q'° , ( 6 . 20 agl| 


Am](<l,V)q',v’) =- 


(2 


| exp[i(<?'-g)-p-.££(Rep 0 )(i;'+y). p\^~ , 

i 3 2 p 


e(Re p Q ) = 0(Rep°) - 0(-Rep°) , 


I wherep is on the m, -mass shell. The GSQED causal photon propagator in (6 17a) can be 
expressed m a corresponding form. Hence, at each f-venex, the intention ^ft respea to 

^SfoThir ^ ’ Whe " tot Camed ° U ‘ “ the !, ' variable " Produces the Lorentz-invarianl 
V ' (AP '’ A)= Jy. ex PRt'-(£(p 0 ) p+£(p , o ) p'+£(^)A)]rff3 ( p) . (6.21) 

(“eo 2Tw^Itfo^«cTm“ “ * 

pg t-ft? f {(p 2 ) 312 (p 2 f 2 \\ ’ (6 ‘ 22a) 

P* = P-P>0, p=edf)p + e(p-°)p’ +E (k°)k, p, p ‘ e V ni ,keV Ul . (6.22b) 

The exponential decrease which this vertex factor exhibits asp 2 -> f. providesanover- 

fhe “n^rdocar CUt0 ?' situation in GSQED is rather different from that in any of 

w T ° f QED ’ Where “ locaI ” P ro P a £ at °rs are implicitly retained” the 

free Hamiltonian, whereas a momentum cutoff is imposed on each Feynman propagator in 
the interaction Hamiltonian - cf., e.g„ (Namsrai, 1986). y propagator in 

■ 1,1 the shapp-point limit / -»+0 the above vertex factor behaves as (Pp 2 Y l for anv 

“2ri S ? at S “ gUlari,ieS reemer 8 e - If the resulting divergencies are absorbed 

2 fote™u7cf rsn°lc n ndl tS f 1116 welI - kno ™ representations by means ofcon- 

X='^' SC - 3) ° fthe ™o us two_ P oint functions of conventional theory 
, apphed t0 d)e P resent situation. This can be achieved by expressing the remaining n- 
^pHtions m terms of such auxiliary “functions” (i.e., actual distributions) as g 9 

= -1 2 *)- 1 Jim J Rj d 3 k| c , ( , dk\e - m^expUlq^q ). k) . (6.23) 

in (6.23) the p°-integration is performed along contours for which +Cf> result from the 

^X 0n + ?)f^ aiEhtlineS , fr T ( ;«~ i)S “ » Wa“ 

comDlex variaKL?:Ao th sermc j rcIes of radlus R m the upper and lower half-planes of the 

n^Te„ be fae r : S r Vdy n- ^ being taken first, L the IhS 

• u g ken afterward s- Indeed, for fixed S > 0 , the integrand in C6 231 k 

SpaVapprotcT^sT 1 ^ 0 eV h ei7 " here in the “ m P lex P> ane . and 'be two integrals 
radius * ii the comps c ’ ™ th ! y f e Confined to thc respective semicircles of 
application offcSSS.^ * ^ ? " <9 ' He " Ce ' by 3 S ' a “ lard 

A f ( mq') = 2i[0(g° - q"‘)A f V( q -q)- e(q'°-q°)d‘-}(q;q')] 

Pan be expressed in the alternative form 


(6.24) 







However, after the discovery 32 by Schwinger (1959b) of terms in the vacuum expectation 
of the right-hand side of (6.27) which are not special relativistically covariant (since they 
are not covariant under Lorentz boosts), this natural time ordering was conventionally dis¬ 
missed as “naive”, and it was thereby replaced by a “covariant time-ordering” operation T 'll 
so that in present-day treatments of CQED we have (cf. Eq. (11-85) in [IQ]): 

(o|r[^(*) = (o\f[j^x)j v (x)]\o)-i(ri flv ~ fy 0 7? v0 )<5 4 (;e-x')| .(6.29)1 

It is by such ad hoc artifices that global Poincare covariance is rescued in CQEDdfL. 
contradistinction, the version of GSQED presented in this section enjoys full local PoincarlP 
(gauge) covariance. Hence, its natural time-ordering is of a geometrodynamic origin, thafl 
can be traced to the semiclassical approximation of the GS formulation of quantum gravity 
in Chapter 11. As such, it requires no ad hoc discarding of any kind of undesired terms. 
This fact is in general agreement with the observation that the argument demonstrating the 
seemingly unavoidable presence of Schwinger terms in (6.28) “is no longer valid if quail 
turn gravity is taken into account” (Nakanishi, 1990, p. 59). 

Finally, on the issue of infinities, the basic facts also favor GSQED. Indeed, the con-' 
ventional renormalization procedure in CQED is based on ad hoc rules, rather than on an at¬ 
tempt to assign a legitimate mathematical meaning to quantum fields at a point in Minkowt 
ski space, that would endow the CQED interaction Lagrangian density with a mathematK 
cally meaningful and consistent interpretation. The constructive quantum field theoiy at- ^ 
tempt in this latter direction has merely resulted in the speculation cited in Sec. 1.2 as wefjL 
as earlier in this section, to the effect that the CQED S-matrix is trivial. Since this is very 
hard to believe in view of the highly nontrivial numerical successes of CQED, the only: 
physically sensible conclusion is that CQED is indeed internally inconsistent - due to the- 
singular nature of its interaction Hamiltonian density - but that there is an underlying con-:;, 
sistent theory, for which CQED supplies suitable numerical approximations in a sharpf* 
point limit of only partial validity. The present underlying thesis is that GSQED is that ,., 
consistent theory, and that, in its formal perturbative expansions, the formal sharp-pointff 
limit is valid only on a term-by-term basis when combined with suitable renormalization! 
procedures, which diverge in that limit. On the other hand, the GSQED interaction term in’ 1 
(6.2) has a precise mathematical interpretation in the context of the Naimark extensions dis¬ 
cussed in Sec. 7.8, so that the GSQED propagators can be introduced nonperturbativeiy 
by functional integrals whose integrands are mathematically well-defined. 

The conclusion is that, by basing GSQED on foundations that combine a mathematic 
cally with an epistemically sound approach, it is possible to retain the numerical successes: 
of CQED, and yet arrive at an internally consistent theory. Naturally, detailed studies of the 
mathematical existence and properties of GSQED nonperturbative solutions are required be 2 
fore a full understanding of all the mathematical and physical implications of the present^ 
approach to QED can be claimed. . 


Notes to Chapter 9 Jf 

1 This is not a misspelling of the name of Lorentz, but rather a rectification of a wide-spread histor 
misconception, whereby in practically all contemporary physics literature the name of H. A. Lorentz is ; 
confused with that of “Ludwig Lorenz (1829-1891) of Copenhagen, who independently developed an 
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electromagnetic theory of light a few years after the publication of Maxwell’s memoirs.” (Whittaker, 
1951, pp- 267-268). It is to L. Lorenz that this gauge condition has to be rightfully attributed, since he 
g: ; grst introduced it in 1867 - cf. also (Penrose and Rindler, 1984), p. 321. 

. 2 Nakanishi (1972) provides a detailed review of this entire subject. The earliest attempt at a mathemati- 

cally rigorous formulation of the Gupta-BIeuler framework was made by Wightman and Girding (1964). 
However, this as well as subsequent studies by Strocchi (1967, 1970), Strocchi and Wightman (1974), 
g ■- Yngvason (1977), Rideau (1978), Mintchev (1980), Morchio and Strocchi (1980), Araki (1985), 
Cassinelli et at. (1989, 1991), Pierotti (1990), Strube (1990), and others, have left open some key 
mathematical points, which have been recently dealt with by Warlow (1992) - cf. Notes 5,11 and 12. 
i?| : 3 A_ Krein space is defined [A] as a topological vector space ?C(over R or C) which is complete with re¬ 
pp spect to a positive-definite inner product, called its /-inner product, and on which there is specified a 
§|;; non-degenerate Hermitian inner product (which, as such, is in general given by an indefinite sesquilinear 
form), as well as two closed subspaces 5^ on which that form is positive and negative definite, respec- 
| lively, and which are mutually orthogonal so that their direct sum equals % - as it is the case in (1.6). 
Iff A decomposition of the form (1.6) is a fundamental decomposition of 9C, The orthogonal projectors P* 
glgg onto. respectively, are called fundamental projections, and the operator/ = P + - P~is the called the 
H'g fundamental symmetry corresponding to the fundamental decomposition in (1.6). The norm correspond- 
g.‘ ing to the /-inner product is called the /-norm. It is obvious that the present construction, based on 
Pllll (1.4)—(1-5), satisfies all the above stipulations. A Minkowski space provides an example of a 4-dimen- 
S||| sional Krein space if its /-inner product is chosen to be the Euclidean inner product corresponding to a 
Iplg given choice of global Lorentz frame. Note should be taken of the fact that, as opposed to the terminol- 
g: : ; Ogy adopted in (Bognar, 1974), as well as in the present monograph, Azizov and lokhvidov (1989) refer 
pg; to an indefinite metric as a /-metric. Despite the fact that this latter reference is more recent, its termi- 
nology appears to be less suitable in applications to quantum field theory, so that we rarely refer to it. 
lH* By definition, space reflections (but no time reversals) are included in the orthochronous Poincare group 
pfeiSO^.l). The use of the orthochronous Poincare group is necessary in the present context, because the 
operators in (1.8) give rise to a reducible representation of ISO 0 (3,l), whereas its extension to 1 SO t < 3,1) 
gig; is irreducible. This can be most easily seen by considering the helicity eigenstates - where helicity is 
ll|i defined as being equal to the spin in the direction of the momentum, so that if spin is parallel or anti- 
parallel to the momentum the helicity is said to be positive or negative, respectively. For all restricted 
IjglPoincanS transformations, i.e., for all U(aA) with (a,A) e ISO 0 (3,l), the helicity sign is preserved, so 
fypsi: that U(flA) = f/ + ^(ay\)©rA _ ^(a,A), where lf-~\aA) are irreducible when considered as representations 
jlgg o f the (restricted) Poincare group ISO 0 (3,l). However, helicity is a pseudo-scalar, so that the inversions 
—,;‘t . in the orientation of the spatial axes of a Lorentz frame interchange those eigenstates - cf., e.g., (Kim 
f §! and Noz, 1986), Chapter VII, Sec. 3. It should be noted that pseudo-unitary representations of the form 
Ig; (1-8) have been studied on previous occasions and at a mathematically rigorous level by many authors - 
pig: such as Shaw (1964, 1965), Bertrand (1971), Barut and Raczka (1972), Parvizi (1975), Rideau (1978), 
|££and others. Furthermore, Wigner’s well-known theorem on ray representations [BL,BR] has been 
i||| extended to the case of indefinite metric (i.e., to Krein spaces) by Bracci et al. (1975), so that the 
^physical significance of such representations is completely assured. 

;, A detailed and mathematically rigorous proof of the equivalence of the pseudo-unitary representation in 
^ (1.13) to the mass-0 and spin-1 unitary and irreducible Wigner representation of the orthochronous 
^Poincare group, acting in the Hilbert space with positive-definite inner product (1.26) in accordance with 
(1.25), was given by Bertrand (1971) in the radiation gauge. A more general proof, valid for any 
combination of the Lorenz with an axial gauge, has been recently provided by Warlow (1992). It is the 
principal lines of argument in this latter proof that are followed in Sec. 9.1. Note should be made of the 
fact that the elements of the Krein space in (1.10) are equivalence classes of functions on the forward 
light cone which are equal almost everywhere with respect to the invariant measure in (1.9c), so that 
equalities between some of these functions, such as the ones between the brace brackets in (1.14) or 
(1.15), in general hold only almost everywhere along the forward light cone. 

;Cf. [BR], Ch. 11 and (Kim and Noz, 1986), Ch. VII. The little group of mass-0 particles of integer 
; spin, such as the photon and the graviton, is isomorphic to the Euclidean group E(2) in two dimen¬ 
sions, or to its subgroup SE(2), in case that space reflections are not incorporated. We shall therefore 
prefer also to SE(2) as the Euclidean group in two dimensions. 
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7 Cf (6 1 5b) which shows how the corresponding Wigner SU(2)-elementfa te case o^pin-W,tejgjj 
u'J V' ^ CT n c\ Sinrp STW2) and SL(2 C) are the covering groups of SO(3) and SU 0 (:M), respsgjj 

srrssas oJ«w> ^ 

which is isomorphic to the rotaUon group ( ) whereas more recent studies of B 

a <**-- be found in (vas i| 

surement of diedirecuonofmotwnofap on^n r e , ocalization desc ribed in the present (gjl 

rations spatially orthogonal to that. Th pp of ^ e i ec tromagnetic field (PrugoveCkiH 

tion was therefore adopted instead »renormalization in (2.12), but note should be taken of t3 
1988b). It involves an infinitein theZmentum representation no infinities occur, and.® 
fact that when the inner product is wntt Hence this type of infinite renormalization is ofalj 

ihe entire procedure is “Sties" are subtracted in aneS 
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-- mome ntum-space wave functions in relation to two Lorentz frames in a state of relative motion. Such a 
| on e-to-one correspondence exists between the state vectors within the core Gupta-BIeuIer space, which 
I consists of finite linear superpositions of n-photon state vectors for various values of n, and that 
corr espondence is indeed given by (3.2). However, that one-to-one correspondence cannot be extended in 
- a unique manner compatible with linearity, and therefore with the superposition principle. Such an 
iS-z-fr extension would amount to taking, in a given 7-norm, the graph-closures [PQ] of the restrictions of the 
PPpr: j abounded operators U u (a,A), to the linear space spanned by the aforementioned finite linear 
|f|§Ss! superpositions, and that would contradict the closed-graph theorem [PQ]. Indeed, that most fundamental 
JH theorem of functional analysis stipulates that such graph-closures can be taken only for bounded 
§ff operators. On the other hand, the indefinite inner product does not provide a separable topological vector 
•■ .-fST space (i.e., one containing a countable dense set, and therefore enabling expansions in countable bases), 
ll|§f|| : s0 that it cannot be used to give meaning even to the infinite series defining coherent states for photons 
llppfe SU ch as those in (3.21). Thus we are left with the various 7-topologies, which are, however, 
inequivalent, so that a 7-specification is required each time an infinite superposition of state vectors from 
PiU; (he core Gupta-BIeuler space is considered. 

lfc;12 The mathematical construction required for dealing with the unboundedness problem described in Note 
11,' involves the use of a type of generalized inner product space (PrugoveCki, 1969c) which displays the 
IIP;; structure of the partial inner product spaces formulated by Antoine and Grossmann (1976, 1978), and 
Ipltf- further studied by Antoine (1980). The detailed construction has been carried out by Warlow (1992). 
||l§t3 in an algebraic direct sum, as opposed to a Hilbert direct sum [PQ], the sequences of vectors from the 
|||p constituent spaces, which represent elements of that algebraic direct sum, contain only a finite number 
ifev. of non-zero entries. Thus, an algebraic direct sum of an infinite number of Hilbert spaces is only a pre- 
||§|| Hilbert space, whereas the corresponding Hilbert direct sum is equal to its completion. It might appear 


0 One such ad hoc subtraction consists of discarding Schwinger terms c b „ cJm |§ that, after constructing the core Gupta-BIeuler bundle in (3.9b), all we have to do is take the closure of 

Feynman propagators, on the grounds that they are not manifestly co ai , mofnlHK*' its fibres, patterned after the algebraic sum !**>, in order to obtain a Gupta-BIeuler bundle associated di- 

define a covariant propagator by simply omitting these terns w -L ‘ , p hysica] 0 rectly to PM, whose fibres incorporate the Gupta-BIeuler quantum frames constructed in (3.21). How- 

136). However, this “simple omission” disguises the Suited viola MgM ever, for the convergence of the operator-valued power series in (3.21) we need a separable topology, 

the map in (2.8) is not left invariant by boosts, a ^ as « just not sensible mathemlM^i;which in Krein spaces is provided by the 7-norms. However, in the present case, the question becomes, 

of mathematical consistency - i.e., an instance of what Dirac aes J mCQnsisltndts ^m dm which 7-noim to choose, since the corresponding 7-topologies are not equivalent (cf. Note 11). In (3.9a) 

ics” (Dirac, 1978a, p. 36). As such, u contributes oi ive rise and whic h were repeM! glfe that ambiguity is resolved by adopting a base manifold which entails the specification of J . 
conventional QED, to which ad hoc renorma i i' P . programme. |gj$f Further motivation for this construction can be found in Sec. 9.4, as well as in the next chapter. The 

criticized by Dirac ever since the inception o _ . ^ cons tructed from the momenlum construction could be carried out even in the absence of a global section, by using a covering with local 

11 The fact that the customary [SI,IQ] Fock-type repre “ ’ ’ • n ~ : s im hnunded. has ris iSfe''- trivialization maps, as in (2.2.4)-(2.2.7). However, since any form of QED over a Lorentzian manifold 


The tact that tne customs y ‘7” ,' . sum in (3 .2), is unbounded, ha sm 

space representation in (1.13) by jj * ^rigorous literature on the Gupta-BIeuler foril||| 

mained basically unnoticed m the malhemauc y g of the n - p hoton sub- : 

probably due to the fact that the restriction ‘ , bounded operators * 


spaces SCn^cons&uctedoiitof^e single-photon space in op^|g 

customary combinaUon of the Lorenz with belike *J‘ ch “ “ „ ^ ^rehi 

[However it turns ont(Warlow, 1992) that even ^^j* 

functions of increasingly small support, -ound a grven va u,■£ * * 0 ° 

0 12... the /-direct sum of all X, . Hence, such claims as the one that [e J|g 

in the Gupta-BIeuler formalism” (Kalcu, 1991, p. 13) are incorrect not only in 1b it ®8 

conventional QED. [An argument to 3 refuMi 

not based on topological arguments, and it continued ate enw, ^ Q Bleu , er jjg§y 

iepreseMaiives all 


-1; ever, for the convergence of the operator-valued power series in (3.21) we need a separable topology, 

which in Krein spaces is provided by the 7-norms. However, in the present case, the question becomes, 
which 7-norm to choose, since the corresponding 7-topologies are not equivalent (cf. Note 11). In (3.9a) 
jj§|§|g flhat ambiguity is resolved by adopting a base manifold which entails the specification of J. 

Further motivation for this construction can be found in Sec. 9.4, as well as in the next chapter. The 
|||! construction could be carried out even in the absence of a global section, by using a covering with local 
%PO' trivialization maps, as in (2.2.4)-(2.2.7). However, since any form of QED over a Lorentzian manifold 
Util: (M,g) requires introduction of the spin-frames in (6.3.10), namely the existence of a spin structure, in 
Mil#;.view of Geroch's theorem (cf. Sec. 6.3) the PoincarS frame bundle PM has to be trivial, so that the 
■||||! stipulated global section s 0 must exist. The subsequent construction of L might appear to be dependent 
lllfpjon the choice of s 0 , but as seen from the considerations in the latter half of Sec. 9.4, this is not actu- 
| ally the case. 

. 15 Naturally, a corresponding need would be revealed in conventional QED if proper attention were paid to 
Ip? ' the underlying mathematics (cf. Note 11). The use of heuristic Lagrangian procedures has served to ob- 
scure that need. 

§H^ An unbounded operator does not necessarily map a Cauchy sequence into another Cauchy sequence. 
Hence, distinct choices of Cauchy sequences from a dense set, such as the core of a Gupta-BIeuler fibre, 
converging to the same vector outside it, but within the Gupta-BIeuler fibre, might lead to distinct defi- 
jJsT. nitions of its extension outside the core. It should be noted that a counterpart of Stone’s theorem [PQ] 
*®|§§§§was proven by Naimark (1966) in the context of Krein spaces. This guarantees the existence of the 
(densely defined) self-adjoint infinitesimal generators that enter in all expressions for covariant deriva- 
H|V.tives in this section - namely those in (4.16), as well as those that emerge from (4.17) and (4.24). 
g?; Naturally, the same type of mathematical existence is also assured in the case of the infinitesimal gener- 
p|||ators in (5.1) and (5.12), as well as in the case of all their counterparts in the next two chapters. 
!§|§ZCf., e.g., (Baulieu, 1985), p. 9. In the next chapter considerations similar to the present ones will enable 
Ip us to imparl a purely geometric interpretation to BRST types of constraints. 

5 The first such interpretation is due to 'Itiierry-Micg (1980), who considered only a single Faddeev-Popov 
7 Shost field giving rise to BRST operators. It was later realized (Baulieu and Thicrry-Micg, 1982) that in 
addition to BRST operators, anti-BRST operators corresponding to an anlighost field (Curci and Ferrari, 
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1976) had to be also introduced. The use of triply-fibrated principal bundles in the mathematically rigor¬ 
ous treatment of BRST and anti-BRST transformations was first advocated by Quiros et al. (1981) 
who, however, did not use the present terminology. An alternative, based on a gauge group approach 8 
will be presented in the next chapter. : #|||L 

^ The following is a fair presentation of its epistemic assets and liabilities, as well as of its basic features' . 
“The logical sequence of steps [in Lagrangian quantum field theory] is as follows: given a classical IB 
Lagrangian of a field or a system of interacting fields one begins with an action principle and derives the ~ m 
field equations and conservation laws by means of the calculus of variations (Noether's theorems are here- 
the key). The resulting equations and conservation laws are then regarded as operator equations and fofjjjfl 
the starting point of a quantum field theory. One must keep in mind that this ‘derivation’ takes place 11 
with classical (c-number) fields, since the calculus of variations is not defined for a Lagrangian conSfP I 
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structed from operators in a Hilbert space. Consequently, the derived field equations and conservation —■& 
laws can in general not be regarded as equations for operators without ambiguity of ordering anri 1 ~iii pi| | 
ally, additional lack of precise mathematical meaning. Nevertheless, Lagrangian field theory is usedex-r 
tensively as a heuristic tool: it permits intuitive input, it allows an easy way to include invariance propel 
erties, and it gives a certain assurance that the theory will have a classical counterpart.” (Jauch and ® 
Rohrlich, 1976, p. 480). 

20 This, as well as all remaining formal steps involving integrations in the present mass-0 case can be car- t 
ried out in a mathematically rigorous manner, by first writing out the corresponding integrals for Uil.', 
case based on (2.9), carrying out the depicted procedures, and in the end taking the mass-0 limit. In thef' 
present case this procedure involves applying the resulting Bochner integral to a massive counterpart of- 
an n-photon state vector IP, and then taking the inner products with another arbitrary massive state 
vector, which is automatically in the Lorenz gauge. The rapid decrease at infinity of the coordinate wave' 
functions in the q-variables ensures that the surface terms resulting from the integration by parts' 
contribute zero. 

21 This stress-energy tensor is not C/(l)-gauge invariant, as it is the case with some of the momenturn-eitf 
ergy tensors which can be introduced in classical electromagnetism - cf., e.g., [IQ], Sec. 1-2-2. This ipi 
however, a general feature of the second-quantization of all gauge field theories, which involves a breaks 
ing of the gauge invariance of their classical counterparts - cf. [SI], p. 241 and [IQ], Eq. (3-120). This; 
gauge breaking was implicit in the construction of the single-photon space in (1.6), whose elements are ' 
wave functions that satisfy the first, but not the necessarily second of the equations in (1.3). W jjl i 

22 Cf. (Pais, 1987) as well as (Kragh, 1990). Dirac himself had the following to say towards the end of his ) 
life: "I really spent my life mainly trying to find better equations for quantum electrodynamics, and so| 
far without success, but I continue to work on it.” (Dirac, 1979, p. 653). 

23 The opposite was true in the pre-World War II years. As described in a recent biography of Dirac, not 
only Dirac, but also Bohr, Bom, Fock, Heisenberg, Pauli, Peierls, and many other leading theoretical 
physicists of the generation that founded quantum mechanics came to believe that “the failure of quan¬ 
tum electrodynamics at high energies would require a revolutionary break with current theory”, so that || 
Dirac's "critical attitude toward quantum electrodynamics during the period from 1935 to 1947 was neP$|| 
titer unique nor particularly remarkable” (Kragh, 1990, p. 166). That was in sharp contrast to the atti-.|' > 
tude of those in the younger generation who "adapted themselves to the new situation without caring too 
much about the theory's lack of formal consistency and conceptual clarity. The pragmatic altitude of the % 
‘quantum engineers’, including Fermi, Bethe, Heitler, and a growing number of young American physff, 
cists, proved to be of significant value, but did not eliminate the fundamental problems that continued ioJ|| 
worry Dirac, Pauli, and others.” (ibid., p. 166). On the other hand, the attitude of the “quantum engK 
neers” prepared the ground for the reception of what Schweber (1991) describes as a realization of|i^ 
pragmatic ideal of American physics that... [became] hegemonic worldwide." (Schweber, 1989, p. 673),; 
namely the launching in 1947 of renormalization theory. However, whereas the majority in the 
crop of theoretical physicists readily “agreed that everything was fine and that the long-awaited revo¬ 
lution was unnecessary”, Dirac and other founders of quantum theory realized that the true sources of dift 
Acuities have been left untouched. Thus: “Although acknowledging the empirical success and social ap-: 
peal of [renormalization] theory, Dirac found it completely unacceptable. ... He never fully accepted; 
that the problems of quantum electrodynamics had been solved by a new generation of physicists whose, 
approach was essentially conservative and instrumentalistic” (Kragh, 1990, p. 183). On the other hapdj- 
amongst this “new generation of physicists”, it appears that at least its most outstanding member agreed 


with Dirac, as he stated the following: ‘The observational basis of quantum electrodynamics is self¬ 
contradictory. .. The localization of charge with indefinite precision requires for its realization a coupling 
with the electromagnetic field that can attain arbitrarily large magnitudes. The resulting appearance of 
divergences, and contradictions, serves to deny the basic measurement hypothesis. We conclude that a 
convergent theory cannot be formulated consistently within the framework of present space-time con- 
!§; cepts.” (Schwinger, 1958, pp. xv-xvi). 

lA Dirac's most recent biographer assesses this truly extraordinary situation as follows: ‘‘[Dirac's] proposal 
;' : T) io discard the relativistic quantum theory was drastic and essentially negative. It was only a state of in¬ 
fill tellectual despair that led him to the proposal, which, if taken seriously, would ruin the very achieve- 
§!§ ments on which so much of his reputation rested. The relativistic version of quantum mechanics was 
£ { Dirac's Nobel Prize-rewarded brainchild. Now he felt forced to renounce it without being able to offer an 
I®) alternative. No wonder most of his colleagues considered his proposal a retrograde step.” (Kragh, 1990, 
J§|jp. 170-171). 

HH 25 [ndeed, for the Lamb shift, as well as some other “predictions" ascribed exclusively to CQED, it is not 
only the case that “different theorists in their independent computations obtain different results”, but also 
that different theorists in their independent computations obtain the same result from different theories. 
fps'For example, the Lamb shift was derived by Ali and PrugoveCki (1981) in the context of a quantum 
model in which the electron interacts exclusively with an external (i.e., non-quantized) Coulomb field. 
|g| Even more revealing of the theoretical status of the Lamb shift is its recent derivation by Jaynes (1990), 
§§£ who uses a purely classical model, so that he demonstrates dramatically how the “successes" of the 
jgg|||.CQED “subtraction physics” can be matched by those of a purely “classical subtraction physics”. This 
Iris especially significant in view of the fact that CQED does not treat the hydrogen bound-state problem 
| in a consistent quantum-field theoretical fashion, whereby the proton constituting its nucleus and its 
W0. interaction with the electron would correspond to quanta of a quantum field theory; rather, the 
lllfll conventional treatment also uses a semiclassical method [SI,IQ], whereby the Coulomb field of the 
ifSi nuc ^ eus * s l rca[ ed as an external field, with CQED being used only for the computation of “radiative 
||||;y. corrections”. It is therefore of interest to mention that, after listing some of the “weight of authority” 
Ig|§|| that had gone since the late 1940s into convincing the entire physics community that the “explanation” 
!|p|! of the Lamb shift is a most remarkable CQED “success”, Jaynes points out the following: “The 
problem has been that these calculations have been done heretofore only in the quantum theory context, 
llllll Because of this, people jumped to the conclusion that they were quantum effects (i.e., effects of field 
quantization), without taking the trouble to check whether they were present also in classical theory. As 
a result, two generations of physicists have regarded the Lamb shift as a deep, mysterious effect that 
ordinary people cannot hope to understand. So we were facing not so much a weight of authority and 
facts as a mass of accumulated folklore.” (Jaynes, 1990, p. 394). 

26 For example, two recent historical studies (Franklin, 1986,1990) dedicated to demonstrating dial in con¬ 
temporary physics “experiment plays a legitimate role in theory choice and confirmation” nevertheless 
T, y reveal “not only that experimental results can be wrong, but also that theoretical calculations and the 
comparison between experiment and theory can also be incorrect” (Franklin, 1990, pp. 4-5). The two 
, principal case histories to which these observations pertain are: “(1) die interaction of theory and exper¬ 
iment in the development of the theory of weak interactions from Fermi's theory in 1934 to the V-A 
theory in 1957 and (2) atomic parity violating experiments in the 1970s and 1980s and their interaction 
L w ith the Weinberg-Salam unified theory of electroweak interactions” (ibid., p. 4). Another relevant quo- 
■fpj totion is the following: “Schweber (1989) has made a case that can be interpreted as showing that the 


| ?j ver Y nature of scientific practice changed significantly with the advent of ‘big science’ after the Second 
| World War. This becomes especially apparent in some of the recent large collaborative efforts in high- 
energy physics in which experiments may come to be performed just once. Some of the danger in unre- 
| peated experiments is evident in the discovery of the weak neutral currents by the groups in Europe and 
m America (Galison, 1987). If the American group had been the only one doing the experiment and ana- 
*1 th e data, the final verdict could have been very different from what is accepted today.” (Cushing, 

Jg|p990, p. 248). 

gj ^gl ndeed, in a later article, Rohrlich (1980) has pointed out that “our present formulation [of QED] is 
; physically incorrect”, and expanded the above list of deficiencies to include other glaring failures, such as 
the lack of a “clean proof’ that CQED merges into classical electrodynamics in some suitably formu¬ 
lated classical limit. A “Critical Review of the Theory of Quantum Electrodynamics” was recently pub- 
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lished bv Nakanishi (1990), which discusses CQED “difficulties" and other topics not treated b, jj | 
RoMich In toe same volume YokoramaandKuho (1990) provide an extensive and up-to-date Shb,, | 
™hy cibng publications dealing with all the various theoredcal and/or expenmentol aspects of CQED. M V 

28 Cf Eos (7-70) and (8-97) in [IQ]. Throughout this monograph we have strived to use a notation that... |# 
underlines til the essential details. Since, as a rule, stochastic paths are not smoodi, the ordering of «g t 
terms in acton integrals is essential, so that we have indicated in all the preceding formulae fbrljg | 
“Laerangians” whether a particular term belongs to the initial or the the final end of a smooth segnn^ jj| | 
in a^broken path approximating a stochastic path. However, for the sake of easy comparison with the a- 
mainstream fiterature on CQED, which tends to ignore such “details , in the remainder of this chapter ; 

we shall employ the same type of schematic notafion that is prevalent m the textbooks and monographs, gj 

29 cf Ea n (75) oTpTbB and Eq. (55) on p 226 of [Sfi. The factor 2m can be eliminated from the left-hand 
side of (6 10) by renormalizing the inner product in the typical Dirac fibre, and thus eliminating it also 

from (6.1.16) - cf. Note 9 to Chapter 6. . . I 

30 We abide by conventional terminology, although the expression occurring in (6.15) is the one fora||gp 

scattering operator IPQ], rather than for a “matrix” in a malhemaucally acceptable sense. In fact, even £|| 
whatTs conventionally called in physics literature “5-matrix elements” arc not matrix elements m , |gg;: 
matliematically meaningful way. A mathematically rigorous treatment of these and related topics m^gg 
scattering theory is provided in Chapter V of [PQ] tn a nonrelauvistic context, but the pnncipal.^ 
theorems of that treatment can be easily extended to the present single Hilbert space case, m ■ 

31 Th^ltr*LTar C Greeu's function is used for die CQED counterparts of these functions, namely the 

propagators, because (cf. [SI], p. 438) they reflect the correct time ordering tn relation to a 
global l orenc frame, and not because the supports of these Green's functions he m ether or.c of 

exactly thesttme ^those'in^CUb^in^l'^Of «u^eftfte*fennion field satisfies "local" anlicoinmiuai 
tivity but, as argued in Sec. 7.6, it is not at aU evident even for conventional quantum field theones m||| 
Minkowski space that such anticommutativity is in any deeper physical sense related to actual Emstem.|^ j 
causality In fact it was recently remarked by an S-matrix specialist that: The exact meaning of Ihjs^p 
commutator [or anticommutator] relation is not clear. As we mentioned earlier, this is underscored in the^J 
1957 LSZ paper in which an operator A(x) satisfying Eq. [(7.6.1) ol the present monog^ph 
like separations is defined as a causal operator - without discusstn^e (oMflyrtoe « 
physical interpretation (Lehmann, Symanzik, and Zuntnennann, 1957, p. 323) It seems plausible 

'fhaf'maTrf much of theoretical physics after 

Second World War (as contrasted with the period before the War) (ilwd.,p.21 £ r.oto iBi 

32 strictly speaking, “historically the existence of [this] inconsistency was found first by GoUwn^Jg 
Ka (1955) in the discussion of criticizing [sic] Kallcn’s (1954) work. Later it 
Schwinger (1959b) by using a somewhat different reasoning, and he proposed to mtrod ■ - 

cam«S erm in ti e equal time current-current commutaUir. lherefore. it is not appropriate » 

SrmTS ‘Goto-Imamura-Schwinger term’, [so that] we call the inconsistency [die] Qtotoggm 
difficulty’ and the non-canonical term [we call the] ‘Schwinger term . (N^mshi, * p ' 5 J| | % 
Unfortunately, this method of resolving inconsistencies merely supplies a prime ex ^P le ° f 

effects in everyday practice of the adoption of the instrumentalist criteria for judging the valtddy fed 
SC enfif c theories (cf. Sec. 12.3), whereby the concept of “truth”, including mathematical truth 
identified wkh “consensus” base'd on professionally accepted 

cannot help but be reminded of Dirac’s many public stetements madeovera thutyj^pe o oio^ 
the inception of the renormalization program, in which he urged that sound and sensible m 
S wen as the laws of “regular” logic, not be sacrificed for the sake of “workmg rules , designed to 
merely produce numerical results in CQED. : Ijlll 


Chapter 10 


Classical and Quantum Geometries 
-for Yang-Mills Fields 



The physical and mathematical origins of Yang-Mills fields can be traced to the work of II. 
Wcyl, who in an unsuccessful but otherwise well-known 1 attempt to unify CGR with 
classical electromagnetism introduced the idea of a “gauge” field in 1918, and a decade later 
pinpointed U(l) as a “gauge group” 2 in the quantum regime (Weyl, 1929). Subsequently, 
O. Klein (1939) considered a non-Abelian gauge theory for the first time. However, Yang 
-and Mills (1954) were apparently unaware of all this when they made their proposal to re¬ 
place global SU(2) isospin invariance with local gauge invariance. Although the geometric 
origins of their proposal had eluded them at the time, the purely geometric nature of the en¬ 
tire idea of “gauge symmetry” was becoming increasingly clear as “their” idea became 
popular amongst elementary particle physicists in the late 1960s and in the 1970s - and 
especially when it led to the Weinberg-Salam model of electroweak interactions, and ulti¬ 
mately to QCD and the well-known “standard model” based on SU(3)xSU(2)xU(l) gauge 
symmetry, which at present dominates the theory of strong interactions. Eventually Wu and 
Yang (1975) established the full equivalence between the concepts used in elementary par¬ 
ticle physics and their mathematical equivalents in the theory of connections on principal fi¬ 
bre bundles. It has, therefore, become customary to refer by the name of Yang-Mills theory 
to any field theory that is based on a “gauge group" G 0 which is a compact Lie group 
(Utiyama, 1956), i.e., which in the classical context gives rise to fields that are sections of 
vector bundles associated with the principal bundle over Minkowski space M with struc¬ 
ture group equal to G 0 . Thus, in the quantum field theories used at present in elementary 
particle physics the elements of the Poincare group are deemed to represent global symme¬ 
tries, whereas such groups as SU(3)xSU(2)xU(l), as well as other even larger compact 
groups, based on grand-unified models, are viewed as being the gauge symmetry groups 
for interactions between “elementary particles” (Nachtman, 1990). 

It was noticed, however, already by Feynman (1963) that despite many common 
features that such Yang-Mills theories share with electromagnetic theory in Minkowski 
•space, where U(l) plays the exclusive role of structure group, the Gupta-Bleuler formalism 
gfs not suitable in the more general case where the gauge groups are non-Abelian, since it 
pleads to violations of the “unitarity” of the “physical” 5-matrix (Kugo and Ojima, 1979). 
§,Jhe method of Faddeev and Popov (1967), based on the introduction of additional “ghost” 
^fields assuming values in Grassmann algebras, and suggested by a method of Dirac (1958) 
H| dealing with Hamiltonian systems under constraints, eventually paved the way for the 
Simulation of special relativistic Yang-Mills quantum field theories which are renormaliz- 




able in the conventional sense ([IQ], Faddeev and Slavnov, 1980; Gitman and Tyutjp 
1990; Nakanishi and Ojima, 1990). The subsequent independent discoveries by Beccfjjf 
Rouet and Stora (1976), and by Tyutin (1975), of global symmetries associated with wif 
became known as “BRST charges” in such theories, led to a “BRST quantization method’’ 
that eventually acquired great popularity during the subsequent developments in superstrinf 
theory in the 1980s (Green et al., 1987; Brink and Henneaux, 1988; Kaku, 1989,199l)£| 

A geometric interpretation of the Faddeev-Popov “ghost” fields as left-invariant fon^ 
on a group of gauge transformations was apparently first proposed by R. Stora (1976)? 
However, it was first noticed by Thierry-Mieg (1980) that the constraint equations satisfie| 
by the BRST operators bear a strong formal resemblance to the Maurer-Cartan equations in 
the theory of Lie algebras of Lie groups [CJQ. Hence, he speculated that such charges cap 
be interpreted as the generators for parallel transport along the fibres of the principal bundle 
with which the given Yang-Mills fields are associated. This interpretation was subsequently: 
criticized by Leinaas and Olaussen (1982) on the grounds that if the Faddeev-Popov ghosiL 
fields were identified, as suggested by Thierry-Mieg, with differential forms on such pniifp 
cipal fibre bundles, then they would have to span finite-dimensional spaces, since the extlf' 
rior algebra generated by such forms is finite-dimensional - whereas that was not actually 
the case. However, subsequent work by Bonora et al. (1981-1983), Hoyos et al. (1982)f 
Mayer etal. (1981,1983), and others, brought considerable mathematical clarification 5 ' 
these issues, so that the geometric interpretation of BRST symmetries has become by n< 
quite standard in the perturbative treatment of Yang-Mills gauge fields at the classical 
well as at the quantum level (Baulieu et al ., 1985-1991). . 

We shall outline in Sec. 10.4 the most essential aspects of this work in the context 
classical Yang-Mills fields, after preparing the ground by reviewing in Sec. 10.2 this; 
generic features of such theories, and describing in Secs. 10.2 and 10.3 the reqii: 
mathematical techniques that deal with groups of gauge transformations on principal fi _ 
bundles, and with external covariant differentiation on graded Lie algebras construct^. 
from families of connections on such bundles. We shall then present in the remaining twof 
sections of this chapter the GS adaptation (Prugovecki, 1988b, 1989b) of the ensuing 
geometric treatment of BRST symmetries to the formulation of Yang-Mills quantm 
geometries over Lorentzian manifolds. . 


10.1. Basic Geometric Aspects of Classical Yang-Mills Fields vjspi 

In purely geometric terms, classical Yang-Mills gauge fields in the Minkowski space M are j 
gauge potentials that are assigned, in accordance with the general procedure described in 
Sec. 2.5, to sections s of a principal bundle P(M,G 0 ) over M , whose structure groupGu 
is a compact Lie group. In physics literature it is customary to introduce a basis in ragra 
algebraL(G 0 ) of G 0 , as well as a global Lorentz frame {efifi = 0,1,2,3} in M, and (Ke| 
expand these Yang-Mills gauge fields in a basis related to the direct product of tho|| 
bases (Nakahara, 1990). 

To see how that is done, let us consider the generic situation where a Yang 
gauge field acts on some “matter field” 'F (such as the wave function of a quan' 
particle), given by a section of some associated vector bundle (E, %, M, F), via a fai 
representation U of Gq. Then, in accordance with (2.5.8), (2.5.9) and (2.5.17-(2.5 
we can express as follows the pull-back of the connection form ©, defined as in (2.5^j 
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| corresponding principal bundle whose typical fibre is U(G 0 ) (i.e., which coincides 
the group to which that representation gives rise): 

jj; h = AlT a %dx», i; = A a (^)€R\ A^A^dx* , ( 1 . 1 ) 

v , C a b T c , 0 , 6 ,c = , n — dim Gq , (1.2a) 

% ** T a = dU{g)/dg a \ g=e , g (g 1 ,...,g n ) e R n . (1.2b) 

Consequently, by (2.5.22), the components of the covariant derivative which this pull-back 
determines for the vector field !F over the Minkowski space M, given by a section of an 
associated vector bundle, are given by 


■D^ x = d^ x + A; T a F x , 


T a =Y a » T a = A a;u , 


g where the map in (1.3) is defined at each u = s{x) e P(M,G 0 ) in accordance with ( 2 . 5 . 21 ). 
Under Poincare transformations of the adopted global Lorentz frames, the Yang-Mills 
gauge fields transform as 4-vector fields, 


jj^Cx) »-» A;f(*) = A/A°(A~ l (x-a)) , b=l...,n , (1.4) 

whereas under a change of section s (i.e., under a change of Yang-Mills gauge) they trans- 
form in accordance with (2.5.7b) and (2.5.26): 

g|, K M K= ki u -^K+U-\g)dfl(g) , i„:=A;T 0 eT„P . (1.5) 

IK The Yan S~M ills field tensor (also called a Yang-Mills field strength) is identified with 
the curvature tensor corresponding to the gauge potential in ( 1 . 1 ), and can be expressed as 
Mdws [C,I,NT]: 

:= F“ v T a , (1.6a) 

F, v = d^A v - d v Ap + , A v ] = d fl A v - d v A^ + A“AjC a6 c T c . (1.6b) 

?Under Poincare transformations its components in (1.6a) transform as a (0,2)-tensor field 
m Minkowski space, 

F* v (x) h> F* ( x ) = A/A v x F* x (A " 5 (x - a)) , (1.7) 

|hereas, under a change of Yang-Mills gauge, they transform as a Yang-Mills tensor 


l^v 4v= Ad y -V)^v =U(g~% v U{g) . 


( 1 . 8 ) 




Mr 


The curvature 2-form in (1.6a), generally representing a non-Abelian version of 
electromagnetic field (which obviously emerges as a very special case, corresponding g 
= U(l)), is taken to satisfy a straightforward generalization of the Maxwell equation: 
(9.1.1) [NT]: 'll 

Vi 

D% y = +[A" .f„ v ] = 0 , A" = ■ (1 

In case that G 0 is equal to SU(N), or some other Lie group consisting of NxN (rea 
complex) matrices g = U(g) that can act directly upon a “matter field”, so that for any 
other NxN matrices A and B, •§|j 

TrfAB] = TrtfgAgr’XgBg- 1 )] , geG 0 , ]|| 

the above equation can be derived from the following gauge invariant Yang-Mills (class 
action integral 3 , . J|§ 

by its variation with respect to . This action is often expressed in the alternative fora 

SJA) = = Ij M Tr(#, *)<** . | 

^ = Tr [T a T b l = -i5 ab , 3 

:.|p 

where *F is the Hodge-dual of F, in which the Levi-Civita antisymmetric symbol e 2 
zero whenever any of its two indices are equal, and it assumes the values +1 or —1 whj 
X-jl-v represents, respectively, an even or an odd permutation of 0-1-2-3. 

By analogy with the case of electromagnetic fields, the above formulation ofac^ 
cal Yang-Mills theory remains invariant under the “infinitesimal” gauge transformation? 

- 'V 

A£(x) ^ A'£{x) = A;{x) + Dfc{x) , X a (x) e R 1 . . 

In fact, such “infinitesimal” gauge transformations can be derived from those in (1.5fc 
those transformations are transcribed in component form with respect to the basis in ( 
This kind of approach to gauge transformations can be used to arrive at convenient Jg 
of gauge families, such as the generalized Lorenz 4 gauges, obtained by using an auxrtj 
“gauge-fixing” field (Nakanishi, 1966; Lautrup, 1967; Kugo and Ojima, 1979) to m 
the following type of subsidiary conditions: 


d»A a = B , 


B = B a T„ . 


The Lorenz gauge is a special case, that corresponds to a “gauge-fixing” fiel 
is zero everywhere. In the electromagnetic case, it produced the four decoupled ec 
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pg (9.1.3). In the present non-Abelian case, with which we are exclusively concerned in 
jjlggg' chapter, the components of the equations resulting from (1.9) are no longer decoupled: 

^A v = -5' , [A m ,A v ]+[A'‘,(5 v A^-5 ;U A v -[A ( „A v ])] , 5"A^ =0 . (1.14) 

it is this fact that makes the quantization of Yang-Mills fields in many respects radi- 
%lly different than that of classical electromagnetic fields. In particular, the Gupta-Bleuler 
-method of quantization, which makes essential use of the Lorenz gauge in the form (of the 
ftloBventional counterpart of the) Gupta-Bleuler subsidiary condition in (9.3.18), becomes 
sfcttfsically ineffectual, since it cannot cope with the nonlinearity of the term on the right- 
®§gia side of the first of the equations in (1.14). Indeed, if its application is attempted, then, 
tjfcfroally speaking, the physical space corresponding to transversal polarization modes is 
notieft invariant by the nonlinear self-interaction term in the Yang-Mills action in (1.11) - a 
Ifact'which Feynman (1963) interpretedP as leading to a violation of the “unitarity” of the S- 
. matrix for Yang-Mills theories. 

HV The method that has become standard, ever since a well-known proposal by Faddeev 
arid Popov (1967) based on Dirac's (1958) ideas, is to introduce “ghost” fields for ficti- 
§jus “particles” in order to (formally) cope with this situation. However, as mentioned in 
—|pintroduction to this chapter, this idea turned out to possess an underlying geometric in- 
rpretation. After developing in the next two sections the general mathematical tools re¬ 
quired by this interpretation, we shall outline it in Sec. 10.4 in the classical context, before 
turning to the quantum situation in the last two sections of this chapter. 


m 


10.2. Gauge Groups of Global Gauge Transformations in Principal Bundles 

The geometric definition and construction of classical “ghost” fields, which correspond to 
the Faddeev-Popov fields in the quantum theory of Yang-Mills fields, and which will be 
udied in Sec. 10.4, requires the introduction of the concept of “gauge group” in a sense 6 
t is distinct from that of the structure group G of a principal bundle (cf. Secs. 2.2 and 
_.5). Consequently, in this and the next section we will study this and related concepts in a 
general fibre theoretical setting, which is also readily applicable in the quantum regime. 

V' Let P(M,G) denote any given principal bundle (P, II, M,G) over a differential 
'fold M. With each one of its sections s , defined as in (2.5.18), we can associate the 
triviaiization map defined, in accordance with (2.2.4), by 


<f> 9 : u H>(x,g) eM'xG , 
( <p 8 os)(x ) = 0*(s(x)) = ix,e) 


u e /r'(M*)=U 8 


x eM 8 


{(p 8 ) 1 : c x,g ) ^ s(x) g e V 9 c P(M,G) , x e M 8 , g e G , (2.1c) 

'here e denotes the unit element of G. Any two such local trivializations <f> 9 and tp s ' are 
related to the local gauge transformation in (2.5.25) by means of the map 
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Such a map can be viewed (cf. Gockeler and Schiicker, 1987, p. 160) to be a restriction o*' 
some smooth map from the total space P into the structure group G, defined globally on P- 

g\u Hg(ii)eG , g(u-h) = tr'g(u) ft , ueP, he G. 

Within the family C°°(P, G) of all such smooth maps we can define in the following natural : 
manner the operations of taking the inverse and of group multiplication, - Jig 

jgjfj 

£- l '.= {g~\u)e GlweP}, g x g 2 := { $,(«)&(») e GlweP}, '"tfS 

so that it becomes a group (f{P), which we shall call the gauge group of the principal 
bundle P(M,G). As pointed out in (Atiyah et al., 1978), such a gauge group is in general- 5 
an infinite-dimensional Lie group"? - as opposed to the specific instances of structure! 
groups G encountered in classical or quantum field theories. 

An automorphism of the principal bundle P(M,G) is defined to be a pair (<|),\|/) of 
diffeomorphisms <j> : P -> P and which are such that <|>(u • h) = <j)(u). ft £| 

all u gP and all ft 6 G, and that iTo<p = \p fl. The family AutP of all such automor 
phisms constitutes a group under the group multiplication operations (t}),,^ 

(Y 0 V 2 ) Vi 0 ^, provided by the composition of diffeomorphisms. A subgroup Au^M 

of AutP is supplied by all the vertical automorphisms defined as those automorphism! 
which induce in M the identity transformation, i.e., for which TI(u) = /!(<{)(«)), so thatll 
is the identity map on M. The gauge group Q(P) is isomorphic to the group Aut M P,s|f| 
to each <|> e AutaiP we can obviously associate a ^ e Cj{P) which is such that 

<K« ) = “ • , g^u-h) = h-%{u) ft , u e P, ft e G , (fS 

and vice versa - cf. [BG], Thm. 3.2.2. / jff| 

Let us construct now a bundle, associated to the principal bundle P(M,G) by means’^ 
of the adjoint action ad^: g hgh~ x of G onto itself, as follows: 


Consequently, we could use the same symbol^to refer to the map P —> G, defined in 
JSR-3)’ t0 * e vertical automorphism ^ , defined in (2.5), as well as to the global section ^ 
0 f the bundle ad P in (2.6) - and we could call any of them a global gauge transformation 8 
of the principal bundle P(M,G). According to (2.1)-(2.3), a local gauge transformation, 
defined as in (2.5.18), is related to such a global gauge transformation of the correspond- 
l|||g principal bundle by 

jjjt§§|-s'(x) = s(x)-#(s(x)) , #(s(.x))eG , *eM 8 nM 8 ' . (2.8) 

§f?J|E' To obtain a computationally convenient as well as an explicit representation of the Lie 
algebra L(Q( P)) of the gauge group (?(P), which shall be called the gauge algebra of the 
; .principal bundle P(M,G), let us consider the associated bundle 

IKg AdP =Px Ad L(G) ={[«,/][ u e P, f e L(G)} , (2.9a) 

Bj|Wl : = ( (u-9, Ad g -i f ) | g e G }, Ad 3 : / 1 -> (ad g )J , (2.9b) 

determined, in accordance with (2.5.7), by the adjoint representation of the group G on its 
’i’Lie algebra L(G). It is very easy to establish that this associated bundle becomes a Lie 
algebra if its Lie bracket is defined, at each one of its points, by the corresponding Lie 
brackets in L(G), 


I [UJVu t r\] := \u ,[/,/']] , 

1 and that the following family 

jjfljt Exp(:= \u , exp(tf)} , t e R 1 , 


(2.10a) 


(2.10b) 




adP =Px ad G= { ["k, pi|«e P,£e G) 
\u,g \:={(«• ft, ad^g) |ft gG} , ac 


I u,g\:= {(u-h, ad^.p) IfteG j , ad fr ig=h~ l gh . (2.61$ 

It is then immediately seen that (y(P), and therefore also Aut;uP, can be identified with; 
the set r(ad P) of all global sections of this latter bundle, - j|§ 


Q{P) AuhtfP o r(adP) , 


by associating with each gauge group element e £(P) a corresponding cross-sectior 
^ e T(adP) of adP: 

s+:u e atfP = Px ad G , u eP. (2.7b 


■? 


determines an additive one-parameter subgroup of Q{P) viewed as a family of cross- 
| sections of the bundle in (2.6). Hence, the Lie algebra L{Q(P)) can be identified with the 
infinite-dimensional vector space of cross-sections F(AdP) of the associated bundle in 
(2.9) - cf. [BG], Thms. 3.2.10 and 3.2.11: 

lljr. UP):=L(g(P)) ^ r(AdP) . (2.11) 

Ipfe' The introduction of the gauge group Q{P) affords an “active” approach (cf. [I], p. 

t0 the theor y of connections on any given principal bundle P(M,G), which is mathe- 
^matically equivalent to the “passive” point of view adopted in Chapter 2, but opens new 
perspectives, which are of importance in the theory of Yang-Mills fields as well as in gen¬ 
ii^ relativity. Indeed, in the case of manifolds the passive point of view is the one we 
adopted in Sec. 2.1, whereby the map in (2.1.4) is viewed as a change of coordinates fora 
P°* nt JC e M ; the corresponding active point of view consists of considering the 
.same map within the context of a given chart, as providing a transformation taking the point 
into the point r'eM having the primed coordinates in (2.1.4) in that chart. Simi- 
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larly, for tensor fields the passive point of view is the one adopted in Sec. 2.2, whereby 
map in (2.2.18) is viewed as corresponding to the change of components above x e ., 4j . 
such as that in (2.1.17); the corresponding active point of view is to consider the same map 
within the context of a given section s of GLM, namely as supplying a transformation th|. 
takes the tensor field T into a new tensor field T' having the primed coordinates defined || 
(2.1.17) with respect to the frames provided by that section s. 

To be able to adopt the same “active” attitude in the case of connections, let us coni 
sider the family C( P) of all connection forms on a given principal bundle P(M,G). This! 
not a vector space, but it is a convex (affine) space, since (l-£)G)'+£©"e C(P) for air 
two connection forms ©',©" e C(P) and 0 < t < 1. It can be also easily checked, usinfg 
same method as in proving (2.5.26a) [BG,C,I], that for any © e C{ P) and an yf||g 
Aut M P, we have 
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of the transition functions in ( 2 . 2 . 6 ) are introduced and, for the corresponding covering of 
^ the following preferred set of local sections of P(M,G), 

SfUs: 


s a : x i-> u Va(u) e n~*(x), x e M a c M , 

BlRS 

K is used to define the following local L(G)-valued pull-backs: 


I- 


(O a = s a © , 


COp = Sp*(S) 


(2.15) 


(2.16) 


Indeed, the maps defined by (2.15) are smooth and, on account of the fact that <p a (u • h) = 
I |p||£(w )-h for all h e G, they are M-independent 


'© = Ad^-i ©+^>* 0‘ 


B = B* e £(P), 


( 2 . 12 ® 


Bp!*'. u <pj(u) = u' tpaiu’) , 


Vu.it’e n \x) , 


(2.17) 


where the Z/(G)-valued one-form 0 G is the Maurer-Cartan form [C,I] of the structure' 
group G, which, by definition, maps the values of any left-invariant vector field in G into 
the value it assumes in T e G. In the case where G is a group of matrices or operators,; 
is genetically the case in physics, the above relation can be written in the form (cf. [I],| 
161, and [BG], p. 31) 

8® :=<]>*© = Ad r i© +g~ l dg , (2 

where g } dg is the Maurer-Cartan form of G expressed, in accordance with (2.5.26),|J 
some given chart in G that contains the unit element e of G, whereas g-'(u):=g(u)~ l and 


^so that they indeed provide sections of P(M,G). Let us again assume that G is a Lie group 
- of matrices. It is then very easy to establish (cf. Daniel and Viallet, 1980, p. 183) that the 
-following relations are satisfied, 


HU °>P =■ Ad g^®« + » 


(2.18) 


0*=g-'dg , 


ge <j( P), dg e UY) = T(AdP). 


( 2 . 12 c)! 


of thel 


In general, the pull-back •*© of © satisfies (2.5.7a), and it maps the elements 
fundamental field in (2.5.5) into the corresponding element of 7’ e G. This means that 
represents an Lhresmann connection on P(M,G) (cf. fSCJ, p. 359; or [I], p. 156), so l 
S(sy e 6 ?(P). 'Ihe curvature formal of ^©, defined in accordance with (2.5.14) by means 
the horizontal components of vector fields in P that are determined by ^©, is easily se 
be related to the curvature form £2 of © as follows: 


8Q. :=^D^© = Ad r i£2 , 


8 = £( p ) • 


The relationship of the “active” point of view, presented thus far in this section, 
“passive” point of view adopted in Chapter 2, becomes very obvious once the count 
on P(M,G), •-y 

gp a (x) = <p p (u)o <p~\u) ; G -> G , ue U -, (x) , x e M a r\M p , (2 

<p a : u i-> ( x,<p a (u )) e M a x G , ue LT ; (M a ) cP , (2 


and that, conversely, if any given collection of local L(G)-valued one-forms associated 
llipth some covering of M satisfies the compatibility relations in (2.18), then there is a 
unique connection form © of M related to them by (2.16). 

These considerations show that “passive” counterparts of (2.12b) can be set up, so 
that each (global) gauge transformation, defined on the principal bundle by (2.3), can be 
identified with a family of (in general local) maps from the base space M to the structure 
group G, 

^ : P -> G O , (2.19a) 

: satisfy the following compatibility relations: 

Bp(x) = g pa (x)g a (x)gp a (x) , Vx e M a n . (2.19b) 

• any given covering of P(M,G) with a family of local trivialization maps, such as those 
(2.14b), these local mappings are obtained by constructing the corresponding preferred 
lily of sections in (2.15), and then casting go s a in the role of the local maps in (2.19a) 
(Gockeler and Schucker, 1987), p. 160. Conversely, for any covering of P(M,G), 
any family of local maps from M to G that satisfy the compatibility relations in 
•.19b), the gauge transformation in (2.3) can be constructed by piecing together the corre- 
lg compositions of s a and the maps in (2.19b). Thus, the “active” and the “passive” 
snts of connections are indeed equivalent from a mathematical point of view. 
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*10.3. Graded Lie Algebras Generated by Connection Forms 


The fact that each connection form co on a principal bundle P(M,G) is an L(G)-valued fj|| 
form, whereas its corresponding curvature form is an L(G)-valued 2-form, suggests tbjfSl 
we should study the collections of all such mathematical entities as subsets of the set ofaiplf r 
L(G)-valued one-forms and two-forms, respectively, over the manifold P equal to the total ?- 
space of P(M,G). ' §j 

Let L be any Lie algebra, and M any manifold. By definition, an L-valued k-form 3 ® 
on M is given, for any fixed value k = 0,l,...,dimM, by a map from M into L, which 3 
such that in some basis { Y a | a - 1,. ..,n] of L the coefficients in the following expansion '? 
(in which the Einstein summation convention is used for the index a), 4I!§1 


a : x h-> Y„ e L 


X G M 


represent real-valued A-forms a a over M - in the sense defined in Sec. 2.5. CIearly||||| 
that is the case in one basis of L, then the same remains true in all the other bases, so thdt?| 
such a definition is actually basis independent. ??§liMl 

The exterior product of any L-valued k-forcn a with any L-valued /-form B can be 
defined by the expression 

= = rr 0 ,Yj] = c ab c %, ogj 

so that it represents an L-valued (£+7)-form. Furthermore, it is easily checked that, on 
account of (2.5.12), we have 1 ':J|g| 


(3 3) 1 

9 


[a t 6](X li ...,X k+ i) =7~^(signn:) [a(X^...,XjMX Vl> ...,X Vl )] , 


for any vectors X u ...Xk+i tangent to M at any of its points x. Hence, this definition is ba- |s 
sis-independent. It then follows immediately that if L is the Lie algebra of a Lie proup ffiljj 
matrices (or operators), so that its elements are also matrices (or operators), and the 
bracket of any two of its elements is equal to the commutator bracket of the matrices (or V 
operators) representing them, then : :€Wm 


\a,6] = aA6-(-l) kl 6Aa , M 

l J - mg 

where the wedge product of two matrix-valued (or operator-valued) forms is defined by the 
same algebraic expression as in (2.5.12), but with matrix (or operator) multiplicatidn.-t;| 
replacing ordinary multiplication. - 

The real vector space of all L-valued k -forms on M is usually denoted by A k (M,L). g 
We shall therefore denote by A (M,L) the collection of all such spaces A k (M,L), obtained | 
for k = 0,l,...,dimM. It is easily checked that for any aeA k (M,L), 6 e A l (M,L) 
ceA m (M,L) we have (cf. [BG], Thm. 2.1.3), ’ 
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[a,B] + (-lf[B,a} = 0 , (3.5a) 

§j| i-l) km [[a,B] ,c] + (-l) m *[[c,a] ,5] + (-l) lk [[B,c] ,a\ = 0 , (3.5b) 

s0 that A (M,L) has the structure of a graded Lie algebra 9 . 
j§g_j In case that a metric g is supplied on a manifold M of dimension N, then to each real- 
valued £-form CO , expressed as in (2.5.11), we can assign a Hodge-dual (AM:)-form * 0 ) 
J^y setting it equal to (cf., e.g., Benn and Tucker, 1987, Sec. 1.4) 

• (3 - 6a) 

a> s:0) p l -n h dx ,h ® • • • <g> , |#| = det||^ v || , (3.6b) 

where the completely antisymmetric e-tensor is defined by generalizing the definition of the 
one in (1.11c) from four to N dimensions. This definition of the dual, as well as that of the 
exterior derivative in (2.5.13), can be immediately extended to any a e A\MJL) by setting 


*a:= *a a ®Y , 


da:=da a ®Y n . 


They both provide maps from A(M r L) into A(M,L), although in general they do not leave 
the modules A*(M,L) invariant. It is easily seen, however, that on account of (3.2), for 
any aeA\MJL) and B e A'(M,L), 

H d[a,B] = [da,6} + (-i) k [a,dB\ . (3.8) 

Is>: Let us now specialize these considerations to the case where M is equal to the total 
a P™ c ^P aI bundle P(M,G), and L is equal to the Lie algebra L(G) of its structure 
grpup. Then each connection form to on a principal bundle P(M,G) gives rise to an exteri¬ 
or covariant derivative D“on the graded Lie algebra A(P,L(G)). This external covariant 
derivative is defined for any a<= A*(P,L(G)) in accordance with (2.5.14) and (2.5.15), 
namely it is such that 

D "*< X i.X 4+l ) = da(X?.X t “ +1 ) , X,,...,Xj +1 e TJ? , (3.9) 

any set {X 1 ,...,X A+3 ) of vector fields in P, whose horizontal components appearing in 
2 ?) are ^ose determined by the connection form G) in accordance with ( 2 . 5 . 6 ). 

H In view of (2.5.15), (2.5.16a) and (3.3), we can express the Cartan structural equa- 
Km for the corresponding curvature form as follows (cf. also [BG], Thm. 2.2.4) 


0“ := D w g) = dco + (1/2 )[co ,tn] , 


(3.10a) 


by employing (3.3), in terms of the L(G)-values which the above forms assume: 







£2“(X,Y) = d(o(X,Y) + [©(X) ,©(Y)] , 


X,Ys T„P. 


(3.10b} 



The corresponding Bianchi identities in (2.5.16c) can be then written in the form (cf. also 
[BG], Thm. 2.2.8) M 

= dQ ra + [co, Q m ] = 0 . (3JS 

In case that G is a Lie group of matrices or operators, then on account of (3.4) the Cart an 
structural equation in (3.10) assumes the form 

12“ = dco + 03 A 01 . (3.12) 

Let us now consider a family U of operators U{g ): L'—> V, g eG, which provided- 
faithful representation of the structure group G on some vector space V- such as the space 
in which the “matter fields” of classical Yang-Mills theories assume their values (cf. Sec 
10.1), or such as the typical fibres of quantum geometries in the preceding six chapters- n 
which case that vector space is actually an infinite-dimensional (pseudo-)Hilbert space, arid 
the representation is (pseudo-)unitary. The fact that such a representation is faithful means - 
that it provides an isomorphism between the structure group G and the group U of all such 
operators. In turn, this implies that there is a Lie algebra isomorphism L(G) -» L(U) 
between the Lie algebras of these two groups. Consequently, we can introduce in L{U) a 
basis { T a \a=l , and then consider the following special case of (3.1), ..If 
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--. Q f ^valued £-forms on P, amongst which the one for k = 0 consists of 0-forms, so that it 
® can be identified with the one in (3.14). We shall denote by 


hK'Py'V) - r( Px g (T , ®A a (C/))) , 


(3.15c) 


§g| the family of all sections of the respective bundles in (3.15a), so that A°(P,'0 coincides 
^ with the family of all ^valued global vector fields on M. For the remaining values of k ~ 

;p;ip-,dimP, we can consider those <p e P x G ( V <8>A \U)) for which ^j(Xi .X*) = 0 if 

s^lVny one t * ie ve ctors X,,...^X A is vertical. We shall denote by A k ( P.'L) the family of 
sections of these subbundles 

WfOCt.X*) = 0, X 1 eV M (P), X 2 ,...,X*gT w CP)} , (3.16) 

' so that A*(P,L) are subfamilies of A*(P,T). Upon introducing in each A*(P ,V) exterior 
derivatives defined by 


Wm; dtp = r«;f,d<J>] e A k *KP t V) , 


<p = U^le A*(P,<W , (3.17) 


we can assign to any connection form to e £TP) an external covariant derivative D® on the 
f| collection A( P,V) of all these families A k (P,V) by means of the maps 


A : u » A a u T a gL([/) , 


u eP , 


as a generalization of the L(G 0 )-valued one-form (1.1) to arbitrary structure groups G arid 
arbitrary base manifolds M, as well as an extension of such L(G)-valued fc-forms from thep 
base manifold M to the total space of P(M,G). Naturally, all the definitions and resultsiri; 
(3.2)-(3.5) immediately apply to the present case of the graded Lie algebra A(P ,L(U)) 
except that in the case where the vector space under consideration is the infinite¬ 
dimensional typical fibre of a quantum geometry, care has to exercised by defining in (3.4 
the products of the operator-valued elements of L{TJ) on suitable common cores [PQ] of 

the chosen basis { T a j a = 1. n}. The definitions of exterior differentiation as well# 

exterior covariant differentiation can be then immediately extended to A(P ,L ( U)). ■ ft 
To extend these latter concepts, for all orders k , also to associated vector bundles | 

Px 0 1/={r«,fll«6P,f£^} . r«,fl:={(«-S,t/(g-')f)l 5 eG) , (3.® 

whose sections play in physics the role of “matter fields”, let us also consider the familial 
A \U) of all &-forms on L(U), for all k - 0,l,...,dimP. We can then generalize (3.14) 
defining the associated bundles ;; ? 

Px G ( V<8>A*(t/)) = { T| «eP, (f,<f>) e V ®A*(R W )}, (3.* 

y= {(u-g,U(g~'){,U(g-')M \ ge G} , (3,1 


«|| D a : A*((P,^ A* +l ( P,V) , k = 0,l,...,dimP, 

which are such that, as it is the case in (3.9), 

h| z/° ?)(x 1 ,...,x A+1 )=d^(x®,...,x® +1 ) , x,,.. ,x A+1 6 t k p 


(3.18a) 


(3.18b) 


It can then be shown (cf. [BG], Thm. 3.1.5) that 
Z>> = dtp + A* a tp , A a = CO a T a 


<p e A k {V,V) 


^^vided that we extend the definition of the wedge product in (2.5.12) to all <peA k ( P.'F) 
and all A e A k (P,L(U)) as follows : 

fpj {X*<P)(X»---,XM)=-A2( S ignn:)Sl(X lli .X„>CX„,. X y ) . (3.20) 

u s now specialize the above considerations to the case where V is equal to the 
-pie algebra L(G) treated as a vector space, and U is the representation of G that acts upon 
£(G) from the left as the adjoint representation, so that U(g) = Adg-i as it acts on the 
laments of L(G). In that case, it follows from (3.19) and (3.20) that 


IflV D a % = d% + [a, x] , 


X g A fc (P,L(G)) , 







so that an identification of A'(P,L(G)) with the family C(P) of all connection forms on p 
can be earned out: for any given O ) 0 e C(P), there is a one-to-one map 

T h4 © = a 0 + T e C(P), T € A‘(P,L(G)), (3.22)1 

of A k (PMU)) onto C(P) (cf. [BG], Thm. 3.2.6). Since A k (PMU)) is a linear space, ! 
this shows that C(P) is an affine space [C]. :|jj| | 

In terms of the operator-valued counterpart in (3.19) of the connection form co,- 
that acts directly on (p e A'iP,^, we can rewrite (3.22) as ’ J 1 

TR^=jf+<r € c{p,V) , <r g akpmu)) , ( 3 . 23 ) 1 ' 

where C( P,l2) can b e identified with the set of all Koszul connections (i.e., covariant 
differentiation operators) acting on the V -valued “matter fields” belonging to a given vector 
bundle M,F) associated to P(M,G). Under the earlier made stipulations on the 
representation U, it constitutes a manifold diffeomorphic to the family C(P) of all connec 
tions on P(M,G). 


10.4. BRST Transforms and Ghost Fields in Classical Yang-Mills Theories 

The considerations in the second half of Sec. 2.5 have shown that if we expand any field 
gj v £ n by - a section of a vector bundle M,F) associated to a principal frame bundle J 
P(M,G 0 ), in terms of local frames in general associated to those in P(M,G), as it wllfi 
done in (2.5.17), then its covariant derivatives are given by the expressions in (2.5.22) for |§ 
any given moving frame - i.e., section s of P(M,G 0 ). Those covariant derivatives contain; 
the pull-backs by s, given in (2.5.23), of the Cartan connection forms in (2.5.10). 

In the theory of Yang-Mills fields it is convenient to make the transition from the" 
above “passive” point of view to an “active” one, and to consider any “matter field” •Fon 
which the Yang-Mills field acts as being defined on the total space P of the principal bundle M 
P(M,G 0 ), rather than just on the Minkowski base space M. In that case that matter field 
can be deemed to represent a generalized Higgs field 10 'F, defined as being a field on P ; 
which is equivariant under the action of the structure group G 0 , i.e., which satisfies 


nu-g) = U{g-'mu) , 


ueP, geG 0 


For any given covering of P(M,G 0 ) with a family of local trivialization maps, the transition 
from the passive to this active point of view can be effected by using the local gauges 
provided by the preferred set of local sections of P(M,G) in (2.15). Thus, we can define^ 
for each local section {Ffixe M 8 } of the vector bundle M,F), the push-forwards 


■F(«)=‘P X . 0 = S «*'P I 


u = s<£x) , x e M* nM a , 


and then take advantage of the stipulation of equivariance in (4.1) to extend their domains 
of definition to J7~'( M s n M a ). 
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For a given connection co g C{ P), the action of the operators of covariant differen¬ 
tiation given in (1.3), which in the passive approach were acting on matter fields that were 
V-valued sections of the vector bundle (E,tt,M,F), have to be extended in the present 
active framework everywhere along the fibres of P(M,G 0 ); moreover, such an extension 
should enable them to mediate parallel transport in arbitrary directions within the total space 
P. In principle, such an extension can be deduced from (2.12), since according to (2.5) we 
can reach all locations in P by means of various gauge transformations g of P(M,Go), 

(Ad^-i co +g~ l dg) a T a , ge g(P) . (4.3) 

As originally conjectured by Thieny-Mieg (1980), as a by-product of such an exten¬ 
sion the Maurer-Cartan form of the structure group G 0 , which is implicitly contained in 
(4.3), can be formally related to the Faddeev-Popov “ghost” fields, which emerge naturally 
when Dirac’s (1950,1958, 1964) formalism of constrained systems is applied to the Yang- 
Mills classical action in (1.11) - cf. (Babelon and Viallet, 1981), Sec. 2. However, as can 
be seen from (2.12c), such an identification has to be carried out from the point of view of 
the infinite-dimensional gauge group Q{P), rather than just that of the structure group G 0 
(Leinaas and Olaussen, 1982). Furthermore, in order to underline the formal analogy with 
the situation in conventional quantum field theory, where additional “antighost” fields make 
their appearance, some authors (Quiros et al., 1981; Bonora and Cotta-Ramusino, 1983) 
have introduced such fields also in the classical context although, as pointed out by Mayer 
(1983), that is not absolutely necessary in that case. Moreover, Bonora et al. (1981b, 
1982), Hoyos et al. (1982), and others, have also extended these formal considerations to a 
superfield framework - although that again is not absolutely necessary. We shall, there¬ 
fore, not follow a superfield approach, but on account of the requirements of the GS quan¬ 
tization of Yang-Mills fields, which is treated in the next section, we shall present a formu¬ 
lation that incorporates “antighost” as well as “ghost” fields, 
v ’ We begin by carrying out the identification 

H c := {g- l dg) a T a <-> &*=g- ] dg . (4.4) 

We shall refer to c, regarded as a field defined on the total space P of the principal bundle 
P(M,G 0 ), as a ghost field. Gauge transformations which are “infinitesimal”, namely 

+ s = dg a d a , d a =dU(g)/dg« , (4.5a) 

can be then expressed by means of the mapping 

JF+D^c , D a c ^ T> a e^ , (4.5b) 

computed at g(u) = e . The exterior differential form s in (4.5a) is called in the present 
context of Yang-Mills field theories a BRST operator. We note that D m c assumes values 
equal to those of sTf* for vectors that are tangent to P and point in co-horizontal directions, 
whereas in all vertical directions the Maurer-Cartan structural equations are satisfied. This 
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means that the external covariant derivative of the Maurer-Cartan form has to vanish, so! 
that, in accordance with (3.10), we have 


sc + |[c,c] = 0 , 


s 2 = 0 , 


where the second equation merely indicates the fact that repeated external differentiation of 
any forms always produces a null result, so that the BRST operator s is nilpotent. 

As we mentioned previously, the family <T(P,L) of all Koszul connections (i;e.-, th|| 
set of covariant differentiation operators acting on the 'P'-valued matter fields) is an infinite-f 
dimensional manifold diffeomorphic to the family C( P) of all Ehresmann connections! 
(i.e., the set of all connection forms) on P(M,G 0 ). Since the elements of the gauge group | 
Q( P) map the latter set onto itself, in accordance with (2.12) the elements of LtP.'P) 
naturally into equivalence classes - which we shall call gauge orbits within CXP.'PO. Thus^ 
these gauge orbits are the elements of the family f il l l 

C£V> = COP, V)!$P) , 

of left cosets of C(P,V) modulo ^(P). 

The introduction of “antighost” fields occurs naturally in Yang-Mills theories when; 
gauge fixing is considered. A gauge-fixing procedure [IQ] amounts to a choice of a unique’; 
representative from each such equivalence class. One way of achieving that in the theory of .” 
Yang-Mills fields is to introduce an auxiliary scalar field b that indexes the gauge or 
and to specify the values of additional parameters for choosing a representative JT° in 
gauge orbit, so that we obtain a map (pc such that 
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AJF+sJF+sjr, s=dy$ a , d a = dUQ)jdy , (4.9£) 

which incorporates an infinitesimal” gauge fixing field b , so that it can be expressed by 
means of the mapping 


JT+D m c +D“c 


sc -b . 


(4.9b) 


TT^We shall refer to c , regarded as a field on a second copy P of the total space of the princi¬ 
pal bundle P(M,G 0 ), as an antighost field, and to s in (4.9a) as an anti-BRST operator. 

1 y Let us use a section s of P(M,E7) to pull back to M, so as to obtain a Yang-Mills 
gauge field s^ m , as in (1.1). Then, after some series of “infinitesimal” gauge transforma- 
Iggions, given as in (4.9a), are integrated over a finite “stretch” in the gauge group, the out- 
| come is in general the following Yang-Mills gauge potential 

Mx,£,£) = +c(x,#,]j) + c{x,#,£) , xe M* cM , (4.10a) 

c(x,£,£) = C a (x,£,£)d£ n , c{x,£,g) = C a (x, £,]j)d£ a , £,£ € £(P). (4.10b) 

On the other hand, each element^ of the gauge group, given by the map in (2.3), can be 
I identified with a section of the trivial principal bundle Px G 0 . Hence, the gauge potential in 
jj (4.10a) can be viewed as giving rise to a covariant differentiation operator 


V = d+s + s + A , 


d= dx !L d„ 


(4.11) 


CpC-.CgW C( P,^), 


7Uc°(pC = fa. 


(4-: 


1 a tnpty fibrated vector bundle with typical fibre V, which is associated to a triply- 
fibrated principal bundle with P, = P, P 2 = P x G ti and P, = (P x G 0 ) x G 0 in (9.4.18). 


with jtc denoting the natural projection of C(P,T / ) onto Cq{ ( V), and Icthe identity map e 
Cg( ( lfi. If this procedure is meant to produce a continuous map <p c for the family of Ya 
Mills gauge potentials which give rise to finite action integrals, then the existence of su< 
gauge fixing is precluded by a “no-go” theorem of Singer (1978). This theorem confir 
the existence of Gribov (1978) “ambiguities” in SU(iV) Yang-Mills theories 11 , and its 1 
conclusion is that if for such theories C( P,^ is considered to supply the total spa 
principal bundle having Cg( 1/) as base space and <j(P) as structure group, or if a 
modification 12 is considered, then such principal bundles do not possess global sec 
i.e., they are not trivial. 

Such problems are dealt with in the conventional theory of Yang-Mills fields 
restricting attention to suitable subfamilies of C( P), that give rise to gauge potentials 
satisfy the Lorenz gauge condition, and to positive Faddeev-Popov operators (Zwahz 
1989). However, within a sufficiently small neighborhood of the unit element of the, 
group £?(P)the Gribov ambiguity does not occur. Hence, we can add to the “infinit 
gauge transformation in 4.5a) another term, to obtain the gauge transformation 


On account of (4.6), and of their counterparts for the antighost fields, we have 


JM SC = “iM > SC =-|[c,c] , 
s 2 = ss + ss = s 2 = 0 , 


(4.12a) 

(4.12b) 


Jiere the second equality in (4.12b) follows from the fact that s + s has to be also nilpo- 
Jit, since it is a one-form. Furthermore, the Maurer-Cartan equations on G 0 x G 0 imply 
pat in addition to (4.12b) we must also have 


sc + sc = ~[c,c] . 


(4.12c) 


pe fact that D a c assumes values equal to those of sfl° for vectors that are tangent to P 
Hf point in ©-horizontal directions, implies that 


sA fl =D^c , 


sA^ = D^c 


(4.12d) 
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where the second set of equations in (4.12d) follows from the “antighost” counterpart o- 
this observation. Finally, the second equation in (4.9b), taken in conjunction with t:-« I 
equation in (4.12), implies that 


sc =b , sc = -[c,c]~6 , 
sb = 0 , sb = ~[c,6] . 


(4.13a); 
(4.13b! 


s&ga 

'Hie set of equations in (4.12) and (4.13) constitutes the basis of the geometric treat^ 
ment of Faddeev-Popov fields and BRST transformations for classical Yang-Mills fields in|i 
some of the physics literature on this subject (Baulieu and Thierry-Mieg, 1982; BauUeIlf 
1985; Baulieu and Singer, 1988, 1991). When such fields act as external fields on matter ^ 
fields representing wave functions of quantum particles, then the following subsidiary : fi 
conditions are imposed in order for the matter fields to be “physical” (Baulieu, 1985): -■«§ 


(s + c) = 0 


(s+c)'F = 0 


In view of (4.11), we see that in geometric terms these conditions amount to requiring that 
matter fields represented by generalized Higgs fields should have vanishing covariarif! 
derivatives in vertical directions. 


*10.5. Lorenz and Transverse Gauges in Typical Weyl-Klein Fibres Wtj 

The GS method of quantization exhibits additional new features when contrasted with the i 
conventional methods of quantizing Yang-Mills theories - cf. [IQ], (Kugo and Ojinrij 
1979), (Faddeev and Slavnov, 1980), (Popov, 1983), (Gitman and Tyutin, 1990), (Nak-i 
anishi and Ojima, 1990). Indeed, in addition to being readily applicable to the generic -! 
situation of a curved spacetime M, and involving the fundamental spacetime form factorin': 
(9.2.14), which contains the fundamental length so that no quantum field singularities! 
are bound to occur, the GS method also affords the possibility 13 of working within cachfi 
quantum fibre with Abelian internal gauges, which can be then consistently integrated intoJ§ 
the external non-Abelian gauges that characterize Yang-Mills fields. 

This can be achieved by adapting to the quantum regime a procedure of Deser(1970||l 
whereby in the classical regime one starts by replacing (1.11) with the first-order acti^ §» 

S„(A,F) = - <U„). -\F^. F^]d'x , (l|j 

in the Minkowski space M. By the independent variation of the gauge potential and fiel||| 
strength components one then arrives at the field equations -j§m 


w; v =o 


F*=dA°-d v A a u , a = l, 


which are identical with the ones in (9.1.1) for each value assumed by the index a. 
of equations is invariant under the Maxwell gauge transformations 


h;- YanZ-Mills Fields __ 325 

A;(x) h* A'«(x)=AZ(x) + d fi X a (x) , a = l,...,n . (5 . 3) 

To produce SU(iV)-gauge invariance, the action in (5.1) is augmented by the addition of a 

self-coupling term 

. (s.4.) 

based on the conserved current 

] v (x) = [^, v (x), A^(x)] . ( 5>4b ) 


This leads to the field equations 




— \A V — d v Ap , 


i which are identical to the Yang-Mills equations in (1.9). 

g;. We shall reinterpret this procedure in the GS framework, by treating the Maxwell 
transformations in (5.3) as internal gauge transformations, which involve only the gauge 
ll^apables q and v, and those based on the remaining degrees of freedom in the structure 
I **<> as ext ernal gauge transformations, involving the base variable *, and pertaining 
10 a GS propagation that gives rise to self-interactions. 

IP starI considering, as in Sec. 9.1, the space of solutions of the equations 14 

K = 0 , v = 0,12,3 , a = l,...,n , (5.6) 

ii; for which the following sesquilinear form, 

Ijp = >IULJ: (X) * hh Md ' lx > (5.7) 

is weU-dcfined and non-negative definite, so that it gives rise to a 7-inner product. Hence, 
pip completion of the resulting pre-Hilbert space with respect to the norm defined by this J- 

| SwSng rclatSfct^ral 0 * SpaCe ’ Wh ° Se inde ^ nite inner P roduct is provided by the 
(/|r) = -ij x 0 =o if v f£(x) • f’ v (x) d 3 x . (5.8) 

The transition to the momentum representation is effected as in Sec. 9.1 by setting 
uffPti = 2^ 0 (2^)~ 3/2 £ 0 ^exp (ik ■ x) fax) d 3 x , ( 5 . 9 ) 


(5.9) 









so that we obtain the new Krein space ‘ ^ 

W = wt © WJ, WJ = {/ € w|/ 0 = 0} , Wj = {/ 6 w|/ A = 0, A = 1,2,3}, (5.10) 

which carries the following indefinite inner product and /-inner product, respectively, .|S' 

, mlgl 

' 1 ' v o 

(If). = Z^oJy. /> * £») *?.(*) . '^ = P J- Pj ■ (5.12) 


(5.12) 


In this space the transformations 


U(a,A) : f^k) i-> f^k) =exp(ia k)A lx v f v (A l k) , fe W . (5.13) _ 

provide a pseudo-unitary (reducible) representation of the orthochronous Poincare group. 

Let us now introduce a gauge-fixing field, b , whose components b a behave as scalar 
fields under Poincare transformations, and let us consider the (in general affine) subspaces |j|| |- 

W(5) = {/eW|^/*«0 = i(«} c W , hky.= b\k)T a , (5.14) 

corresponding to the above generalized Lorenz gauges . The Lorenz gauge itself is obvif 
ously obtained when this gauge-fixing field is required to vanish (almost) everywhere in; 
Minkowski space. Upon introducing the polarization tetrads in (9.1.16), it can be again ! 


established that the Lorenz space obtained by imposing the Lorenz gauge condition, can be 7 * 
decomposed as the direct sum, $i|P 

W(0) = W°©W/0) , W°r{/6 W(0)| (/(/) = 0} , (5.15c 

Wj(0) = {/ = f (a \k) c {a fk) 6 W(0)| f {0 \k) = f*Xk) = 0} , (5A5bjl 

on account of being able to express the inner products in (5.11) and (5.12) in the following : 
respective forms: ' fft 

(J\f) = -] v;n J^k)»f^\k)dQ a Qi) , /,/'eW(0) , (5.16’ 

(/If), = ZLjy* /'“’*») * I <ay (k)dO 0 (k) , hr 6 W(0) . (5.17 

We shall refer to the additional two gauge-fixing conditions in (5.15b), which together with 
the Lorenz gauge conditions totally “fix the gauge” in the sense defined in the preceding} 
section, as transverse gauge conditions. Thus, in the resulting transverse Lorenz gauge : J*| 



state vector of Yang-Mills quanta is uniquely determined, modulo the usual multiplicative 
factor. However, note should be taken of the fact that the transverse Lorenz gauge 
conditions are not left invariant by Lorentz boosts. On the other hand, it can be established 
in the same manner as in Sec. 9.1 that the restriction of the representation in (5.13) to the 
Lorenz space obtained by imposing the Lorenz gauge condition is, modulo “pure” gauge 
modes as in (9.1.15), the direct sum over a = \,..,n of unitary and irreducible Wigner- 
type representations of the orthochronous Poincare group for mass-0 and spin-1. 
i ^ transition to the stochastic phase space representation based on the fundamental 
quantum spacetime form factor in (5.5.5) and in (9.2.14) can be effected as in Sec. 9.2 
namely by setting 

~ Jv 0 +exp H? -k)f(k) dQ 0 (k) , C = q + Mv, qe R 4 , v e V + , (5.18) 

and using the set of Proca equations which are the counterparts of those in (5.6), to define 
the following renormalized indefinite inner products and /-inner products, respectively: 

| (f\f) = -J s rfft (0 •fJiOdZiO 

= - i b^%(0*d x fy'(0do X (q)df2(v) , (5 . 19) 

§T (Wh = ^n=ojxV0 9 fn ( 'Od£(0 = (f\Jf') . (5.20) 

We shall denote with W the Krein space based on these two inner products, and we shall 
rtfer to it as the Weyl-Klein 15 typical fibre for Yang-Mills single exciton states. 

The transformation to which (5.18) gives rise, namely 


T w : fH/eW , 


feW 


maps momentum-space wave functions into Yang-Mills exciton wave functions in a marf- 
r 1S ? seudo ' unitar y with aspect to the indefinite metrics and unitary with respect to 
® e /-metrics. The same pseudo-unitarity and /-unitarity features are displayed by the 
respective restrictions of this transformation to the subspaces in (5.14), which therefore 
give rise to maps onto the typical subfibres 


W(6)- j/ eW| d^f^iq^) =b{q,v) J c W 


= d/dcfi 


Responding to all the various generalized Lorenz gauges. In particular, the restriction to 
the Lorenz space in (5.15a) gives rise to the Weyl-Lorenz typical fibre W(0), which can be 
Viewed as a subfibre of the Weyl-Klein fibre W. 

K Let us introduce the polarization coframes {d«\k)\ a = 0,1,2,3}, defined in relation 
§ a global Lorentz coframe = 0,1,2,3} by 

| £ <O) (*) = 0\ = W%y = W 2 >«0 = 0, (5.23a) 




so that they are the duals of the polarization tetrads attached in Sec. 9.1 to a global Lorent? 
frame u , 

e'“M k) e^k) = 8 * 1 , , teT, a,/? = 0.....3 . (5.2: 

Then the Weyl-Klein quantum frames 

0^0 = J v; exp[«f-f) *]e"‘(A)««*,(*) , M'e R‘ x V* , (5.; 

supply continuous resolutions of the identity in the Weyl-Klein typical fibre W, 

/- 'CJi&orKQQ?, / < “ > “(o=(«>“i r)°,, fe w , ( J1 

''-'‘HsI 

provided that for each a = 1 ,..,n we use in (5.25) the /-inner product in (9.2.18b). 

Of course, the above continuous resolution is not Poincare covariant, since it depends 
intrinsically on the adopted/-inner product, so that it is not left invariant by Lorentz boostsj 
Furthermore, in view of the fact that 

(/If) = - Jj. Vap f W (0 • f’^\0d£(0 , f.fe W, (5.26; 

= , f,r* W. (5.1 

it is immediately seen that, if we restrict ourselves to the Weyl-Lorenz fibre W(0), u 
indefinite-metric counterpart of (5.25) has the form ':\M 

PjW = -^dUofao ®?, (o = r)°, r ® w«», <5|g 

where Pj(0) denotes the /-onhogonal projector onto the subspacc 

W,(0) = {/■ s W(0)|/' lo, (f) = /®(0 = ()} , (5* 

which obviously corresponds to the transverse Lorenz gauge. 

For a given fundamental symmetry J in the Weyl-Klein typical fibre W w 
decompose the Weyl-Lorcnz typical fibre W(0) into the/-direct sum of the subfibre Wj(0 
in (5.29) consisting of all state vectors displaying only transverse polarization modes, 
the space W°of null state vectors. Hence, upon introducing in the latter space a /-ort.. 
normal basis {gugi,...}, we can express any clement of W(0) as follows: 


°)©W\ y l ,y 2 ,...eC l , ~ <?%A^) = o, v = <>,1,2,3 , 
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On the other hand, an arbitrary dement of the Weyl-Klein typical fibre W can be expressed 

f “ W r,T P ° n t m Wi,Wn W(0X WhCTCaS "* se “ Ild is * representative 

clement h of W that obeys the generaltzcd Lorenz subsidiary condition in (5 22) For 

example, a unique choice of such a representative h can be arrived at by requiring that all 

f' "T 5 c ° m P° nen ' s vanish - Upon introducing a /onhonormal basis 

i A ' lemems Of me w t S ?f C ° f 3 representatives, we reach the conclusion that all 
the elements of the Weyl-Klein typical fibre W arc represented by (cf. Sec. 11.8) 

gf , g = j;; M eW» , (5.31a) 

lljl' eW ./» z lt z 2t ... eC 1 , Z7=J 2 ri 2< °°’ (5.31b) 

as /vanes over all those elements of the Weyl-Klein typical fibre W that obey the 

C ° ndltlon 111 a 8 iobal Lorentz frame u compatible with J, whereas the 

1 C0 5fS f ul: r " h a 5°Y c ex P ansi0 °s vary over all possible complex values for which the 
|| sums of their squared absolute values remain finite. 

To understand the physical significance of the Weyl-Klein typical fibre and its ele- 
1 SL“ P r ^ ° fDirac, s (I958 ' 1964 > Hamiltonian framework for systems 
Iratedb T(WFa \“ fi 0081 ! 6 ? SGt ° canonical con straintequations, symbolically repre- 
Iflf J ^ ’. u o? ’ a ~ ~ e -S-y PQ3 or (Faddeev and Slavnov, 1980) 

p| accordance with (1.9), their explicit form is given in the present context by: 

) := ^ s -^°(<?,n) + [A s (q',t;),iJ; 0 (g,n)] = 0 , s = 1,2,3 . (5.32) 

■ Let us consider now a set of internal gauge conditions %°(A) = 0, such as the following, 
jjjg X a {A) = d s A a s {q,v) = 0 , a = \,...,n , (5 . 33) 

FTdd h p pv C ?nH°^ b gaUg ^non° o thC P ° int ° f View of the Hamiltonian formalism (cf., e.g., 
Faddeev and Slavnov, 1980, Sec. 3.2), it is the set 8 ’ 

Jj|, {«>A“) | s = 1,2,3, a = 1.n } (5 34) 

Jgt constitutes the canonical variables of the system. Upon setting 

^ ^AfM^riAixiM , a = 1. n , ( 5 . 3 5) 

"mulStocSH 3 83Uge I nSe 0f fixing at aI1 eR1 the vaIues of Lagrange 
uitiphers coliectively represented by A, once their values at = 0 are given This is due 

to the fact that, m accordance with (5.6), (5.9) and (5.18), 


(5.36) 




Since the constraints in (5.32) determine the corresponding canonical F-modes, the pos-| 
sibility of transition to a “true” Hamiltonian system (i.e., one in which only independent! 
modes occur, such as the linear polarization modes in (5.15b)) is then dependent on a non¬ 
zero value for the Dirac (1964) determinant detMc, which regulates the transition to these? 
gauges, such as those in (5.31). In terms of Poisson brackets, this determinant is given by?! 

vrcaH 

Mg 6 (F, A) = {cp“(F,A ),% b (A)} . (5.37) j 

As is well-known [IQ], it is the values of the above Dirac determinant that the Faddeev- S 
Popov (1967) ghost fields are meant to reproduce by means of the Berezin (1964) method! 
of integration over Grassmannian “ghost” degrees of freedom. di|§|| 


*10.6. Geometro-Stochastic Quantization of Yang-Mills Fields 

For a Weyl-Klein typical fibre W of non-Abelian gauge exciton states, constructed as in flip 
preceding section, the GS quantization of a Yang-Mills theory, corresponding to a principal 
bundle P(M,Go) over a Lorentzian manifold M, is arrived at by combining the geometric? 
techniques for the gauge group described earlier in this chapter, with the various^ 

techniques introduced in the preceding three chapters. Consequently, we shall present if! 
this section only the most salient points in the construction of a GS Yang-Mills quantum | 
field theory, reserving a fuller presentation of some of the technical details for the case of! 
quantum gravity, with which such theories have many points in common 16 . 

As in Chapter 9, we shall first single out the fundamental symmetry J 0 corresponding j 
to the canonical basis u 0 in R 4 , and then rewrite the decomposition in (5.31) in the form J 

_ _ _ 

f©g®h e W p © W° © W , W p := W 7n (0), W:= W, . Mg 

We can then introduce the typical Yang-Mills fibre 


t^=^ p ® , ^ P =© B=0 <> y=@ n=0 %, 

\ A s J 0 Jo J 0 

_ _ _ 

~ W p <8>- ■ ■ <S> W p , %=W°®---®W\ %=W®---®W , (6.2b)| 

n S S - Jn A A n A A ^ 

by means of which we can construct a triply-fibrated quantum Yang-Mills bundle \ 


J2 It, 


0 *o(*o) 


E 2 = P 2 x G W , E lS PjX G W , E 0 = P(M,G ? )x G r 74L , (6.3b 

• - " 

\ A J a a 

associated to the triply-fibrated principal bundle (cf. Sec. 9.4) 



Yang-Mills Fields 


| P 0 =P f M = P(M,G t ) , G ? = ISO\3,1) , 

Pi = PoxG lf Gj = G 0 , P 2 = P t xG 2 , G 2 = G 0 - 


We shall refer to ‘W as the standard physical Yang-Mills subfibre , and we shall call J 
and J the standard Faddeev-Popov antighost and ghost subfibres , respectively. The use 
of tlie algebraic direct sum in (6.3c) for the construction of the core Yang-Mills bundles that 
occur in (6.3a) (as opposed to the use of Hilbert direct sum in (6.2a) for building the 
enveloping Yang-Mills bundles in (6.3b)), is required in order to deal with the problem of 
non-invariance of the typical fibres of the latter bundles under the representation 


U 0 (a,A) = ©~ U(a,Af 

T 71=0 

Jo 


(a,A) e ISO t (3,1) , 


jp U(a,A) : fp(q,v) i-» f^(q,v) = A ll v f v (A- l (q-a),A~ l v) , fe W, (6.5b) 

of the orthochronous Poincare group - whose single-exciton component U is derived from 
(5.13), (5.18) and (5.21). On the other hand, all the typical fibres of the enveloping as well 
as of the core bundles are left invariant by the representation 


u v(S) = ©".U Y (ff)®“ , 
Jo 


5eGo 


|f the Yang-Mills structure group G 0 - where the action of the operators U Y (g) on the ele¬ 
ments of the Weyl-Klein typical fibre is that inherited from the corresponding action of the 
Operators U(g), g e G 0 , introduced in (1.5). 

g... Let us consider now a principal frame bundle P(M,G) whose elements consist of 
Poincare frames (a,e t ) that belong to P r M, as well as of Yang-Mills frames u that belong to 
a principal frame bundle which is isomophic to P(M,G 0 ), so that 

; P(M,G) z? P t M , P(M,G)dP(M,G 0 ), G = G 0 x ISO t (3, 1) . (6.7) 

For a given choice of cross-section s 0 of P’M, and for a preferred set of local sections s« 
m P(M,G°), we can identify, in accordance with (2.19), P in (6.7) with Pj in (6.4). In 

be ldentified with lhe section Pj x {e} of P 2 . Thus, we can regard the core 
braidle Ej in (6.3) as being associated to P(M,G). 

>7 The generalized soldering maps for the Yang-Mills fibres of this core quantum bundle 
are given by 

f ^ 'Fe'toL , Y , u = (u,a,e i )en- I (x)czV. (6.8) 

pn the other hand, the generalized soldering maps of the core bundle E 2 can be immediately 
extended into those for its enveloping bundle, which are then given by 
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a 3 : H' \-> H' e W , I'e'M/cEj, ueP, jj e £(P(M,G 0 )) , 

so that they assign to local states e T'Uim.nju of & Yang-Mills excitons, m 

deev-Popov “ghosts” and n “antighosts” the coordinate wave functions y l J h-, m ,n,u e 

°i : n (Ci. *!>•••» Ck>ik>Ck +!>••■> Cfc+m > Cfe+m+1” • > Cfc+m+n) 

^A;m,»(Cx»^i»***>CA»^i>CA+i>**'»C*+m>CA+m+l**‘»CA:+nt+n) » 

£ r =(a+ gj.e i ,vj.e i ) e T X M x V/ , r = l,...,k+m+n , x = IJ(u ) . 

We can now define the Yang-Mills quantum frame fields by 

A i (x;C) = A^\x;0 + A { r\x;0 , A?(x;Q = A^foC) * 

where the action of the Yang-Mills exciton annihilation operator is given by 


for states with k Yang-Mills excitons, regardless of the number of “ghosts” or 
in them. Similarly, the Faddeev-Popov quantum frame and coframe fields are given 

C(*;f) = C w (*;0+C ( ->(*;0 , C w (*;0 = C < - >t (*;f) , 

C(x-,0 = C M (x-,0+C ( -\x-0 , C M (x;0 = -C M Hx;0 , 
where, for example, the action of the “ghost” annihilation operator is as follows: 

(C ( ^ (*;0 ¥ *;»^) m _ 1 (Cl.ll.-.C*.4;C**l»-»C*+m-l.-»C*+m+ii) 

The Yang-Mills quantum frame operators give rise to Yang-Mills quantum 

<P / . = exp[-|(/'|r)-J/-(f)*A w (u;0d«f)] n ; „ . feW„ , 
f*g:=f i 'g i = T a ,yf?Sj , 

in the physical Yang-Mills subfibre of each Tt4 • All the considerations earned 
9.3 for the Gupta-Bleuler frames apply equally well to the present Yang-Mills 
which therefore give rise to continuous resolutions of the identity in those physical 
In order to use the Faddeev-Popov quantum frame and coframe fields in a 
manner, we have to extend the Faddeev-Popov ghost and antighost subfibres into 
Faddeev-Popov superfibres, by using the method of Sec. 8.3, and then set, as in 




\®t) = ex p(~ \\%(C,0)*d k %(if,0)do\q)dS;2{vf} exp(C (+) (w;|))| , (6.16a) 

{<%| = {‘*o| exp(c$)) exp(- \ J£ (£, 6)*d k f (£, 0)do k (q)dQ(v )) .(6.16b) 

In fact, the presence of a graded algebra structure, of the type studied in Sec. 10.3, makes 
the formulation of such an extension very natural. The resulting Berezin integrals then 
supply the required continuous resolutions of the identity in the Faddeev-Popov subfibres 
in a manner totally analogous to that in (8.3.17). 

Let (0 g C(P) be a connection form on P(M,G), in which the extension of the Lcvi- 
Civita connection to the Poincare frame bundle P 0 is combined with a classical Yang-Mills 
connection. We can then define, for any section s of P(M,G), the following operator for 
covariant differentiation on the triply-fibrated associated bundle in (6.3), 

§|£'F = d+S + 5 + A, d = 8 = d/d/d# b , 8 = dg h dj dg b . (6.17) 

Its gauge potential A incorporates the infinitesimal generators of the representation U, that 
corresponds to the direct product of the representations in (6.5a) and (6.6), so that 

ftl; Mx,#,g) = A fl (x, 4 fj,£)dx fi +C(x, #,£) + C(x,#,]j) , reM'cM, (6.18a) 
C{x,g,]j) = C b (.x,£,]j)d£ b , C(x, t g,]j) = C b (x,£,]j)d£ b , $,]j g £(P), (6.18b) 

satisfy the following counterparts 18 of (4.12) and (4.13): 


8A U = V C , 


8A F = VpC , 


£C = -f[C,C] , 5C=~|[C,C] , 

5 2 = 55 + 55 = 5 2 = 5C+5C+[c,c] = 0 , 

8C=B , SB = 5B+[C,B] = <5C+[C,C] + .B = 0 . 


(6.19a) 

(6.19b) 

(6.19c) 

(6.19d) 


We note that in (6.17) and (6.18) the index b incorporates the Poincare as well as the Yang- 
Mills gauge degrees of freedom, so that the parallel transport determined by (6.17) can be 
carried out in all directions within the bundle P(M,G), which serves as base manifold to 
and to its envelope. 

On the other hand, the parallel transport that would give rise to GS propagation, in 
accordance with the general principles expounded in the preceding six chapters, has to be 
carried out under subsidiary conditions incorporating those of the Kugo-Ojimu (1979) type 
-which, in the non-Abelian case, replace the Gupta-Bleuler type of subsidiary conditions 
jn (9.3.18). These subsidiary conditions 19 are usually formulated (Kugo and Ojima, 1979) 
Hi terms of BRST generators and Faddeev-Popov “ghost charge” operators, and require 
that physical states should lie in the kernels of these operators. The geometric meaning of 
these conditions is, however, quite straightforward. Thus, in the present context, the sub- 
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sidiary condition that under physical parallel transport the local state vectors should 
within the kernels of the BRST generators and of the anti-BRST generators (t.e., that 
operators representing those generators should map them into zero vectors), si 
amounts to the counterparts of (4.14), namely to the stipulation that 20 

(S+C)«F = 0 , (S + C)*F = 0 . 

In other word, physical parallel transport should not be carried out along vertical directions 
within the principal bundle P(M,G), which serves as base manifold to the quantum bundle 
E, and its envelope. Rather, GS propagation should proceed only along physical paths, 
within P(M,G), which, as in Sec. 9.4, are the horizontal lifts of the physical paths in t|f 
base Lorentzian manifold M of E 0 . _ fr llL 

The additional subsidiary condition that physical states should also lie in the kernel of 
the Faddeev-Popov “ghost charge” operator is optional, since it is meant to merely reducejH 
the “size” of the physical sector (Kugo and Ojima, 1979, p. 20). In the present GS context^ 
it amounts to requiring that the number of “ghosts” and “antighosts” be kept constant under| 

the physical parallel transport that gives rise to GS propagation. _ _ '411 

Given all these basic facts, the detailed formulation of GS propagation within Yangg^ 
Mills quantum bundles can be carried out as in the preceding chapters, by simply taking^ 
into account the above additional features. Consequently, we shall not spell out the details, 
especially since these features are also present in the quantum gravity case, treated in detail 
in the next chapter (cf. especially Secs. 11.7 to 11.10). 

It is, however, of interest to note that the present approach to the theory of Yan|| 
Mills fields is nonperturbative. Hence, like all the other GS reformulations of conventional 
relativistic quantum field theories treated in this monograph, it does not require any of t|?|, 
tools of conventional renormalization theory. This means that it does not necessitate th||||| 
hoc introduction of Higgs bosons, which give rise to some serious epistemological as well., 
as observational difficulties - cf. Note 10, as well as the discussion of the cosmologicfg 
constant problem in Secs. 11.12 and 12.3. 


Notes to Chapter 10 


■m 

Hr 


1 The original 1918 article by Weyl was reprinted in the original 1923 edition of The Princi $emigim 
Relativity (cf. Einstein, 1916), which was reissued by Dover Publications in 1952. This pioneering"^ 
formulation of a gauge theory is reported also in various editions of Weyl (1923). 

2 As pointed out in Note 30 to Chapter 2, the term gauge group is used in the literature in two different ^ 
senses: as synonymous to the term “structure group” G of a principal bundle P(M,G) (in which.^^ffl 
this monograph we either set it between quotation marks, or talk of a gauge group of the first kind), amf 
in the sense defined in Sec. 10.2, namely as the group Q{ P) of all vertical automorphisms of 

which induce the identity on M . As a rule, in physical models the former group is a finite-dim en||||||| 
Lie group, whereas the latter is infinite-dimensional, so that despite their close relationship, th^t|fe 
notions of gauge group are mathematically very distinct Consequently, when they treat Yang-M§“g 
theories, some authors (cf., e.g., Daniel and Viallet, 1980) call the structure group G a “gauge 
and refer to £(P) as “the group of gauge transformations”. Others, such as Trautman (1980,1981), 
about gauge transformations of the first kind and of the second kind, respectively (cf. Sec. 11.3).,Tfe 
reader is also cautioned that due to the prevalence of l.agrangian methods in conventional P B y.^ 
literature on quantum Yang-Mills fields the term “gauge” is also related to the specification of SSjpt 


1 fixing” in Lagrangians, so that a profusion of “noncovariant gauges” has emerged during the last couple 
• of decades. A survey of the ensuing “gauge zoo” can be found in (Leibbrandt, 1987). 

3 in the generic situation of an arbitrary Lie group Go, the scalar product in (1.11a), constructed by using 
8; the trace in its Lie algebra Z.(G 0 ), has to be replaced by some other form of non-degenerate scalar prod- 
8 uc t left invariant by the adjoint map. In the case when Go is semi-simple, such a scalar product can be 
•\ /‘obtained by expanding the elements of L(G 0 ) with respect to a fixed basis, such as the one in (1.2), and 
g then using the Killing form of Go - cf. [NT], p. 256. 

;4 y/e remind the reader that this is not a misspelling of the name of Lorentz, but represents a rectification 
mof a widespread historical misconception - cf. Note 1 to Chapter 9. 

5 Actually, this interpretation is a mere conjecture, since “for a relativistic quantized field theory it has 
§§&-'; never been demonstrated that any realistic interacting system of fields has a unitary solution. While for- 
Hpllinal power series solutions have been generated that satisfy unitarity to each order of the expansion, the 
series itself cannot be shown to converge.” (Cushing, 1990, p. 177). Indeed, as we have stressed on sev- 
Iratfe eral previous occasions in this monograph (efi.e.g., Sec. 1.2), in conventional quantum field theory the 
existence of the 5-matrix has not been proved for any realistic theory of interacting quantum fields - 
Ipg - least of all for conventional QED, after which all the other quantum gauge field theories are patterned. 

8; 6 cf. Note 2. The most basic features of this idea of a gauge group are derived in [I], Sec. 3.5, whereas a 
systematic treatment can be found in Chapters 2 and 3 of [BG], which contains the detailed proofs of 
most of the results presented without proof in this and the next section. The most basic of those results 
jgjpT, can be found, however, in [KN], Ch. 2, Sec. 11. They served in such mathematically rigorous treat- 
pp; . ments of this idea as those by Atiyah et al. (1978) and by Trautman (1979, 1980). An elaboration, car- 
c ;8 ried out in the context of Yang-Mills theories, can be found in the review article by Daniel and Viallet 
|fe(1980). Further relevant results are presented in (Babelon and Viallet, 1981) and (Socolovsky, 1991). 

A detailed and mathematically rigorous study of the topological and functional analytic aspects of (?(P) 
and its gauge orbit space, treated as infinite-dimensional manifolds modeled on Hilbert spaces (cf. Note 
32 to Chapter 3), can be found in (Mitter and Viallet, 1981). In the sequel we shall concentrate, how¬ 
ever, only on those geometric features of these mathematical objects which are most essential for 
applications. 

This is the terminology adopted by most other authors [BG,I], whereby any gauge transformation of a 
? p r i nc ip a i bundle P(M,G) is called a vertical automorphism. However, in the approach of Trautman 
(1976, 1980, 1981), a gauge transformation of a principal bundle P(M,G) can also be given by an 
JUlf automorphism of P(M,G) which is not vertical, so that such "vertical” gauge transformations are called 
■ ' “pure” (cf. also Socolovsky, 1991). Trautman's terminology can be very useful when CGR is discussed 
5;|§! from the point of view of the present approach to gauge groups (cf. Sec. 11.3). 

9 A graded algebra A is a collection {A*} of modules, indexed by the integers k, for which there is an as¬ 
sociative bilinear mapping Ax A -» A (cf. [C], p. 197). A module over a ring R is an Abelian group 
together with an (external) scalar multiplication operation R x A —> A which is associative and distribu¬ 
tive (cf. 1C], p. 9) - so dial in the case where R is a field (such as the field of real or complex numbers) 
fU§ Ihen a module is actually a vector space. Indeed, a ring is defined as a set on which some addition and 
ff multiplication operations R x R —» R are defined which are associative and distributive, and in which 
Hi!', addition is Abelian, but not necessarily also multiplication. Hence, a ring is a field only when multipli- 
• ;: cation is also Abelian, when there is in addition a unit element, and when each non-zero element in R 
has an inverse (cf. [C], p. 8). In the case of a graded Lie algebra the associativity property is replaced by 
the Jacobi identity, which in the present instance of A (M,L) is given by (3.5b). 
gllpsWe follow the type of terminology used by Trautman (1980, 1981). The original conclusions of Higgs 
11 (1964), reached also by Englert and Brout (1964), pertained to massless gauge fields becoming massive 
vector fields as a result of “spontaneous symmetry breaking” - cf. [IQ], Sec. 12-5-3, [BG], Sec. 10.3 - 
and do not actually pertain to the present mathematical developments. Thus, in high-energy physics the 
; : “Higgs mechanism” is used as an ad hoc device to make the Salam-Weinberg electroweak model as well 
ii.as QCD “renormalizable” and “in agreement with observations” (Pickering, 1984). This makes these 
.{/ well-known models highly dependent on this “mechanism” (Wall, 1986) but, as one of the main con- 
>, tributors to the quantum theory of Yang-Mills fields has pointed out, “the only legitimate reason for in- 
) traducing the Higgs boson is to make the standard model mathematically consistent ... [in the sense 
fgthat it] makes the theory renormalizable” (Veltman, 1986, pp. 76 and 81). On the other hand: “The 





biggest drawback of the Higgs boson is that so far no evidence of its existence has been found. Instead, a 
fair amount of indirect evidence already suggests that this elusive particle does not exist.” {ibid., p. 76). 

11 A lucid summary of these difficulties is presented in Sec. VI of (Daniel and Viallet, 1980). 

12 The family C{T?,V) cannot supply the total space of a principal bundle with structure group <y(P) 
the center Z(G) of G is non-trivial since, by definition, Z(G) contains any element of G which com 
mutes with all elements of G , so that the adjoint action is not free (cf. Note 27 to Chapter 3). In that 
case the subfamily Co(P) of all irreducible connections (i.e., those connections whose holonomy group 
- cf. Sec. 3.8 for the definition - is equal to G) is used instead of C(P), and the quotient ^ 0 (P) 
g{ P) by the family of Z(G)-valued sections of the adjoint representation is used instead of Q{ P) 

Sec. VI of (Daniel and Viallet, 1980). The “no-go” theorem of Singer (1978), as well as the version b; ; 
Narasimhan and Ramadas (1979) independently derived for the case of G = SU(2) and M = S 3 , basicall; 
use a principal bundle with C 0 (P)as total space, and having £ 0 (P)as structure group. 

13 The first-order formalism contained in Eqs. (5.1)-(5.5) is implicit also in the conventional quantization 
of Yang-Mills fields (cf., e.g., Faddeev and Slavnov, 1980, Sec. 3.2), but due to the absence of internal 
gauge degrees of freedom, the first order approximation is deemed to be related to the asymptotic fields 
(Kugo and Ojima, 1978, 1979). However, no proof of the existence of such fields is known (cf., e.g.; 
Nakanishi and Ojima, 1990, p. 285), and the inconsistencies which the conventional quantum field the¬ 
ory encounters with other nonlinear terms makes it likely that the same inconsistencies are also hidden' : 
in conventional “perturbative” treatments of Yang-Mills quantum fields, but are simply ignored - as it 
has become the custom since the advent of conventional renormalization theory (cf. Secs. 9.6 and 12.3). •; 

14 These equations are also implicit in the conventional quantization of Yang-Mills fields, in the presumed 
asymptotic form of the quantized Yang-Mills fields - cf., e.g., (Faddeev and Slavnov, 1980), p. 78. 

15 As pointed out in the introduction to this chapter, it was not Yang and Mills (1954) who first introd 
the concept of gauge transformation and gauge invariance in physics. Rather, H. Weyl (1918,1929) 
the actual pioneer of these ideas, and O. Klein (1939) was the first one to consider a non-Abelian gau 
theory outside the realm of general relativity. Hence, although we have strived to follow conventional 
terminology as far as possible, this is one instance where we are able to accurately reflect the historical 
record, without giving rise to too much confusion. 

16 Cf., e.g., (Zardecki, 1988), and the references cited therein. However, as emphasized by Trautman (19 

1981), there are also many key distinctions between a classical Yang-Mills theory and a classical gent 
relativistic theory viewed as a gauge theory. They originate primarily from the fact that the bundles fi 
the latter case are soldered, thus admitting the notion of torsion, whereas that is not the case for Van] 
Mills theories. Naturally, these differences are inherited by their quantum counterparts, but those points^ 
whose detailed description is omitted in the present section reflect aspects which they have in commod, 
in the context of the GS formulation of quantum Yang-Mills fields in this chapter, and of quantum), 
gravity in the next chapter. The similarites between these two cases could have been further brought out 
by the use in the present Yang-Mills context of the techniques used in Secs. 11.8-11.9, instead of trip! 
Fibrated bundles. However, the use of the latter brings out in stronger relief the common points " " 
with the treatment of quantum electromagnetic fields in the preceding chapter. 

17 The anti-hermiticity assignment for the coframe fields is in accordance with the suggestion first made 

Kugo and Ojima (1978), pp. 1871 and 1873, which is imposed on account of the requirement of hav 
a (formally) pseudo-unitary S-matrix in the special relativistic regime. i 

18 Cf. Sec. 11.10, where the superficld approach to BRST symmetries developed by Bonora el al. (198 

1982a), Delbourgo and Jarvis (1982), lloyos et al. (1982), Baulieu (1984, 1985), and others, is app*— 1 
to GS quantum gravity. Note 63 to Chapter 11 explains the relationship of these two approaches. 

59 The basic properties of BRST generators Q D and Faddcev-Popov “ghost charge” operators Q t can be 
duced on general mathematical grounds (Hcnneaux, 1985, 1986; Horuzhy and Voronin, 1989; AzL- 
and Khoruzhii, 1990), but in the case of Yang-Mills theories explicit formulae have been also derived 
cf. (Kugo and Ojima, 1979), Eq. (2.20) for Q B , Eq. (2.23b) for Q c , and Eqs. (2.25) for their BRSi ‘ 
gebra (cf. also Nakanishi and Ojima, 1990). In the present GS context, the formulae for these opera 1 
can be derived in the same manner as in the quantum gravitational case studied in Secs. 11.8-11.10. ,; 

20 Cf. also Sec. 11.10. The more customary form of the first subsidiary condition in (6.20) would be 
= 0, as originally stated by Curci and Ferrari (1976c), as well as by Kugo and Ojima (1978a, 1979).,; 
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the decision as to what is observable in a physical theory affects in a most fundamental 
manner its interpretation, and even the future course of its structural development. Hence, 
< some recent studies (Howard and Stachel, 1989) of the development by Einstein of classi¬ 
ng cal general relativity (CGR) during the 1907-1915 period have devoted particular attention 
v to the question as to what are the quantities that are “observable” in CGR. These studies 
point to a fundamental feature of CGR, that underlies its principle of equivalence (Norton, 
1989), and which eventually led Einstein to adopting in CGR the principle of general co- 
variance, despite some temporary reservations that stemmed from his well-known “hole” 
{jj argument 1 . This fundamental general covariance feature of CGR reflects the fact that the 
only fundamental observable entities in CGR are spacetime coincidences (Norton, 1987), 
jjjwhich are represented by the points of a Lorentzian manifold. In Einstein's own words: 
' “All our space-time verifications invariably amount to a determination of space-time coinci¬ 
dences. If, for example, events consisted merely in the motion of material points, then ul¬ 
timately nothing would be observable but the meetings of two or more of these points .” 
(Einstein, 1916, 1952, p. 117) - emphasis added. 

: j The individuation of the spacetime points in CGR is, however, guaranteed not by the 
manifold structure itself, but rather by the presence of a metric tensor field, reflecting the 
presence of gravity. The presence of matter is represented in CGR by various tensor fields, 
which are ultimately incorporated into the stress-energy tensor field. In developing a frame- 
gork for quantum general relativity (QGR), the GS strategy is not to alter the above inter- 
pretational basis of CGR in any basic manner, but rather to find its extrapolation to the 
quantum regime, by combining basic quantum principles with the original “positivistic” 
epistemology of Einstein (cf. Sec. 12.1). It is on account of such a basic strategy that the 
questions concerning the adaptation of the equivalence principle to the quantum regime, re¬ 
formulated in the light of previous studies and results on quantum localizability (cf. Chapter 
3), have supplied the central theme of this monograph. 

§ft In the most recent reviews of quantum gravity (Alvarez, 1989; Ashtekar, 1990) it is 
acknowledged that there is as yet no successful and generally accepted framework for this 
(liscipline, despite the multitude of schemes for quantizing gravity that have been proposed 
since the 1960s - as reviewed, for example, by Isham (1975, 1987). These schemes ex¬ 
hibit a remarkable variety of formally distinctive features 2 , but epistemologically they all 
one crucial feature: the problem of quantizing gravity is approached on purely formal 
guilds, as if it were a problem of mere mathematical (and at that largely algorithmic) 
:pchnique which, once resolved, would automatically provide the solution to the plethora of 
pindational problems encountered by QGR at the measurement-theoretical as well as at the 
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mathematically rigorous level. Thus, according to some of the prevailing <conventional wis| 
dom, “we all know that quantum gravity has to be formulated m the Euclidean don^^ 
There, it is no problem: it is just a question of plumbing, (gawking, 1988, p. 904). -M 
From a foundational perspective, however, the basic issues are not quite that simple,! 
As can be seen from Chapters 1, 3 and 12, the origins of some of die foundational prob¬ 
lems encountered in QGR run deep, as they can be traced to the special relativistic quantum, 
regime, and even beyond that, to the quantum theory of measurement in generaj.;f 
Consequently, the GS approach considers the formulation of a quantum theory of gravity 
as being as much a problem of formulating a consistent quantum theory of measurement, as- 
of developing a suitable mathematical formalism that faithfully incorporates such a theory| 
In view of that, the geometro-stochastic quantum gravity (GSQG) presented in this chapg| 
is unrelated to currently fashionable studies of “wormholes” and baby universes ,andat^ 
best marginally related to the “loop representations (Rovelli and Smolin, 1988, Rovelly,j 
1991) which have emerged from the recent discoveries of new variables in canonical gravjl 
ity (Ashtekar, 1987, 1988, 1991) 3 . Indeed, instead of searching for mathematically exotic| 
formulations of long-standing physical problems in quantum gravity*, the GS approach to;, 
quantum gravity attempts to reflect quantum reality in a physically cogent and operanon|g| 
meaningful manner, which draws its inspiration directly from Einstein s epistemology^ 
presented in his key writings. In this spirit, the basic GS epistemology requires that, in dig 
development of a framework which is best suited to the quantization of gravity, foragP 
tional problems should be resolved concurrently with the creation and the forging ® 
mathematical techniques most appropriate for this task. In otiier words, the thesis underly¬ 
ing GSQG is that sound epistemology has to go hand-in-hand with sound mathematics, if® 
consistent unification of general relativity and quantum theory is lo be . .jff 

The epistemological weaknesses of the conventional mode of thinking about thesejgj 
sues are well illustrated by the various treatments of the oldest scheme for quantizing grav- , 
ity, namely of the canonical scheme, that have culminated in the current debate onth^ 
meaning of “time” in quantum gravity 5 . Since the basic ideas of this scheme are 
essential to an understanding of many fundamental issues in the quantization of gravttgj 
they will be the first to be reviewed in Sec. 11.1. We shall then discuss m Sec. lE||||f 
more recent developments in quantum gravity, presenting the points ° f 
fashionable contemporary schools of thought on this subject, as well as of the ^ Jgj 
fashionable point of view that gravity need not be quantized in the first place, 
eluding that, on primarily foundational grounds, gravity has to be quantized, we e ^|M 
Sec. 11.3 the presentation of the basic principles of quantum geometry, begun m SegyJi 
to the case of quantum gravity. In Sec. 11.4 we discuss the question of what 
“observables” of general relativity. After finding that many of the recent 
important issue are based on formal rather than on foundational criteria, so that theyrepre. 
sent an unwarranted departure from Einstein’s epistemology on these issues in C , 
present a GS conceptualization of what is observable in QGR, that is meant to repi^gg| 
adaptation to the quantum regime of the essence of Einsteins epistemotogy. In 
mathematically implement that conceptual adaptation, we reformulate in Sec. 5 the m||gj 
quantum geometry of would-be graviton fibres in a self-contained manner - namely « 
out any appeal to a metric or affine structure of a base spacetime manifold as it 
case in Chapters 5 to 10. The outcome is a pregeometry for quantum spacetime, nrw ... 
quantum gravitational fibres with a Poincare internal 

principle bundle GAS of general affine frames over a manifold S, which supplies a |gjj 


pP-ggrnent (cf. Sec. 11.1) in a would-be base Lorentzian manifold. Metric structures that give 
K rise to vierbein fields are introduced in Sec. 11.6, and the corresponding quantum pregeo- 
IRmetry fibres are soldered to S by means of soldering forms provided by those fields. 
iBStoternal gauge transformations, related to infinitesimal coordinate changes in small neigh- 
B horhoods of each point in S , are introduced and analyzed in Sec. 11.7. Graviton polariza- 
Tfeon frames related to the TT gauge and to null polarization tetrads are presented in Sec. 

SJll.8- In Sec 11.9 they serve in the formulation of a quantum gravitational gauge group 
1§. w h{ c h incorporates Poincare degrees of freedom as well as segmental diffeomorphisms, 
.and gives rise to geometrized versions of Faddeev-Popov fields. Thus, a corresponding 

- quan tum gravitational bundle a GSQG connection can be formulated, which is covariant 
with respect to both the external Poincare gauge group, as well as to diffeomorphism- 
related gauges. The parallel transport and propagation of quantum gravitational states is 

^llthen formulated in Sec. 11.10 by means of such frames. In Sec. 11.11 we discuss the geo- 
jjmetro-stochastic dynamics of the mutual interaction between the Lorentzian geometries of 
f thegeometro-stochastically emerging base manifold and the quantum states of the gravita- 
Rltibhal field. Finally, in Sec. 11.12 we compare the resulting geometro-stochastic concept 
jjfof quantum spacetime with some of the other recently advocated approaches to quantum 
gravity and cosmology. In particular, we discuss the issue of a GS counterpart of the 
|§i“wave function of the universe”, introduced by Hartle and Hawking (1983). 

Sm§* 

miit Canonical Gravity and the Initial-Value Problem in CGR 

The oldest approach to the quantization of gravity is based on the canonical formulation of 
CGR. Like so many other schemes and ideas that are currently in vogue, this one was ini- 
Hfiated by Dirac (1948,1949). However, after subsequently pioneering related research into 
Hamiltonian dynamics with constraints, Dirac did not further pursue the canonical quantiza- 
Ip tion of gravity, since he eventually reached the following conclusion: “There does not exist 
If any general method for handling [in canonical quantum gravity] quadratic quantities in the 
. 5-function, free from inconsistencies.... The problem of the quantization of the gravita- 
l^iibrial field is thus left in a rather uncertain state. If one accepts Schwinger's plausible [but 
nonrigorous] methods, the problem is solved. But one cannot be happy with such methods 
; without having a reliable procedure for handling quadratic expressions in the 5-function.” 

- , (Dirac, 1968, p. 543). And indeed, recent work by Goroff and Sagnotti (1986), that deals 
with two-loop formal perturbative expansions in pure quantum gravity treated as a gauge 

■ {.theory of the Lorentz group, confirmed the impossibility of arriving at even formally 
Ifpnormalizable expressions in quantum gravity. 

' On the other hand, Dirac's (1950, 1958, 1959) pioneering work on Hamiltonian dy- 
’ - namics with constraints has led to the Amowitt-Deser-Misner (1962) approach to the initial- 
value problem in CGR - often referred to also as the CGR Cauchy problem. From the 
f; point of view of an already specified globally hyperbolic 6 Lorentzian manifold (M ,g), 
Ipvhich represents a spacetime in CGR, this ADM method deals with the problem of recov¬ 
ering (M,#) from data prescribed on an initial-data Cauchy surface o 0 . The points of such 
jp.'an initial-data hypersurface can be always 7 labeled by means of an atlas of coordinate 
.charts, which are given by maps of the general form (0,x l ,x z ,x a ) <H> x s a 0 . A foliation 
the globally hyperbolic Lorentzian manifold (M,g) into diffeomorphic maximal space- 
: .like hypersurfaces 0 * 0 can be then envisaged, so that M becomes equal to a union of such 
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disjoint reference surfaces, which is of the form (5.4.7). It then proves convenient 
express the metric in the form of the following block-matrix, 

N " }> '' = 0.1.2,3 . = 1,2,3 . (l. H 

V Yab) 

where N and N a are called the ADM lapse and shift functions, respectively, whereas 

y(x°,x)= y ah (x°,x)dx a ®dx b , x = (x\x z ,x*) , a,b = 1,2,3 , 0.2)|f 

represents a Ricmannian 3-mctric )4*°) along each of the (three-dimensional) reference 
hypersurf aces 0 * 0 . 

To understand the reasons for the above terminology, let us consider the differentials 


4=JV(s 0 ,x)t*t° , L a = N a (x°,x)dx° , a = 1,2,3 


and view them as being the components of an “infinitesimal vector” in M. Then, for two 
“infinitesimally” close reference hypersurfaces 0*0 and 0*0 +^ 0 , L 0 represents, at a given 
x°, the “lapse” in the proper time of a test particle in free fall, whose worldline is a geodesic; 
orthogonal to 0 * 0 , as it reaches 0*0 +c &o; whereas, L a represents the a-th component of thej 
“shift” 3-vector, which joins the point where that worldline meets 0 * 0 +ti( o with the point 
where the coordinate line obtained by keeping the coordinates of x fixed, and varying^/ 1 
impinges upon 0 * 0 +<£* 0 . Hence, we indeed have that, in accordance with (1.1), 

• A-H 

ds 2 := g IIV dx l ‘dx r = ( N 2 - N„N b r^dx 0 ? + 2 N a dx°dx° - r ob dx°dx b . (l| 

- .m 

It is also easily verified that the definition of the inverse metric tensor in (2.6.24b) yields in 
the present case ;,||| 


mmi 




-N~ 2 N~ 2 N b 
A f~ 2 N a y ab -N~ 2 N a N b 


, Yacf^Sj*, N a = y ab N b . (l.5jj 


As described in Sec. 5.4, synchronous (Gaussian normal) coordinates, 
(s° = t,:* 1 ,* 2 ,* 3 ) , N = 1, N a = 0 , 


(f&m 


can be always introduced (lsham and Kuchar, 1985). They correspond to the special ca^ 
where the lapse and shift functions are those for coherent flows of classical test particle 
adapted to the chosen foliation. Consequently, in them the metric tensor assumes the fonn 


g = dx®dx-y ab dx a ®dx b , 


so that x represents the proper time of those test particles in free fall. Let n denote the field 
of future-oriented tangents to the worldlincs of these classical test particles. Then, along 
each of the reference hypersurfaces o T , the field n over M determines a field of unit 
timelike normals n« to that hypcrsurface, in terms of which the extrinsic curvature of o T is 
given by the (O^)-tcnsor field [M,W) 

= K^dx" ®c£e 6 = y lr> , K^-D a n^, Z? 0 = V„. (1.8) 

All the covariant derivatives occurring in (1.8) correspond, in accordance with (2.6.25), to 
the Lcvi-Civita connection in M; the second of the above expressions for involves the 
Lie derivative of the 3-mctric y ^ in the direction of Hence, the covariant derivative of 
a vector field X in M can be expressed as follows (cf. [M], p. 512), 

v. * = 3 b - K$ X 6 . X* to := V<"X" , 3„:= 3/3x b , (1.9) 

terms of the extrinsic curvature of the reference hypersurfaces c r , and of the Levi-Civita 
connections along those hypersurfaces that are compatible with Riemannian metrics yW- 
and whose covariant derivatives are conventionally denoted by using a vertical bar. 

In regions free of nongravitational sources the stress-energy tensor is zero, so that the 
Einstein equations in (2.7.3) assume their “vacuum form” 


life. Rtj - 2 StjR - o . 


( 1 . 10 ) 


These vacuum Einstein equations can be obtained from variations of the Hilbert-Palatini 
action [M,W] 


Sup =(l/16x)\R^gd*x , g:= det|^ v || , 


(1.11a) 


|rhich is based on the Riemann curvature scalar R in (2.7.2b). 

fefe The starting point of the ADM geometrodynamic formulation of CGR consists of the 
reformulation, in units with 1 6nG = 2 k= 1, of this action in the (3+l)-form, so that 

167TjS H p = S ADM — 32^J<ij: 0 Jd 3 x ^7u ab N b — ^% b bN a + iV la )^ . (1.11b) 

By the use of Stokes’ theorem (cf. [C], p. 216), the last term in the above equality can be 
^pressed as a surface integral, so that it is usually 8 dropped, and one is left with 


S adm = Jt&°Jd 3 x [~y ( ab ) 'k ab -N9f °, 


(1.12a) 


(1.12b) 
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K ah (x° t s.):=dK ab /dx 0 , 7 u0) (x):=dct|y^ 0) |, N a := y (x )<lb N b , ( l -l2cj|j 

m 

in which the lapse and shift functions play the role of Lagrange multipliers, and 

'j{\y {x °\K lx0) ) = ~Zn ab \b , (Ll3a V| 

x\ y ^\K^) =(y* 0) )- i/2 [i(A) 2 - n ab x ob \-(y lx * ) )' /2 R lx ' ) . a-]3b| 

;I§H 

play the role of the associated supermomentum and super-Hamiltonian fM], respectively;;! 
The curvature scalar in (1.13b) corresponds, of course, to the Riemannian 3-metric along| 

the reference surface <v. , .... . . . /.Wsk 

The variation of the ADM action with respect to the lapse and shift functions in (l. j| |l 

obviously yields the four constraint equations 

•;« 

^“( / <*"'.K'' 0) ) = 0 « G M (g) = 0 . 0.14^ 

■j(Hr' x '\K'‘"') = o « G c J.g) = o . 

equivalent to four of the Einstein equations in (1.10). The remaining six Einstein equatioS 
reflect the actual CGR geometrodynamics. They can be regarded as a system of nonlinear • 
equations for the 3-metric and the extrinsic curvature of the reference hypersurfaces a*|g 
Therefore, we shall henceforth refer to them collectively as the Einstein geometrocfynamcg 
equations, whereas those in (1.14) we shall call the Einstein constraint equations*. Frqmj 
the point of view of Einstein's second-order formalism, the equations obtained in the AI)f|| 
framework from variations of the action with respect to 7? , namely the equations 

dy^/dx* = 2iV(r (l0) r ,/2 [^ - \y { ab ] ^ C \^ N a\b + N b\a > 

can be viewed as relationships that define 7C b . The remaining equations for dfl? 6 /c^j|||| 
out to be linear combinations of Einstein’s geometrodynamic and constraint equanons ^||| 
Eqs. (7-3.15ft) in (ADM, 1962), or Eq. (21.115) in [M]. Upon introducing fee following 
“Hamiltonian” for CGR “in vacuum” (i.e., in the absence of nongravitational fields), gjp 
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j t should be noted that, although the constraint equations (1.14) impose subsidiary condi¬ 
tions involving the supermomentum and the super-Hamiltonian, which sets those quantities 
equal to zero in the course of the geometrodynamic development, that does not imply that 
the Poisson brackets in (1.17), which govern that development, themselves vanish. On the 
other hand, as we .shall see in the course of the discussions in the next three sections, this 
feature of the constraint equations gives rise to difficulties with the concept of “time” in 
canonical gravity, as well as with the decision as to what are the “observables” in the 
canonical quantization of gravity. 

I-. The basic idea as to how to formulate the initial-value problem in CGR can be arrived 
at by viewing in the foliation (5.4.7) the diffeomorphisms obtained from all the coordinate 
curves corresponding to points in the initial-data hypersurfacc a 0 , during the flow of the 
“time” t = x°, as a means of identification of the reference hypcrsurfaccs o^with a single 
differential manifold L 0 . On the other hand, in an M-independcnt formulation of the initial- 
value problem, the Lorentzian manifold (M,£) is no longer known a priori, hut rather has 
to be computed from a complete Cauchy set of initial data prescribed on some initially given 
3 -manifold £ 0 . These CGR initial data are comprised of the initial-data manifold X 0 itself, 
of a given initial Riemannian metric y 0 and of a given initial extrinsic curvature K 0 on X 0 , 
as well as of suitable initial data for all the nongravitational fields (which we shall denote 
collectively by t }>), that enable the computation of the initial value T 0 of the stress-energy 
tensor T. For the vacuum case, the counterparts of the equations (1.17) can be expressed in 
the form of the following equations for the geometrodynamic evolution of the 3-metric y 
and of the extrinsic curvature K (cf., e.g., Isenberg and Nester, 1980, Eq. (4.18)) 


Yab ~~ ^NK a b + y ab 


SfiYab - N a \b +N b \a 


k\ = N[R\ + K‘ c K° i )-D°D b N + £ fj K° b . 


(1.18a) 

(1.18b) 




H m = f X d 3 x , X = NX°+N„X a , 

0 h°=t 


The covariant derivatives in (1.18) are exclusively those of the Levi-Civita connection 
& compatible with the 3-metric at the considered global “time” t , provided by the chosen 
HI pafametrization. In the case of nonderivative couplings 10 to nongravitational sources, these 
ifequations acquire additional terms - cf. (ADM, 1962), (Isenberg and Nester, 1980), or 
| " (Choquet-Bruhat and York, 1980). Naturally, they have to be then supplemented by the 
field equations expressing the classical dynamics of all the nongravitational fields 0. 

The constraint equations in (1.13) are then also modified by the appearance of the 
; v proper energy density p and of the proper momentum components j a of the 
11 nongravitational sources. The resulting constraint equations can be therefore written in the 
following form (cf. Choquet-Bruhat and York, 1980, Eqs. (3.1) and (3.2)): 


and henceforth dropping (as it is customary) the indices explicitly indicating depM^p 
upon x°, the dynamical equations of the ADM formalism can be formulated in term|g 
Poisson brackets, obtained by replacing partial derivatives with functional derivatives iiy 
Hamiltonian classical mechanics definition (Fischer and Marsden, 1979, pp. lb 1- )• ;jj| 


m i 


R(y) - K° b K ab + (K‘Y = 16 np , 
D a K b b -D b K b a , 


p = T nV , 


7 =T° 

Ja M a 


(1.19a) 

(1.19b) 




Jin case that would-be Gaussian normal coordinates are adopted, obtained by choosing, as 
f in (1.6), N = 1 and N a = 0, then in accordance with (1.7), 


Y ab -{Yab^} = ^/5^ 


% ab = {n ab ,tf} = -8rt/8y ab 


§00 f » SaO §0a 


Sab Yab 


^ab — 2 Sab 




Algorithmic schemes for the numerical solution of the above formulated CGR intial 
value problem have been devised 11 , whereby the would-be classical spacetime manifold 
is envisaged as being sliced into “thin” segments S„ , n = 0, ±1, ±2,..., corresponding to 
e [ t n ,t n+ ,)• In that case the initial data are presented by replacing all the differentials with 
differences within the initial-data segment S 0 corresponding to t e [t 0 ,t 0 with t 0 = 0. Initial 
data Yo,K. 0 and 0 O , obeying the constraints in (1.19), arc then provided as the starting 
point of an algorithm to compute ft, K x and 0, at G> In which the dynamic equations in 
(1.18) are used in the vacuum case, or their counterparts incorporating nongravitational 
fields are used in the presence of sources. Since, in principle, the constraints remain- 
satisfied for all values of t (with violations occurring only from computational large margin 
of errors), the process can be repeated, so that y n , K n and 0 n can be computed in all the | 
other segments S„ by an iteration of this entire algorithm. 

Naturally, although such algorithms might be computationally satisfactory, the stan¬ 
dard type of Cauchy problem requires proofs of existence and uniqueness of solutions. FotH 
the vacuum case proofs of great generality are already well-known in CGR. r rhey confirm 
the existence of a unique “maximal Cauchy development” 12 (L 0 ,y,K), giving rise, for 
initial data (L 0 ,y 0 ,K 0 ) that satisfy the constraints in (1.14), to a globally hyperbolic 
Lorentzian manifold (M,#), in which £ 0 emerges as a Cauchy surface. As could bf 
expected on account of Einstein’s “hole” argument (cf. Sec. 11.3), the uniqueness of such 
Cauchy developments can be established only modulo diffeomorphisms between the 
resulting Lorentzian manifold (M,#) and other Lorentzian manifolds (M.\g') isometriem! 
(M,#), which in general result from diffeomorphic initial conditions. Similar theorems are : 
much harder to prove in the presence of nongravitational sources, since the results depend 
critically on the dynamical equation of those nongravitational fields. In fact, the strong' 
cosmic censorship hypothesis (cf. Note 6) is tantamount to the requirement that, modulo': 
diffeomorphisms, the initial data uniquely determine the structure of a classical spacetime.; 
Hence, only particular classes of solutions have been treated thus far [W], and the eng 
area is still very much under active investigation. |§1 

The most straightforward type of quantization of gravity consists of formally 
extending the canonical quantization procedure used in nonrelativistic quantum mechanics 
for n degrees of freedom, whereby to each “classical observable” represented by | 
polynomial, or more generally by an analytic function F(q,p ) of the canonical position and 
momentum variables q and p , one attempts to assign a self-adjoint operator F(Q,P) 
such a manner that Poisson brackets are transposed into commutator brackets, and, 
particular, so that the canonical Poisson bracket relations 

{<?W} = {P/>P*} = 0 » W>Pk} = §J k > j,k = l,...,n , (L2 

are transposed into the well-known quantum canonical commutation relations for posi 
and momentum operators: 

[qJ,q*] = [p,,p 4 ] = o , [q',p*] = ;s4 , j,* = i.« • 0- 2 

As is well-known, these canonical quantization rules give rise to ordering problems (Ds 
1949), as well as to possible inconsistencies when classical canonical variables in 



general curvilinear coordinates arc used instead of those in Cartesian coordinates. How¬ 
ever, if one ignores for the time being all these difficulties, and follows the canonical quan¬ 
tization procedure as usually applied in conventional quantum field theory (IQ,SI|, one can 
use the formal appearance of Poisson brackets in (1.17) to rationalize the introduction of 
the following “equal-time” canonical commutation relations 13 : 

[y Q6 (Lx),y, rf (Ly)] = [7E a6 (Lx),rtLy)] = 0 , a,b,c,d = 1,2,3 , (1.22a) 

[? ab (t,x),K cd (t, y)] = i i(S a c S b d + S a % c ) S*(x,y) , x,y 6 S 0 . (1.22b) 

One can then imagine that these commutation relations are realized as linear “operators” 14 
on some abstract space of “ket” vectors, which carries a yet unspecified inner product. 
Upon inserting these “operators” into (1.16), one obtains what can be expected to be 
quantum generators of infinitesimal hypersurface deformations 

jjjf ; B,W,N.) = J (w#> +«.#•) x . (1.23) 

( Indeed, since they are functionals in the lapse and the shift functions, they represent the 
^quantum counterparts of the classical generators of infinitesimal spacetime diffeomor- 
phisms. Consequently, one can attempt to enforce a quantum counterpart of the constraints 
^ in (1.14) by demanding that when “physical” states are represented by “ket” vectors, they 
|| should satisfy the following Dirac-type of subsidiary conditions, 

Ijjf! #“(/(£,x),£(*,x))|vr) = 0 , . !H 0 (y(t,x),n(t,x))\ iff) = 0 , (1.24) 

:, which are based on quantum supermomentum and super-Hamiltonian “operators” obtained 
simple expedient of replacing in (1.13) the classical fields with their quantum 
counterparts in (1.22). 

flps "Htere are, of course, the usual difficulties which such formal procedures always en- 
|pounter with operator orderings. However, even if one ignores them, but assumes that the 
.Operators” y ah transform collectively as the components of a tensor field under spatial 
|Mfeomorphisms generated by “Hermitian” supermomenta (which are obtained by setting 
1V = () in (1.23), and varying N u at will), then it immediately follows from (1.22) that, for 
all physical” state vectors (//and i//' (Bergmann and Komar, 1980), 

(v/'|y a6 (Lx)|v/> = (v/> a6 U,x)|v/) = 0 , a,6 = 1,2,3 . (1.25) 

'This indicates “a disaster for any attempt to interpret this theory by means of a correspon- 
oencc principle” (ibid., p. 245), namely for any attempt to relate the expectation values of 
if * t(> measurable metric relationships emerging from quantum spacetime fluctuations. 

The various “resolutions to this dilemma” that were suggested by Bergmann and 
Komar (1980) are closely related to the problem of identifying the “observables” or “quasi- 
ooservablcs” of a canonical approach to QGR • an important issue that will be discussed in 
yec. l].4. Their suggestions have ultimately resulted, however, only in the admission by 









these two authors that “we are not yet in the position to identify a satisfactory space of state -i 
vectors on which the algebra of operators appropriate to the quantization of general relativ-fg| 
ity may be realized” (ibid., p. 251). |j| 

As reviewed in Sec. 5 of (Isham, 1975), one of the earliest proposed (Kuchar, 1971, 'f 
1973) resolutions for such problems consisted of solving (by using perturbation methods) % 
the classical constraints given by (1.13) and (1.14), in order to eliminate four out of the J| 
twelve canonical variables (y a b ,rf lb )- An additional four of these canonical CGR variables 
were eliminated by a suitable choice of coordinate charts. Canonical commutation relations . 5 , 
of the type (1.22) were then imposed on the remaining four canonical variables (% ,7t A )rA~tf 
= 1,2, and supplemented by appropriate Heisenberg equations of motion. Of course, all the H 
mathematical difficulties, that usually plague conventional quantum field theory in the pres- 
ence of nonlinear terms resulting from quantum field interactions and self-interactions, are ■ 
very much in evidence in such an approach. That, however, would not have been a serious | 
deterrent to those subscribing to the prevailing forms of conventionalistic instrumentalisra h:; 
in quantum field theory (cf. Secs. 12.2 and 12.3). The drawback which was deemed to be-J 
more serious, and which led to the abandonment of this approach, lies in its obvious de-1| 
pendence of the resulting quantum gravity on the manner in which the coordinates were H 
chosen, with different choices leading to physically inequivalent theories. Consequently, || 
other approaches to the canonical quantization of gravity, which will be discussed in the | 
next two sections, eventually proved more popular: they did not suffer from the fatal drawffB 
back that in them “the difficulties appear most honestly!” (Isham, 1975, p. 51). 


11.2. Contemporary Approaches to the Quantization of Gravity 

• 2gS 

As we shall see in the course of our discussion of the latest developments in the most t 
fashionable approaches to quantum gravity and quantum cosmology, these are areas in 
which some of the, at present, most popular trends are based on hypotheses and interpreta¬ 
tions of quantum gravity and cosmology that sometimes totally blur the boundary between 
science and science-fiction 15 . Consequently, albeit unpopular, sober and well-thought-out 
arguments to the effect that the gravitational field should not be quantized at all, such as | 
those originally advanced by Mpller (1952) and by Rosenfeld (1957), and more recently byp| 
von Borzeszkowski and Treder (1988), certainly deserve serious consideration. ' ! .V 

The most direct argument in favor of quantizing gravity was given by Dirac: “There is|p 
no experimental evidence for the quantization of the gravitational field, but we belief 
quantization should apply to all fields of physics. They all interact with one another, and it 
is difficult to see how some could be quantized and others not.” (Dirac, 1968, p. 539). 

In opposing in their recent monograph the quantization gravity, von Borzeszkowski 
and Treder counter this type of argument in the following oblique manner: “In order to | 
avoid physical and mathematical inconsistencies resulting otherwise from Einstein’s equa¬ 
tions, one has to consider [the] quantization of gravitational fields. The quantum procedure 
should unify or at least harmonize classical and quantum theory. On the other hand, GRT 
[i.e., general relativity theory] is not genuine field theory. This is due to (i) the identifica 
tion of gravitational field and spacetime metric (statement of the weak principle of equiva¬ 
lence) and (ii) the universal gravitational coupling making gravity itself a source of the 
gravitational field (this is, together with (i), a formulation of the strong equivalence princi 
pie). As a consequence of this strong principle, Einstein's equations show a typical nonlih 


earity producing back reaction effects. It makes all quantization rules problematical which 
transform a usual classical field theory into a quantum field theory .” (von Borzeszkowski 
and Treder, 1988, p. 56) — emphasis added. That contention is then taken as basic motiva¬ 
tion for advancing and defending the thesis that “if the strong equivalence principle is satis¬ 
fied, there is no difference between quantized and non-quantized gravitational theory” 
(ibid., p. 3). 

The historical origins of the method used in attempting to prove this thesis are out¬ 
lined in the following passage: 

-r-- “Landau and Peierls (1931) pretended to show that, contrary to Einstein's photon 
hypothesis, electromagnetic fields themselves need not be quantized because quantization 
does not result in measurable effects. Moreover, quantization generates a lot of technical 
difficulties, e.g., divergencies, so that it is an unhappy procedure. Today one knows of 
course that these arguments must be wrong somewhere, because there exists a physically 
meaningful quantum electrodynamics. Nevertheless,... in accepting Bohr's and Rosen- 
feld's (1933) objections to the Landau-Peierls paper, the conclusion which Landau and 
Peierls wanted to draw for electromagnetism can really be drawn for gravity.” (ibid., p. 26) 
ii emphasis added. 

One of the fundamental physical differences between the theory of measurement in 
quantum electrodynamics and quantum gravity is that the latter contains, in addition to 
Planck's constant h and the speed of light in vacuum c, also the gravitational constant G. 
Therefore, in advancing their arguments about the purported indistinguishability “between 
quantized and non-quantized gravitational theory”, von Borzeszkowski and Treder in fact 
recover results by DeWitt (1962, 1964), Mead (1964), and many others, to the effect that 
in quantum gravity “fundamental limitations on measurement occur, which are associated 
with Planck's length” (ibid., p. 36). On the other hand, they claim that: “In DeWitt (1964) 
the conclusion is drawn ... that ‘a single observable can always, in principle, be measured 
with arbitrary accuracy’. It is added that, if this assumption is invalid, the foundations of 
quantum theory itself must be altered. However, the point which we stress ... is that for 
gravity ... there also exist limitations on the measurability of a single observable.” (ibid., 
p. 38). Consequently, their final conclusion, stated in the very last section of their mono¬ 
graph, reads as follows: 

“The limitations on measurement of gravitational fields are, due to the geometrical 
character of gravity, necessarily limitations on the size of spacetime regions over which the 
Bohr-Rosenfeld quantum measurement procedure is, in principle, feasible. One way of ex¬ 
pressing this fact is to say that supplementary to the well-known nonlocalizability of classi¬ 
cal, i.e., non-quantized gravitational fields (making the L 0 —> 0 limit for lengths Lq [of test 
bodies] physically senseless), there exists a finite limit £? [i.e., the Planck length] on the lo¬ 
calizability of quantized gravitational fields. This is owed to the fact that localizability is 
inconsistent with Heisenberg's uncertainty principle taken in conjunction with the basic 
tenets of general relativity .” (ibid., p. 100) - emphasis added. 

Thus, given the implicit fact that for von Borzeszkowski and Treder “localizability” 
means exclusively localizability in an idealized classical sense (namely a sense which entails 
an arbitrarily high degree of sharpness, which in theory transcends into perfect accuracy), 
the main thesis which they actually establish is that the orthodox quantum theory of 
measurement is incompatible with the quantization of gravity, and that “the foundations of 
quantum theory itself must be altered” in order to cope with this fact. But that is exactly one 
of the principal theses on which the present approach to quantum geometry is founded. In 
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fact, it has already been pointed out in Sec. 7.6 that, on account of additional measurement-f- 
theoretical results, the thesis that “a single observable can always, in principle, be measured 
with arbitrary accuracy” has to be discarded 16 . Hence, the measurement-theoretical argu- | 
ments presented by von Borzeszkowski and Trcder (1988) actually only underline the fact i 
that the taking into account of gravitational effects definitely requires a revision of conven- §jf 
tional relativistic quantum theory. 

Indeed, in addition to the reason presented by Dirac for the quantization of gravity 
which remains standing in the face of all arguments presented in the past against quantizing 
gravity - there is also the basic fact that the general relativistic gravitational field possesses'^ 
“radiative degrees of freedom of its own, [which] must obey quantum laws" (Bcrgmanri|j§ 
and Komar, 1980). Tied in with this fact there are deeper ontological reasons for quantizing f ’ 
gravity, which we shall discuss in the next section, and which pertain to the very nature of ? 
the theory of quantum measurement. Indeed, since some measurement procedures can re-1 
suit in a “reduction of the wave packet”, which in turn effects the geometry of any theory in| 
which matter and geometry are in mutual interaction , no deterministic geometric ingredients 1 
can be acceptable in QGR. Rather, any QGR framework in which quantum matter and': 
quantum geometry are in mutual interaction has to exhibit, even at the semiclassical level,' 
all the various possible and intrinsically distinct quantum states of the geometry, which caii| 
emerge from all the physically possible distinct outcomes in the “reduction” of the states of 
matter and radiation that supply the sources of gravitation. In fact, despite their basic; 
reservations about quantizing gravity, von Borzeszkowski and Treder have arrived at|| 
similar conclusion: _ # 

“Whether quantum effects of gravity are measurable or not, quantization of gravitaf 
tional fields is, as stressed repeatedly above, unavoidable for a consistent description of thdj 
interaction of gravitational and quantized matter fields. There arise, however, problems in| 
the application of the usual schemes to gravity, because such procedures have to evade.' 
modifications which destroy the classical [general relativistic theory which] one wants to 
quantize.” (von Borzeszkowski and Treder, 1988, p. 49). v||L 

Thus, in the end the objections that can be raised against the quantization of gravity^ 
actually hold only as objections against the application of the “usual schemes” - namely alb 
the schemes usually classified as “canonical” or “covariant”. 

The basic ideas of the most straightforward application of the canonical scheme were|jj 
explained at the end of the preceding section, but were found wanting in all basic respects,:r 
A very popular modification of that method is based on the idea of a “superspace” (Wtie l|i 
er, 1962, 1968) of all Riemannian 3-geometries (£ 0 ,y) over a given 3-manifold X 0 . At_*n||j 
formal level, it appears natural to associate a “wave function” *F(y,0) with each pair- 
consisting of such a 3-metric y and of a nongravitational field configuration tp on Z 0 . ^|§ 
In this superspace approach to canonical gravity, the canonical commutation relations ; 
in (1.22) are realized by assuming that functional differentiation can be treated in the 
manner as ordinary differentiation is used in arriving at realizations of the canonical g 
commutation relations in (1.21b), so that on the purely formal level one would have: 

y a6 (x) *F( y, <p) = y a& (x) ¥( y, tp ) , 

7t a& (x) *F(y, tp) = -tWy, <p)/5y ah (x) . 

The superspace versions of the constraints in (1.24) would then assume the form 
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^ a (y 6c (x),-i5/5y 6c (x)) <F(y, <p) = 0 , 

ti(Yab(.x)-i8/8y ab (x)) *F(y, <p) = 0 . 


a = 1,2,3 , 


(2.2) 

(2.3) 


The omission of a superscript in equation (2.3), which has become known as the Wheeler- 
peWitt equation, is meant to indicate that the generic case with nongravitational sources is 
taken under consideration. A formal inner product 17 on the “Hilbert space” of this frame- 
r work is given in the absence of nongravitational fields by the following functional integral: 


W *) = ln„z 0 nr(x)]n osi dr oi ( X )/r 2 (x). 


(2.4) 


A Euclidean path-integral variant of the superspace approach to quantum gravity has 
fit beert vigorously promoted for quite a long while by Hawking (1979-88). It is based on the 
j§§ assumption that the “transition amplitude” from a state with metric y and matter fields fa 
a surface Z, to a state with metric y 2 and matter fields (p 2 on a surface Z 2 can be 
m represented m the form of the “Euclidean path integral” 



(y 2 ^>2: 2 |y 1 ,0 l ,S 1 ) = JiZ?[ 7> 0]exp(-^[y,0]) 


(2.5) 



The above functional integral is supposed to be taken over all intermediate fields which 
»the above prescribed values on Zj and Z 2 . In a later much-publicized and extensively 
p etted proposal, Hartle and Hawking (1983) advanced the idea that the boundary manifolds 
| £ g- 5) sh ° uld b e identified with the spatial geometries in the Wheeler-DeWitt equation 
fjP* 3 ), ai ? d the solution of that equation should be presented in the form (2.5), with the 
It integration formally carried out only over all compact metrics in the Euclidean regime, and 
B? yer a11 matter fields which are regular over the resulting compact manifolds. However, 
even at such a purely formal level, the indefiniteness of the Euclidean action S E makes the 
gggmchonal integral in (2.5) ill-defined outside the semiclassical approximation. 

BgE ^ add j tion to difficult and unresolved mathematical problems, a central issue of these 
Igl^erspace-based approaches to quantum gravity is that of physical interpretation. In a 
: . paper reviewing related recent attempts at reconciling the observed very small upper bound 
gra the cosmological constant with the enormous value to which the presence of Higgs 
™ vacuum” of conventional quantum gauge theories gives rise (cf. Secs. 11.12 

IP; 5’^T berg describes these difficulties as follows (with the notation adjusted to 
|Spt ln \ Z - 5 f Ha wkmg has proposed (1984) that exp(-S E [y^]) should be regarded as 
-proportional to the probability of a particular metric and matter field history. It is not 
iggnmedrately clear what is meant by this - even supposing that we had a godlike ability to 
^measure the gravitational and matter fields throughout space-time, it would be in a space- 
ill ? 6 of Lorentzian rather than Euclidean signature. ... [Other] questions still arise 
HS?5* rmng the P robabllls tic interpretation of % particularly with regard to normalization 
Blg\ , use 111 functional integral [in (2.5)] we are summing up possibilities which are 
1 m excl usive; if the universe has some yand (p on some 3-surface, then it may also have 
!p5ome other y and <p ' on some other 3-surface.” (Weinberg, 1989, p. 15). 

DeWltt ( 1967 ) and Wheeler (1968) were strong advocates of Everett’s Many-Worid- 
pjUiteipretation of quantum mechanics at the time they advanced their schemes for quantum 
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gravity 18 . Subsequently Tipler (1986) forcefully advocated a Many-World-Interpretation „ 
(MWI) of the Hartle-Hawldng “wave function of the universe”, which is largely based onjL 
such schemes. In fact, in a recent monograph, MWI is promoted as being uncontestably 
the basic interpretation for quantum cosmology: “No additional laws [for wave functidnfg|| 
reduction] need be invoked if we adopt the MWI, for here all the points in the initial data ||S 
space — classical universes — actually exist. The question of why does this universe rather |g| 
than that universe exist is answered by saying that all possible universes do exist. What 1 'i 
else could there possibly be?” (Barrow and Tipler, 1986, pp. 495-496). _ _ ;:jj| 

However, in addition to violations of Ockham's principle (which, the above cited au-t 
thors were actually unsuccessful in refuting, but simply decided to dismiss), such an inter-- ft 
pretation raises totally unresolved (and unresolvable) ontological problems: the idea ,ofr|| 
parallel universes might make for amusing science fiction, but what is the actual empirical 
meaning of assuming the existence of an uncountable 19 number of other universes? Thus, f| 
the “unsatisfactory status of the wave function of the Universe in canonical quantum gravpg 
ity” remains very much of an open problem, as clearly pointed out in the following quota- 
tion: “The ‘naive interpretation’ obtained by straightforwardly applying the standard inter||L 
pretive rules to the canonical quantization of general relativity is manifestly unacceptab|||| 
the ‘WKB interpretation’ has only a limited domain of applicability; and the ‘condition^ 
probability interpretation’ requires one to pick out a ‘preferred time variable’ (or preferred | 
class of such variables) from among the dynamical variables. Evidence against the possi- 
bility of using a dynamical variable to play the role of ‘time’ is provided by the fact (proven gj 
here) that in ordinary Schrodinger quantum mechanics for a system with a Hamiltonian.^ 
bounded from below, no dynamical variable can correlate monotonically with the 
Schrodinger time parameter t, and thus the role of t in the interpretation of Schrodinger^ 
quantum mechanics cannot be replaced by that of a dynamical variable.” (Unruh and VfwsjiP 
1989, p. 2598). The authors of this quotation consider the possibility of introducing a. 
“coordinate time” (Unruh, 1989) in canonical quantum gravity. However, such a conbegj 
has no empirical support, and runs counter to the spirit of general relativity - so that. iM 
fact, it is admitted that “our proposal fails to yield a quantum theory which corresponds^ 
classically to ordinary general relativity.” (ibid., p. 2599). 

The fact that the Wheeler-DeWitt equation does not entail a concept of time is an issuej 
which is at present hotly debated (Hartle, 1990). The fundamental questions asked, are;; 
“about the nature of the ‘intrinsic’ time that is supposedly encoded into the y in mg® 
^(yQ)” (Isham, 1987, p. 116). Another very fundamental epistemic question that can be 
also asked, however, is the following: even if it is granted that a X x 8i+ “number’’ (cf. ^C|||| 
19) of universes are “coexisting”, so that there is an actual MWI ensemble required for the ^ 
probabilistic interpretation of |¥ / (y,0)p, and that furthermore communication between th?mg| 
is somehow realizable for the sake of actually observing and recording the probabilities^ 
predicted by the Wheeler-DeWitt equation, at which stage of their individual geomet^ffl 
namic evolution are such “observations” to be performed? In other words, since the con-. ^ 
cept of simultaneous (!) access is meaningless in the absence of a “super-time” variable tha|j 
manifests itself “simultaneously” as a global “intrinsic” time variable in each one of th||||g 
finity of K/i*branch-universes, at which “instant” of the “intrinsic” time in his own||& 
verse does the individual “observer” in a given branch compare notes with his “dopp|| 
gangers” in all the other branches, for the purpose of empirically verifying his theoreticp|jg 
predicted values of t'fW)! 2 with the “actually observed” ones? In fact, any probability- 
density, such as 1‘f'Ml 2 is presumed to be, is by itself useless for computing probab^g 


jjj ties: the measure with respect to which it is to be integrated over superspace also has to be 
§g! supped (cf. Note 16). Furthermore, an empirical method for determining those probabili- 
ties at a chosen value of a superspace parameter T should be supplied to all “observers” in a 
!£? given superspace, so that they would know which of their measurement data refers to the 
same superspace configuration. But what does T stand for? Perhaps it stands for an 
Kg “instant” - but what is the meaning of an “instant” in superspace? Perhaps it stands for a 
' superspace configuration supplied by a specific (y,<j>) in a specific universe U- but how 
;do the countless armies of observers in other branch-universes U' know which ones of 
: ‘e/rrespective configurations (y',0') are to be compared with that specific (y,0) in W. 

: Other equally fundamental epistemological questions can also be asked: How does 

gone measure the space metric over sub-Planckian “spatial” separations? How does one ac¬ 
tually measure 20 topologies? And how can one operationally distinguish between them? 
g For example, if one cannot empirically distinguish between those topologies which possess 
“wormholes” at the sub-Planckian length scale from those which do not, what about 
f Born's maxims (cited in Sec. 1.1), which represent a modem version of Ockham's razor? 
Are we to overload our theories with uncountable infinities of mathematically distinct pos¬ 
sibilities, between which no observational distinctions exist even in principle? 

The purely mathematical problems are not any less severe. First of all, since not only 
| the metric but, according to Wheeler's (1957) ideas about “wormholes” (cf. Note 3), the 
topology itself can fluctuate, how does one prescribe all possible topologies, and how does 
one parametrize them? Even if we assume that the topology is fixed, how does one define a 
Hilbert space of functionals in an uncountable number of degrees of freedom related to the 
| v gproblem of specifying the measure over which one integrates? And how does one actually 
define, in a mathematically meaningful manner, functional derivatives in such cases? 
g; Instead of trying to tackle the apparently hopeless task of supplying answers to all 
I; these very fundamental epistemological and mathematical questions, researchers in this 
| , field have limited themselves to “toy models” (Hawking, 1984, 1985; Alvarez, 1989), in 
Jp;-which the unwieldy infinite number of degrees of freedom is restricted on purely pragmatic 
grounds to a very small finite number of degrees of freedom 21 . This makes the resulting 
p ^mathematics quite manageable, but conclusions reached by such a gross over-simplification 
llg.are obviously even less reliable than those that would be reached by similar types of models 
classical general relativity, whereby the uncountable infinity of points of a manifold 
would be replaced by a small finite number, with no hints provided as to how to even 
approach realistic models in which fmiteness transcends into uncountable infinities, 
lit In addltlon t0 the very problem of existence of a Hilbert space of functionals in an 
uncountable number of degrees of freedom, another open fundamental question that is the 
p foe us °f attention of various schools of thought on that subject (Hartle and Hawking, 1983; 
f|Ilfe^ s ’ *985; etc.) lies in the very formulation of those degrees of freedom - a problem 
|; connected to the ad hoc manner in which the choice of boundary conditions is usually being 
pomade (Hartle, 1990). Therefore, in reviewing this state of affairs, the following has been 
r ;.; recently pointed out by Alvarez (1989, p. 592): 

Jjllt''' “ffln spite of very ingenious efforts of many people (including Hartle and Hawking 
jjjj|s leaders of one of the most active groups), it is fair to say that there is not a single 
cosmological model valid in the quantum regime. This should not be surprising [since] we 
jjjj? not understand quantum gravity even perturbatively, and quantum cosmology is still 
more difficult, being essentially nonperturbative. One could even argue (see, for example, 

-- ||Barb°ur and Smolin, 1988) that we do not have an acceptable measurement theory for 
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solutions of the Wheeler-DeWitt equation, and we therefore do not know whether or not 
quantum mechanics can be applied to the universe as a whole (see also Vilenkin, 1988).”-i 
An entirely different type of approach to the quantization of gravity (DeWitt, 1967) 
has become known under the name of covariant quantum gravity. This approach assume^ 
an already given Lorentzian manifold, so that the components of the quantum metric fiejf^ 
can be then viewed as equal to the following sum (cf., e.g., Adler, 1982, Sec. VI), 
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g f iv(x) = gj! v (.x) + h flv (x) 


ieM 


/i, v = 0,1,2,3 


(2.6)1 


whose first term is the “classical” Lorentzian metric of that manifold, called the “back¬ 
ground metric”, and the second term is deemed to be a quantum “correction” - formally'^ 
viewed as “opcrator”-valued function 22 on the given manifold M. For a while the covariant ft 
approach with a choice of background metric equal to the Minkowski metric enjoyed!! 
greater popularity than the canonical approach, since general coordinate invariance could bef! 
then formally embedded into the framework via a non-Abelian gauge group, so that the ^ 


M we are not (yet) able to address the physically more interesting questions in quantum 
f r gravity. But this is mainly due to lack of technique (and probably also lack of some deep 
j§ understanding of the fundamental physical principles).” (ibid., p. 602). 

|;V\ . ;: Indeed, as far as the future prospects of superstring theory are concerned, even more 
telling is the huge methodological gap that lies between the manner in which classical 
IF general relativistic gravity theory was created and developed by Einstein, and the manner in 
| which string theory originally emerged from the Veneziano model in the late 1960s, and 
Ip .was subsequently developed in the course of the 1970s and 1980s. For example, the author 
Ip^of one of the main textbooks on the subject points out the following: 

IjSlf ■ “ For a theor y that makes the claim of providing a unifying framework for ail physical 
laws, it is the supreme irony that [superstringj theory itself appears so disunited,... [with] 

: the fundamental physical and geometric principles that lie at [its] foundation... still un¬ 
known. ... By contrast, when Einstein first discovered general relativity, he started with 
physical principles, such as the equivalence principle, and formulated them in the language 
of general covariance.” (Kaku, 1988, pp. viii, 5-6). 


of questions concerning both the physical justifiability as well as the mathematical validity! 
of this approach can be raised, but from the conventional point of view its fatal fault lies 
the nonrenormalizability of the terms in its formal perturbation expansion (cf., e.g., Descr,! 
1975, Sec. 3). Hence, the following conclusion was ultimately reached: “The failurel|I§ 
combine the particle physics version of quantum theory and general relativity poses a fun¬ 
damental problem, since gravitation undeniably exists as a force in nature. Either ourFf 
quantum theory must be modified, or other gravitational models should be considered, otS* 
we must leave gravitation unquantized, which might be inconsistent according to a Bohr F 
argument.” (van Nieuwenhuizen, 1977, p. 24). In view of all that, for a while hopes ipSH 
entertained that supergravity (cf., e.g., Wess and Bagger, 1983; West, 1986) might be able 1 
to supply models constructed in the same vein, and which would be renormalizable in the: 
conventional sense - but those expectations were not fulfilled (cf. Ashtekar, 1991, p. 7). | gj! 

For all these reasons, until the recent revival 23 of interest in a canonical formula 
of quantum gravity based on “new variables” (discussed in suitable contexts in the next two!"" 
sections), all the hopes for supplying a better framework for quantum gravity were pirinl|| 
on superstring theory. At the surface 24 , this was due to the fact that, at the level of formal |§p 
perturbation theory, the vertices of diagrams in string theory contain exponential nonlocaL ' 
factors that cause loops to converge in the Euclidean regime. However, the hope that striage- 
theory would provide the cure to the divergencies of quantum gravity has not been realized 11 
thus far - although it is claimed that the hopes are still high, despite the “remarkable drop of |jj 
interest in [superstrings] in the past year or so” (Horwitz, 1990, p. 419). 

The fact remains that superstring perturbation theory encounters a breakdown of | 
uniqueness after the compactification to four spacetime dimensions is carried out (Narain, ' !j 
1986). Moreover, it has been proven that its perturbation series not only is not convergent, 
but it is not even Borel summable (Gross and Periwal, 1988). On the other hand, the most! 
recent review of quantum gravity acknowledges that “perturbative computations are fi§ 
only ones we know how to do in superstrings, and even those are not fully understood ||| 
arbitrary genus” (Alvarez, 1989, p. 600). This review, otherwise very favorably 
predisposed towards string theory, concludes with the following admission: “It is true that 




11.3. Basic Epistemic Tenets of Geometro-Stochastic Quantum Gravity 


In the next chapter, we shall survey the historical developments which have led in the post- 
World War II years to a drastic shift in the methodology of developing relativistic quantum 
theories in general, and elementary particle models in particular - as compared to the 
|j| methodologies followed by the founders of relativity and quantum theory in the first half of 
§§1-f^ s century. From such a historical perspective, the present quantum geometry approach 
l| represents an effort to apply to relativistic quantum theories in general, and quantum gravity 
?.$ ‘ n particular, the same old, but nevertheless venerable epistemological methods, that were 
Iff routinely employed by all the well-known founders of relativity and quantum theory, led by 
v.^Einstein and Bohr, respectively. Their basic methodology consisted of building a new 
-.^framework of ideas on a firm foundation of clearly stated fundamental premises, which 
j. .reflected from the outset a cohesive philosophy — a Weltanschauung. Hence, such an 
| approach to the foundational problems with which a theoretical framework was intended to 
ft|deal most certainly did not leave, even in the initial stages of its development (not to 
ggjmention a quarter-century later), all the “fundamental physical and geometric principles that 
at [its] foundation ... still unknown”. 

^ keeping with that traditional but perpetually alive scientific spirit, the basic princi- 
gjpjes of quantum geometry were enunciated in Sec. 1.3. Subsequently, their mathematical 
.^implementation was carried out in the preceding eight chapters for the case where the gravi- 
J?.tf on treated as an external classical field. The quantization of gravity per se presents 
-- 7 -new ontological and epistemological problems, to whose enunciation we now turn, 
tr- general discussion in Sec. 1.3, as well as the one in the next section, suggests as 

first tenet of GS quantum gravity that any quantum spacetime should be formulated as a 
f:. lbre bundle over a base manifold which is an affine frame bundle, and which incorporates 
%0t superspace of Lorentzian base metrics. Such a superspace represents the various 
gplassical metrics” compatible with the various distinct quantum initial conditions. Thus, as 
opposed, for example, to the superspace approach to canonical quantum gravity, the GS 
| j‘PP roac h to quantum gravity incorporates from the outset Einstein's conclusions about the 
gP IC Physical nature of general relativistic spacetime, as those conclusions were laid out by 





him in 1952, in a beautifully limpid form, in Appendix V of the fifteenth expanded (and 
final) edition of his popular exposition of CGR. There he states (Einstein, 1961, p. 155): ' : V 
“On the basis of general relativity ... space as opposed to ‘what fills space’ ... has 
no separate existence ... If we imagine the gravitational field, i.e. the functions gik, to be ' 
removed, there does not remain a space of the type [of Minkowski space] but absolutely 
nothing, not even a ‘topological space’. For the functions gik describe not only the field, . 
but at the same time also the topological and metrical structural properties of the manifold ^ ; - 
... There is no such thing as empty space, i.e. space without a field. Space-time does not : 
claim existence on its own, but only as a structural quality of the field.” —^ 

The first tenet of GS quantum gravity therefore incorporates the above epistemic idea I 
that the concept of metric is fundamental to any concept of spacetime - including a quantum 
one. However, in keeping with the principle of irreducible indeterminacy (Principle 1 iri;|ffl §| 
Sec. 1.3), in a GS quantum spacetime the fluctuations of that metric manifest themselves jl \ 
even in regions where no matter fields might be actually present. That actually represents|§f| I’ 
one of the foundational reasons for quantizing gravity - rather than settling for an W 1 
extrapolation of the semiclassical treatment of the preceding six chapters, whereby a / 
classical metric field would be coupled to the mean stress-energy tensor of nongravitational - 
sources. According to an extrapolation of the GS quantum general relativity principle'|SL. 
(Principle 3 in Sec. 1.3), which will be discussed in greater detail later in this chapter, 
those fluctuations around mean metric values will be provided by exciton states consisting. || • 
of gravitons of mass-0 and spin-2. Such states will originate from GS gravitational fields iii||| fc 
quantum fibres above base locations, which are coupled to nongravitational GS fields.-^; 
Hence, such metric fluctuations can be deemed to originate from corresponding fluctuations i|| | 
in the nongravitational quantum stress-energy tensor in those regions where matter and-^1 
nongravitational radiation are actually present and in mutual interaction. 

The contemporary debates on the meaning of “time” in CGR, spurred by the lack of - 

an intrinsic concept of “time” in the canonical quantum gravity, often do not seem to take || 

into account Einstein's point of view, acquired over the span of the many years that it tookJ|| 
him to arrive in 1916 at the final formulation of CGR. In fact, the implications of the above ifl 
cited remarks seem to have been mostly ignored by the participants in these debates. Thus, ‘ 
whereas it might be justified to categorically state that “in quantum gravity there is no back- ■\’M 
ground spacetime” (as there is, for example, in the covariant approach - cf. See. 11.2), and || 
that “spacetime itself is a quantum variable” 25 , no operationally defined substitute tor a 4 r t|| 
metric is proposed instead. On the other hand, as it will be shortly discussed, albeit a. : 
globally defined “background” metric is indeed at odds with certain basic features of quan- 
turn behavior, if there is no four- metric of some kind present in a general relativistic frame- 
work, then according to Einstein's point of view there is no spacetime in a general rela- |f 
tivistic sense - be that classical or quantum. 

In fact, the above quotation from Einstein's writings incorporates one of Einstein's 
deepest epistemological conclusions, which cannot be ignored by anybody who claims to||| 
construct some kind of quantum general relativity - as opposed to some type of theoretical 'g 
framework divorced from Einstein's ideas. The protracted intellectual struggle, required to | 
arrive at the above quoted fundamental conclusion, is best illustrated by the “hole” argu*.,|| 
ment, which caused Einstein to temporarily abandon the principle of general covariance, vt 
and which delayed his completion of CGR by several years. 7 ;|p 

Indeed, Einstein and Grossmann argued in their well-known 1913 Eniwurf paper that ^ . 
if the nongravitational stress-energy tensor vanishes identically within some region 
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fibre bundle approach to CGR (cf. Chapter 2), “the points of the base manifold do not 
represent physical events, which are instead represented by mappings from a point on the 
cross section of the bundle into a point of the base manifold” (ibid., p.36). 

This is a very important and basic point, which is misunderstood not only by those 
general relativists who claim that it was Einstein who showed in his “hole” argument a lack 
of understanding of general covariance, but also by those who unconditionally claim that 
the diffeomorphism group is the gauge group of general relativity - without drawing a clear 
distinction between a gauge group of the first kind, and a gauge group of the second kind. 
The need for making such a distinction clearly emerges from fibre-bundle formulations of 
gauge theories, such as those presented by Drechsler (1977b, 1984), Atiyah etal. (1978), 
and Trautman (1979). As emphasized especially by Trautman (1980-1982), this distinction 
is of crucial importance in understanding the key differences between classical gauge 
theories of the Yang-Mills type, and CGR treated as a gauge theory. Hence, let us first 
recapitulate the terminology which is of key relevance to this point - comparing it in the 
process with Trautman's terminology - and then explain the basic structural distinction 
between Yang-Mills and general-relativistic theories. 

When considering a gauge theory based on a given principal bundle P(M,G), 
Trautman calls the structure group G a “group of gauge transformations of the first kind”. 
Hence, we shall henceforth refer to G simply as a gauge group of the first kind. Indeed, 
when some authors, such as Drechsler and Mayer (1977), Carmelli (1982), or Choquet et 
al. (1987), speak of a “gauge group”, they have in mind exclusively a gauge group of the 
first kind. On the other hand, Trautman talks of a “group (jof gauge transformations of the 
second kind”, and describes it as being in general a subgroup of the group of automor¬ 
phisms AutP of the principal bundle P(M,G) (cf. Sec. 10.2) “preserving the absolute ele¬ 
ments of a gauge theory” (Trautman, 1981, p. 422). Hence, we shall henceforth call g 
simply a gauge group of the second kind. Trautman does not give a general and precise cri¬ 
terion for those “absolute elements of a gauge theory” that decide what gauge transforma¬ 
tions actually are - obviously so as to make allowances for the very diverse usages of this 
term in physics. Indeed, when some other authors, such as Gockeler and Schucker (1987), 
speak of a “gauge group”, they have in mind exclusively the group AuImP of vertical au¬ 
tomorphisms (which Trautman calls pure gauge transformations), or, equivalently the 
gauge group £(P) of the principal bundle P(M,G) defined in Sec. 10.2, which is isomor¬ 
phic to AuImP. When such a restriction is (implicitly or explicitly) imposed, then it indeed 
becomes true that “the diffeomorphism group [DifTM] is not a gauge group (in CGR] and 
[that the Levi-Civita connection] Y is not its connection” (Gockeler and Schucker, p. 76). 
On the other hand, other authors unconditionally claim that “diffeomorphism invariance is a 
local gauge symmetry of general relativity” (Smolin, 1991, p. 443), and consequently in¬ 
sist, without qualifications, on “the replacement of the Poincare group by the diffeomorj 
phism group as the governing symmetry group of [any nonperturbative quantization of 
gravity] theory” (ibid., p. 442). 

Part of the explanation for this divergence of opinions can be ascribed to the fact that 
“there is no unique ‘gauge theory of gravitation’” (Trautman, 1980, p. 305), if no guidingl 
principles based on clearly stated operational principles are used, and if only the purely 
formal mathematical content of CGR is examined for the purpose of its comparison with 
gauge theories of the Yang-Mills type. Indeed, in that case “the most important difference 
between gravitation and other gauge theories is due to the soldering of the bundle GLM of 
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[linear] frames to the base manifold M” (ibid., p. 306). This “soldering” is present in CGR 
on account of the canonical form 0 in (2.6.4) - called by Trautman and others the 
‘ soldering form of the bundle. In accordance with (2.6.5), this form assigns to each 
vector X tangent to GLM at one of its points u, represented by a linear frame in TM> x 
; = the components with respect to that frame u of its projection I7*X. Hence: “The 
soldering form 0 leads to torsion which has no analog in nongravitational theories. More- 
f. over > il ^ects the [CGR gauge group of the second kind] Q, which now consists of the 
automorphisms of GLM preserving 8. This group contains no vertical automophisms 
other than the identity; it is isomorphic to the group DiffM of all diffeomorphisms of M.” 
(ibid., p. 306). And indeed, according to the general definition in Sec. 10.2, any auto- 
morphism of a principal bundle P(M,G) is given by a pair (<t>,\[i) of diffeomorphisms <j>: 

■ P^P and y: My M , so that if <J) equals the identity transformation, then the automor¬ 
phism can be identified with the diffeomorphism y of M onto itself. 

■ The above mathematical analysis of the term “gauge group” is totally concordant with 
the observation that, in CGR, “a space-time (manifold with a metric) corresponds to a 
yavitational field; but a gravitational field corresponds to an equivalence class of space- 
times. ... This is the true significance of the concept of general covariance... 
Unfortunately, this profound insight of Einstein was originally expressed in the language 
°r ?° rdina ? e , syStemS ’ rat ^ cr than ’ n ^e coordinate-free language of modem formulations 
of differentia! geometry. This was responsible for a great deal of misunderstanding of the 
subject.” (Stachel, 1987, p. 204). 

As we shall see in the next section, this “misunderstanding” persists to the present 
day, and is the cause of much of the contemporary debate over what is “observable” in 
CGR. However, Trautman’s differentiation between gauge transformations of the first and 
of the second kind certainly clarifies the confusion over the true significance of Einstein’s 
hole argument, as well as the meaning and implications of the principle of general 
covariance in CGR. In fact, it also implicitly reveals that in CGR the “points of space-time 
may be represented not by points of the base manifold as is usually done, but by a mapping 

AA°A-t tS °f a cross ~ section °f the bundle into points of the base manifold [emphasis 
added]. Events are then defined as sets of such mappings in the equivalence class of cross- 
sections corresponding to a unique gravitational field. Thus, if there is no gravitational 
field, there are no events.” (ibid., p. 207). In other words, it is not the classical spacetime 
M th ™ S ° f direct physical significance; rather there are certain principal bundles 
P( M ,G) over M (or any diffeomorphic images of M), which together with some of their 
associated bundles embody the physics of general relativity. 

, U P on as ^ n S the question “What is the structure group G of the gravitational princi¬ 
pal bundle P?” Trautman presents the following reasons for viewing either the Lorentz 
group or the Poincare group as gauge groups of the first kind in CGR: “Since space-time 
I is four dimensional, if P = GLM then G = GL(4,R). But one can equally well take for 
P the bundle GAM of affine frames; in this case G is the affine group [namely GA(4,R) 
m (2.3.9)]. There is a simple correspondence between affine and linear connections which 
]Qm\ it r/ eally immaterial whether one works with GLM or GAM ([K], Trautman, 
1973b). If one assumes - as usually one does - that [the connection form] co and [the met¬ 
ric] g are compatible, then the structure group of GLM or GAM can be restricted to the 
Lorentz or the Poincare group, respectively.” (Trautman, 1980, p. 306). 

AU th j s shows that opinions, such as the earlier cited one, to the effect that the role of 
the Poincare group should be taken over in quantum gravity by the diffeomorphism group, 
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have no valid mathematical foundation in general relativity. It can be also readily seen that 'Ip J 
they have no valid physical foundation either, if one takes into consideration the following 
key points: (i) on one hand, in CGR Lorentzian gauge invariance is required by the equiva- |gg| 
lence principle, whereas, on the other hand, according to the above cited explanatory re- f||| t-; 
marks of Trautman, such Lorentzian gauge invariance can be always extended into |j|||g 
Poincare gauge invariance — as explicitly shown in Sec. 2.6; (ii) as we ordinarily observe fjf r 
them, the geometric relationships in the universe around us comply to a very high degree of :5|j| M 
accuracy with the equivalence principle, as well as with the existence 27 of a mean classical J§||: 
metric, so that quantum fluctuations around those mean values must indeed be in some ~ 
sense “very small”, rather than being so large as to totally invalidate semiclassical approxi- ; ||| 
mations; (iii) if those quantum fluctuations are embodied (as is commonly believed) in the f§ 
behavior of gravitons of spin-2 and mass-0, then the presence of Poincare gauge invariance fi ■ 
is absolutely necessary, since it locally supplies the required irreducible representations of '>*M L 
the ISL(2,C) group that reflect a most fundamental principle of elementary particle,|H| 5 
physics, according to which all elementary quantum objects are associated with such repre¬ 
sentations. _ "’^1111 

Thus, any downgrading of the role of the Poincare group in quantum gravity cannot ll||| f- 
be justified either on mathematical or on physical grounds, and it represents merely a ra- Jal iX 
tionalization of the impossibility of embedding Poincare gauge invariance into some par- 
ticular method of quantizing gravity. The GS framework does not have this problem, since fill “; 
it has been conceived on firmly grounded physical principles, which cast the equivalence 
principle in a central role. Its basic philosophy is based on a search for the right mathemat- 'Jj|l 
ics to serve those principles, rather than on the modification of any of the most basic physLalil § 
cal principles carried out in order to serve some ad hoc mathematical scheme. Hence, the 
second tenet of QGR is that the GS quantum gravity gauge group of the first kind has to 
corporate phase space representations of the Poincare group that describe spin-2 and mass- 
0 gravitons, as well as all additional internal gauge group elements, which can be inter- 
preted as infinitesimally local four-dimensional diffeomorphisms (cf. Secs. 11.7-11.9). ; ^|||| | 

To explain why only “infinitesimally local” forms of diffeomorphisms (cf. (7.7)- 
(7.10) in Sec. 11.7) can be deemed of relevance in QGR, it has to be first pointed out that a r | 
global base-geometry of a quantum spacetime, in which matter and geometry are in mutual |t 
interaction, cannot be provided a priori 28 . This is an inescapable epistemic conclusion if, ||| 
on one hand, quantum gravity is meant to be applicable to the universe in its entirety, and, V-.-V 
on the other hand, th t freedom to locally perform “quantum state preparations” and 
“detections-cum-registrations” (which are integral parts of active observational processes 
constituting an “experiment”) is to be allowed within a QGR framework - thus reflecting p.: 
physical reality as it is ordinarily conceived in quantum theory. Indeed, by their very q^gj|' • 
nature, such experimental procedures necessarily change the existing states of the “system” |g|| 
and of the “apparatus”, since they give rise to “reductions of wave packets” - and therefore 
necessarily affect the geometry, and possibly even the topology, of a quantum spacetime. - 

The fact that such changes might be merely local, and extremely minuscule from a cosmic _ 

perspective, is not decisive from the point of view of principle: they do occur, and therefore . 
they do locally affect the geometry. Furthermore, they subsequently propagate quantum 
mechanically, and taken in conjunction with each other, they can be cumulative, so that 
they might even eventually give rise to large-scale changes 29 . _ 'p&|l 

Consequently, the GS quantum gravity framework presented in (Prugovecki, 1989b)|ggj|J | 
incorporated from the outset the basic tenet that neither the geometry, nor the topology of a 
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quantum spacetime can be given a priori, but that it emerges gradually from the prescribed 
initial conditions within a base-segment (cf. Secs. 11.1 and 11.5) during a process of geo- 
metro-stochastic evolution of a quantum gravitational superfibre bundle. When the universe 
is considered in its entirety, such GS evolution gives rise to a universal wave function, 
which constitutes the GS counterpart of the “wave function of the universe” introduced by 
Hartle and Hawking (1983). In the last section of this chapter we shall argue that 
“reduction-of-the-wave-packet” changes might be interpreted as local informational and 
organizational changes, which do not affect globally the universal wave function, but only 
bar perception and treatment of its local features. Nevertheless, even if that thesis proves 
correct and fruitful, the GS quantum gravity framework has to be sufficiently large and 
flexible to be able to accommodate them at the local level. In other words, if we borrow 
evocative terminology from Prigogine (1980), we can say that a quantum spacetime should 
never be envisaged in a state of " being ", but only in a perpetual state of “becoming ". 

. The underpinnings of the third epistemic tenet of GS quantum gravity can be actually 
found already in the way the initial-value problem is treated in CGR (cf. Sec. 11.1), as well 
as in the way CGR models are actually developed - as opposed to the way such develop¬ 
ments are usually presented in textbooks. In fact, this latter distinction was recently em¬ 
phasized by J. Stachel, as he presented an analysis of Einstein's views, in order to draw 
“some lessons from general relativity 4 *. Towards the end of that analysis, he points out the 
following: “Even relativists have not fully adopted [Einstein's] point of view, ‘no metric, 
no nothing’. ... They start out by introducing a global manifold ..., and then put such 
structures on this manifold as the metric tensor field. Is that the way any one of us actually 
goes about solving the field equations of general relativity? Of course not. One first solves 
them on a generic patch, and then one tries to maximally extend the local solution... from 
that patch to a global manifold which is not known ahead of time.” 30 

If we do not adopt the deterministic ontology which is implicit in CGR, according to 
which theoretically the entire spacetime geometry “already exists”, in its entirety, in the 
form of an equivalence class of Lorentzian manifolds (M,^ L ), then there is neither a 
physical nor an epistemological justification for assigning to such a global concept as the 
group DifFM any physical significance, since no M exists either singly, or as a member of 
an equivalence class. In other words, the real spacetime is constantly being generated, but 
ontologically there is no spacetime in a global sense - although, of course, there might be 
theoretical extrapolations of what (M,tf L ) “might eventually look like” when the Omega 
Point is reached (Barrow and Tipler, 1986), provided that such a conjecture can be at all 
reliably inferred from some future pertinent observational data. 

The fact that the diffeomorphism-invariance of CGR is totally dependent on a deter¬ 
ministic outlook becomes very obvious as soon as the earlier described customary manner 
of its implementation is reconsidered: in formulating the equivalence relation in (3.2), a 
manifold M, a Lorentzian metric g\ a set of tensor fields {T a }, and a family {x p (t)} of 
test-particle worldlines are supposed to have been already determined. Without that neither 
(3.2), nor its generalization (3.3), would make physical or mathematical sense. Hence, 
global diffeomorphism invariance makes sense only if strict determinism is accepted. 

Global invariance under “spatial” 3-diffeomorphisms might be deemed to provide an 
alternative, at the recommendations of the advocates of the canonical approach to quantum 
gravity. However, such invariance presupposes the existence of “the marvelous moment 
now” (Hartle, 1991, p. 178), namely of a global “instant” at which such diffeomorphisms 
are to be implemented. Mathematically, there is no problem with such a hypothesis. On the 


other hand, if the physical existence of a global “time” is assumed, that has to be reflected ' ■ 
in the possibility of operationally specifying how each such “marvelous moment now ” canP 
be observed. Not only are such schemes not in existence, but a search for them would be 
foreign to the entire spirit of general relativity, and would lead to the type of paradoxes aP 
ready discussed in Secs. 7.2 and 7.3. Of course, it can be argued that the classical cosmol 
logical models that are at present most popular do display a preferential slicing of spacetin^ff" 
based on their symmetry features that receive observational support at very large supra- 
galactic scales. However, such arguments most certainly do not have any observational® 
justification at the subgalactic level - not to mention at the microscopic level. 

The existence, in the GS approach to QGR, of the fundamental length l equal to the : ^ 
Planck length suggests that the foliation procedure underlying the canonical approach & 
should be replaced with a segmentation procedure (cf. Sec. 11.1), since no operational dif- If 
ferentiation can be then made between segments which can be traversed in less than a |l 
Planck proper time span. The formulation of GS quantum gravity in terms of bundles over. -: 
(affine) frame bundles which have such segments as base manifolds, rather than directly! 
over the base-segments themselves, automatically insures diffeomorphism-invariance with-!:;, 
in each one of those segments. At the semiclassical level, this can be extended into diffeo-15 
morphism-invariance between segments corresponding to distinct foliations of a classical 
spacetime manifold - cf. (5.31). Hence, the diffeomorphism-invariance will not turn ouitltS^ 
be the central issue as long as it is limited to physical events that have taken place in a given 
“era” of a GS evolution, rather than in a fictional global spacetime manifold. 

Thus, if an operational outlook that is in the spirit of Einstein’s seminal articles on' 
relativity theory is adopted, it becomes clear that in any formulation of quantum gravity, i 
which abides by the basic tenets of the quantum theory of measurement, a concept of gen¬ 
eral covariance based either on global diffeomorphisms in 4-manifolds M, or in 3-mariirlf 
folds E, cannot play any significant physical role. In fact, once the same choice of “observl® 
ables” is adopted in CGR as the one originally made by Einstein (1905, 1916), then the!,, 
same observations can be applied to the role played by KffM viewed as a group of activity 
gauge transformations of the second kind, as were in the past applied to coordinate trans^Ulfj 
formations viewed as their local passive counterparts. Indeed: “As Kretschmann pointed \,j 
out in 1917, the principle of general covariance has no physical content whatever: it speri||gF 
fies no particular physical theory; rather, it merely expresses our commitment to a certain ..j 
style of formulating physical theories.” (Friedman, 1983, p. 55). 

Thus, the allocation to the diffeomorphism group of the role of gauge group in 
CGR represents a choice in its “style”; whereas its physical substance, already present in® 
the formulation of CGR originally conceived by Einstein (1916), is primarily reflected in j| 
the underlying choice of the Loren tz group or of the Poincare group as gauge groups of the '; ' 
first kind. It is these gauge groups of the first kind that embody the equivalence principle^if 
and which, as such, have direct observational consequences. Of course, this issue|| 
closely related to the question of what are the “observables” of CGR - as well as of QGR. 


11.4. Observables and Their Physical Interpretation in CGR and QGR 

A great amount of attention is being devoted at the present time to the question of “physical 
observables” in the new formulations of canonical quantum gravity that have emerged most 
recently 31 . However, in many of these studies Einstein's own point of view as to what 


the basic measurable quantities in general relativity seems to be ignored, and a conventional 
| protocol with regard to the meaning of “physical observable” is substituted instead, whose 
roots do not actually lie in CGR. Indeed, as we shall shortly demonstrate in this section 
; recent suggestions to the effect that “the observables” of CGR should be identified with 
functions on a so-called general relativistic “phase space” represents a departure from the 
j basic measurement-theoretical principles on which general relativity was built by Einstein. 
Moreover, this contention does not appear to have any deeper epistemological or empirical 
justification that might have escaped the attention of Einstein, or that might be essential to 
quantum gravity per se 32 . Rather, the advocacy of such an identification represents a trans- 
ference of the basic ideas of the canonical approach to nonrelativistic quantum mechanics, 
|discussed at the end of Sec. 11.1, to the general relativistic regime, in order to founda- 
tionally justify the adoption of recent technical innovations in CGR (Ashtekar, 1987, 
|1989), relying on the diffeomorphism group as the only “gauge group” of importance in 
/.the formulation of new mathematical techniques in the quantization of gravity. 
m *®® ther hand ’ Ei nstein had made it perfectly clear in a well-known review paper 
Jin whlch CGR was presented for the first time in a cogent and finished form, that u the re¬ 
sults of our measurings are nothing but verifications of [space-time coincidences which are] 
meetings of the material points of our instruments with other material points, [such as] co¬ 
incidences between the hands of a clock and points on the clock dial, and observed point- 
; events happening at the same place at the same time” (Einstein, 1916, 1952, p. 117) - em¬ 
phasis added. Upon using this very basic observation as a justification of the introduction 
jof his principle of general covariance, in §4 of the same paper Einstein takes advantage of 
|the equivalence principle to advance the thesis that “the quantities g ra are to be regarded 
from the physical standpoint as the quantities which describe the gravitational field in rela¬ 
tion to the chosen system of reference”. Einstein then concludes that section on the CGR 
|theory of measurement with the key observation that “according to the general theory of 
^relativity, gravitation occupies an exceptional position with regard to other forces .... since 
:;>the ten functions representing the gravitational field at the same time define the metrical 
/.properties of the space measured.” There is absolutely no mention in that entire paper of 
. some other basic “physical observables” for the gravitational field, despite its otherwise in¬ 
dubitably operationalistic attitude - as exemplified by the statement that, on account of the 
. reasons given m preceding quotation, “the requirement of general co-variance, takes away 
|nom space and time the last remnant of physical objectivity” (ibid., p. 117). 

Ip As is well-known, and as it is further discussed and analyzed in Sec. 12.1, in his 
pater years Einstein became a “physical realist”, who repudiated some of the philosophical 
- implications of the statement that spacetime has no “physical objectivity”. Nevertheless, 
seven in his autobiographical notes, written more than three decades later, Einstein (1949) 

: never retracted the contention that spacetime coincidences are, in effect, the only ultimate 
-■-.manifestation of the physical reality which underlies the principle of equivalence, and 
|,which constitutes the basis of the principle of general covariance in its modem form, dis¬ 
cussed in the preceding section. Indeed, functional operationalism and physical realism do 
|nothave to be at odds with each other, if advocated wisely and practiced judiciously. 

6. E , Xt ? nsiv f studies33 in the 1960s and 1970s of the operational aspects of CGR have 
l^cceeded m clarifying and axiomatizing Einstein’s rather informal approach, as well as in 
/ aeveiopmg new measurement-theoretical ideas (such as those about “geodesic clocks” - cf. 
jMarzke and Wheeler, 1964; Harvey, 1976). However, they did not alter in any fundamen¬ 
tal manner Einstein s original conceptualization of what is measurable in CGR. In particu- 
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lar, they did not uncover any fundamentally new observable aspects of the classical grai 
tational field in CGR. Hence, the basic inference drawn from Einstein's epistemology, 
underlies CGR, was left untouched: the fundamental gravitational observables of gent 
relativity have to be operationally based; as such, they should be defined exclusively 
terms of the spacetime coincidences mentioned in the quotation from Einstein's key 19; 
paper, that was italicized in the introduction to this chapter. Hence, for pure gravity, 
are given exclusively in terms of the ten components of the metric in relation to suital 
local frames of reference, that locally describe the spatio-temporal relationships betwt 
those coincidences. It was this most fundamental realization which constituted" 
underlying reason for Einstein's earlier cited observation that if in CGR “we imagine _. v _ 
gravitational field, i.e., the functions gik to be removed, there [remains] ... absolute® 
nothing, not even a ‘topological space’.” It then necessarily follows that all the fundamental^! 
norigravitational observables of CGR are local entities (such as 4-velocities, 4-momenta^:! 
the components of the nongravitational stress-energy tensor, etc.), whose mathematiifl; 
representatives belong to the fibres of various bundles associated to the general linear frame 1 
bundle GLM, or its affine counterpart GAM (cf. Secs. 2.2- 2.3). :J||| 

The question can be therefore asked whether some new kind of “observables”, in iii|l 
sense of “smooth functions on the phase space of the theory [which, if physical] haVff 
vanishing Poisson brackets with the constraints” (Rovelli, 1991b, p. 301), might exist in| 
CGR, despite the fact that in the case of “the vacuum Einstein equations in the spatially 
compact case, not a single physical observable is known explicitly as a function of phased 
space variables." (Smolin, 1991, p. 447) - italics as in the original. This questioner 
especially pertinent in light of the fact that the italicized part of this statement represents^ 
reiteration of the observation that “one obvious difficulty with this [kind of] approach is' 
that thus far no one has been able to discover a single classical observable” (Bergmann and; 
Komar, 1980, p. 246) which is represented by a first class variable on the phase spacecj| 
CGR theory. Since the latter statement was actually made more than a decade prior to the? 
previous one, this lack of explicit examples is obviously not due to the lack of serious 
attempts at trying to find such “physical observables”. Rather, it reflects some deeper^ 
features of general relativistic theories, related to their underlying physical nature. 

The origin of the above cited “difficulties” can be in part traced to the presence cf 
constraints in the canonical formulation of gravity. For example, in trying to adapt the non -|§ 
relativistic canonical quantization approach to the general relativistic regime, it has been!| 
postulated that, on one hand, “in the quantum version of a general-relativistic theory only! 
observables should play a role”, whereas, on the other hand, in CGR “only first-class var||g 
ables are observable” (Bergmann and Komar, 1980, p. 243) - where, in accordance wil 
Dirac’s (1959, 1964) classification, a first-class canonical variable is defined as one whctsg 
Poisson brackets with the Hamiltonian constraints given by (1.13) vanish identically!: 
However, as pointed out in Sec. 5 of (Bergmann and Komar, 1980), such a definition re-i 
moves the status of “observable” from the most basic of Einstein's truly observable quantb^ 
ties in CGR, namely from the metric tensor. In fact, even in the most elementary but verf| 
basic case of the nonrelativistic mechanics of a single particle, if, as done by Bergmann and 
Komar (1980, p. 247), “constraints” are imposed in the classical regime in the form 

#o(Po>P):= Po ~ (p 2 /2 m) = 0 , 

and in the quantum regime by means of the Schrodinger equation expressed in the form- j 
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then the position operators with the spectral measure in (3.1.6), commonly defined by 
multiplication with the components of q, no longer qualify for their usual status of observ¬ 
ables, since we have 

jjjf {q J ,X<,} = Pj/m* 0, {pj,X 0 }= 0 , j - 1,2,3 , (4.3) 

kr',^ 0 ] = iPj/m* 0 , [Pj,X*} = o , j -1,2,3 , (4.4) 

I . , . 

jn the classical and in the quantum case, respectively. To rectify this glaring inconsistency 
with orthodox theory, the artificial concept of “quasiobservable” has to be introduced, so 
pf!that the nonrelativistic position operators can be then reinstated at least to the partial status 
of “quasiobservables”, and so that the conjecture can be then advanced that in canonical 
: gravity the twelve canonical variables (y a b discussed in Sec. 11.1, are all at least 
P “quasiobservables”. 

life- - Clearly, the motivation for the recent reconsideration of CGR “observables” which 
I % are “smooth functions on the phase space of a theory” and are “gauge-invariant” under the 
diffeomorphism group DifFM, despite their mathematically elusive and physically unwar- 
v ranted status, does not reside in CGR itself - which has not required them for its successful 
| ! physical interpretation during the past eight decades, since its inception. Indeed, the true 
observables in CGR, which have served from the beginning (Einstein, 1916) in the predic¬ 
tion and empirical verification of observable effects in CGR, are closely related to some of 
the entities that occur prominently in the equivalence relations in (3.2) and (3.3). Thus, 

; they are not M , nor its elements, nor its differential-manifold structure, and generically not 
; even the holonomic metric components ^ v - all of which are indispensable mathematical 
objects, reflecting the manner (i.e., “style”) in which CGR is formulated, but of no direct 
physical significance. Rather, the basic observables in CGR are the nonholonomic metric 
H.components gij with respect to certain local classical frames (cf. Sec. 11.6), the compo- 
:J nents of various tensors T a (stress-energy, angular momentum, matter and nongravitational 
radiation fields, etc.) with respect to the same frames, and the relative positions of the test 
particles which are in the immediate neighborhoods of the locations of such frames - with 
||^hdse in free-fall playing an especially important role in providing the best-known directly 

I observable predictions in CGR (cf., e.g., [W], Secs. 5.3 and 6.3). As correctly pointed 
. out by Rovelli (1991b, p. 304), the fact that all the frames and all the test particles are ma- 

II tenal objects implies that in such an interpretation we have to “neglect” their energy-mo- 

tensor in the Einstein equations, as well as their contributions to the dynamical 
equations for matter fields. However, this problem is common to all field theories. It has 
always been resolved by envisaging a limiting procedure in which the rest masses, charges, 
jgjetc., of “test bodies” tends to zero. If the geodesic postulate is not incorporated in the CGR 
11 framework, then this can create internal consistency problems 34 . On the other hand, if the 
p geodesic postulate is incorporated, as in the original formulation of CGR by Einstein 
(1916), then these entities provide all the “observables” in CGR. In that case the question 
^pl^feomorphism-invariance becomes, just as it was the case with Einstein's (1916) 
original formulation of general covariance from the “passive” point of view of coordinate 
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transformations, a purely mathematical question of choice amongst mathematically equiva. 
lent ways of formulating a given CGR model. Such an equivalence cannot be, however!! 
subjected to empirical verification, and therefore is devoid of true physical meaning. -a 

All this shows that the motivation behind the renewed search for some “physical' 
observables” invariant under DiffM cannot possibly reside in the interpretation of CGR f 
Rather, it resides exclusively in their conceived usefulness to some new approaches to tilt! 
canonical quantization procedure, such as those based on “loop representations” (RoveSfp 
and Smolin, 1988, 1990). These types of approaches are based on purported “quantum!! 
observables” represented by "diffeomorphism-invariant operators”, for which, however^ 
“the problem is that we do not know how to make a correspondence between any of thenfS 
and the classical diffeomorphism-invariant observables.” (Smolin, 1991, p. 468). 

In assessing the justifiability of applying the term “observable” to any abstract mathe^f 
matical object, for which neither measurement schemes nor correspondence with classical 
counterparts has been established, one has to bear in mind the fact that in quantum theory-^ 
the term “observable” has undergone very drastic changes during its historical evolution 8 
the post-World-War II era. Since it is stated in this context that 35 “following Dirac, we ca nf l 
these observables gauge-invariant observables, or physical observables, [or] ‘Dirac ob-1 
servables’ ”, it is useful to first examine some of the original sources that might provide the I 
justification for such terminology. 

The formulation of the term “observable” originally provided by Dirac (1930), and§ 
retained by him even in the later editions of his well-known monograph on quantum meif 
chanics, stipulates the following criteria: “We call a real dynamical variable whose eigen--! 
states form a complete set an observable. Thus any quantity that can be measured is an ob- I 
servable. The question now presents itself - Can every observable be measured? The apt 
swer theoretically is yes.” (Dirac, 1947, p. 37). Thus, in modern mathematical language, '! 
any quantum observable has to be represented by a self-adjoint (and not just symmetric)!! 
operator, since by the spectral theorem [PQj for self-adjoint operators, to any such operator > 
can be assigned a unique spectral measure, which formally (cf. Sec. 12.3) provides thejj 
“eigenstates” forming “a complete set”. On the other hand, in order to qualify as an observ¬ 
able, such an operator has to be measurable. Probably for this reason, in his path-breaking % 
papers on Hamiltonian dynamics with constraints, and on CGR in Hamiltonian form, Dirac 4 
avoids 36 the use of the term “observable” for the “Hamiltonian variables” which are func- • 
tions of the “basic variables q's, p's and v's" (Dirac, 1950). Moreover, in his well-knownS 
lectures based on this work, he talks only of “dynamical variables” (Dirac, 1964, p. 8), of | 
“Hamiltonian variables” (ibid., p. 14), and of “dynamical coordinates” (ibid., p. 53). 4i|S 

There is no mention in the seminal work by Bohr, Born, Dirac, or any of the other 4 
founders of quantum mechanics of any alternative definitions of what is a quantum observer! 
able. Of course, in theories with clear-cut gauge degrees of freedom, it can be expected that \ 
all the basic observables would be gauge-invariant in the absence of some gauge-breaking g 
mechanism. However, that leaves open the epistemic question of which comes first in tftpl 
developmental stages of a new physical theory: are all the basic observables of the theory to " 
be prescribed first, so that what constitutes “gauge freedom” is then decided afterwards, or|| 
should the developmental process of a theory proceed the other way around? ' 

A general answer is certainly not possible, since the history of physics contains cx- 
amples of both kinds: in Maxwell's theory, which was founded in an era epistemologically 
dominated by classical realism (cf. Sec. 12.1), there is no doubt that it was the electro-" '* 
magnetic field which supplied the basic “observables” from the outset, and the idea of 


j§®U(l)-gauge freedom came much later. On the other hand, in Yang-Mills theories, which 
j§ were developed in an era dominated by a conventionalistic form of instrumentalism (cf. 

Sec. 12.2), there is no doubt that the idea of SU(2)-gauge freedom came first. Thus, 
| philosophical outlooks can strongly condition such developments - albeit in contemporary 
jt physics these influences are more often covert rather than overt (cf. Sec. 12.7). The only 
.. general conclusion that can be drawn is that the conventionalistic instrumentalism of some 
f contemporary physicists tends to favor the second approach, whereby gauge groups are 
4 chosen first, and the question of observables is settled afterwards - if at all; whereas the 
^-“positivism” of Einstein (1905-1916), which he clearly displayed while he was developing 
|| relativity theory (cf. Sec. 12.1), as well as that of Bohr, which was clearly exemplified in 
| his treatment of quantum electrodynamics (Bohr and Rosenfeld, 1933, 1950), certainly fa¬ 
vored the first approach. In that traditional approach, what are the basic observables of a 
I physical theory is decided 37 in its initial developmental stages, so that the pinpointing of all 
the residual gauge degrees of freedom in such cases comes afterwards, 
fe"' Meed, as we have seen from the brief recounting of Einstein's “hole” argument at 
the beginning of the preceding section, what were the basic “observables” in CGR was 
I certainly decided during a stage when Einstein could be classified as a “positivist”, as he 
|| was under the strong influence of Mach. I hat fundamental decision was of such paramount 
importance that for several years Einstein was willing to sacrifice the principle of general 
1 covariance for its sake. In fact, that decision was the source of most of the physical 
/ intuition which Einstein achieved while developing CGR by means of his well-known 
I gedanken measurement procedures and experiments (Einstein, 1905, 1916, 1949; Einstein 
; and Infeld, 1938). The principle of general covariance, formulated in its original “passive” 
||pTn,yb//owerf that conceptual development, whereas its explicit formulation in its modem 
‘‘active’ form, based on the diffeomorphism group, came much later. Hence, attempts 
ij which try to reverse that very natural epistemological development represent an, explicit or 
jgimplicit, philosophical outlook that is totally different from the one that underlays Einstein's 
epistemology , as he developed CGR over the span of almost an entire decade. 

The philosophical origins and basic tenets of this outlook are described in Sec. 12.2, 
in their proper historical setting. For the sake of the present analysis it suffices to note that 
f llread y during its early post-World War II stages it led to the establishment and eventual 
total dominance of a purely conventionalistic type of instrumentalism in relativistic quantum 
theory. One of its telltale manifestations lay in modifications of basic quantum terminology, 
i whlch be £ an to evolve in new directions, whereby form and convention completely won 
j| 0 ver the deep concern of many of the founders of relativity and quantum mechanics with 

• epistemological considerations and foundational analyses. 

jp The concept of “observable” provides an example pertinent to the present discussion: 
|S relativistic quantum field theory it “progressed” to the point of postulating in the 1960s 
m ® xistence of “algebras of local observables”, in terms of which quantum field theories 

• can be purportedly formulated without any appeal to the type of quantum fields first intro- 
i|uced by Dirac (cf. Secs. 7.6 and 9.6; as well as [BL], Part 6, and Horuzhy, 1990). Thus, 
|gjng this evolutionary “progress” towards a purely instrumentalist point of view, quan- 
gm observables” became merely ingredients of abstract formalisms 38 , which were totally 
gVGfced from the question of their physical interpretation, and of the unambiguously speci- 
j3? operational procedures for their measurement, on which Bohr placed so much value. 

| - s fact . is recognized in some of the more perceptive contemporary analyses of how the 
iJgantization of gravity should be approached - of which the one containing the following 
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quotation is representative: “Bohr’s insistence on the primary role of classical ideas & 
quantum theory was not without a point. For example, it is not ^altofo^late aw^ 
defined ‘measurement theory’ that does not employ some kind of fixed reference frame foS | 
its rods and clocks. Traditional ‘Copenhagen’ instrumentalism seems especially reliant on | 
such a classical background, but attempts to replace it with a more realistic lnterpretahgjj | 
, _ .it!_ e *1 :-- u;- nnrtir.nlarlv acute m quantum cosmoloev-ss : 


hose size is contingent on the desired measurement accuracy (cf. Sec. 2.7). Hence, as the 
aforementioned time span increases, the quantum “particle” representing the “system” is 
bound to cross the boundary of a thus prescribed neighborhood. 

For all these reasons, any theory of quantum measurement based on the concept of 
'barn measurement outcomes is bound to fail in the general relativistic regime even more 


produce difficulties ot tneir own. i nis p u f * be interpreted in s V m _ . ■ Drove d faulty in the case of spacetime position measurements (which, however, are of 

rimations^^n issue that is^till much debated (Gell-Mann and Hartle, 1990, Hartle, 199 A g> n o real concern to any of the prevailing 5-matrix formulations, cm which the comparison of 
situations - an issue that is smi muc a .I .. .. „.,ag§§ ^Conventional relativistic quantum theories with experiments are based), and has retained its 

p enrose ). ( s J,' formu i at ion of the term “observable”, which |SJ g . viability only for momentum measurements (which are instrumental to all S-matrix ap- 

, H ch o DDaren t “flexibility” after the dawn of the conventionalisticall|J §| proaches). For that reason, the GS notion of quantum spacetime is basedton a fundamental 

Chapter 12), seems not only warranted, bill f Quantum spacetime form factor, which incorporates the principle of iireducible mdetermr- 
instrumentalist era m quantum pnysics ter. uwpw ,_ u...—/ c f. Sec. 1.3) in a form that sets the optimal accuracy l of measured spacetime sepa- 
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Penrose, 1987).” (Isham,1991, p. 360).. - ^ - „ . . „ .. ,"4 

In view of all this, a less arbitrary formulation of the term observable , which lra|| 

dS1 ZmenUHst'eraifaS™phy^ftf'Chip!^12 “eems''no ZZnZ! bljf spacetime form factor, which incorporates the principle of irreducible indet. 

S—L J to be eventually reached. . || ' - - - " - «« *" ' ° f ™ d S °“ 

pin Sec. 12.5, foundational considerations lead to the conclusion that the quantum spac, 
idy postulate ^tat & eveqself-adjoint operator in that Hilbert space of the j f form factor/, in (5.5.5) should be adopted as fundamental in any quantum spacetime, 
operator in a Hilbert space 9 ( ) y J suoerselectioiilnfli That is not to say, of course, that as technologically achievable spatio-temporal 


I® rations as equal to the Planck length - i.e., to t = 1 in Planck natural units. As discussed 
gj ^ gee. 12.5, foundational considerations lead to the conclusion that the quantum spacetime 
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system represents an observable. The existence of various types of superselecnon rules; 
(Wick et al, 1952; Hegerfeldt et al, 1968; Zurek, 1982; Omnbs, 1990) certainly provqs| 

. _ o _tKot ot in the arisen™*. 


. J - That is not to say, of course, that as technologically achievable spatio-temporal mea¬ 
surement accuracies eventually begin to approach Planckian orders of magnitude, this 


that (n) is get e y • J maintained, whereas in their presence, (ii)fip| quantum metric fluctuations, which manifest themselves as statistical fluctuations in the 

superselecnon rules, populate (n)a^k^be^till maintai^h compatible wit £ Fubini-Study distances defined and discussed in Secs. 3.7 and 3.9. On the other hand, one 

remains true in the assurae d to be discrete. of the basic criteria that restricts the field of choices from a measurement-theoretical point of 

those especially Note 27 to Chapter 7), the fallacy of tl4^H view, is that the fundamental quantum spacetime form factor has to provide the answer to 

claim becomes evident once a physically sensible operational restriction .is imposed on |kg| 
term “observable”, by requiring that at least one type of apparatus for its actual Jg 
measurement should be proven to exist. Indeed, as pointed out by Wigncr Q963),g|M 
some observables, in fact for the majority of them (such as; xyp z ), nobody seiio|^J 
believes that a measuring apparatus exists” (cf. [WQ], p. 338). He then goes on to stat^^g 
the same page of the same article: “On the other hand, most quantities which we beliew||jg 
be able to measure, and surely all the important quantities such as position, momentum, fiul g: 
to commute with all the conserved quantities [such as total angular momentum!, so |gj| 
their measurement cannot be possible with a microscopic apparatus. 

Naturally, when Wigner made the above statement, he had in mind the possibility 
of measurement of sharp values of position, momentum etc. - namely, if not l«crally^-| 
fectly “sharp” outcomes, at least the possibility of indefinitely improving the preemon « 
their measurement by “perfecting” the apparatus. Indeed, as long as gravitational effec ^ 
ignored, the increase of measurement accuracy allowed by the Wigner-Arala-Yanasc the^ 
rem can be improved indefinitely if we assume that the size of the apparatus can b £ 
creased indefinitely. When, however, gravitational effects are taken into ac^unt, the^^ 
pointed out already in Sec. 1.2, Planck’s length limits the accuracy of position meuSU^ . . 
meats regardless of the “size” of the apparatus. The accuracy of ^menum^^g 
is then also limited, since in the presence of gravity the time span between two consecu^ 
position measurements in the time-of-flight - or any other 
momentum - cannot be increased indefinitely for the sake of improving 
surement accuracy at a given position measurement accuracy Indeed the qI * 
principle has to be applied to such measurements. However, classicaUy that^pnn pU, 
valid only locally, in sufficiently small neighborhoods of the worldline of the appara... 0 


:i uuu» --—- 

ml 0 f basic criteria that restricts the field of choices from a measurement-theoretical point ot 
j view, is that the fundamental quantum spacetime form factor has to provide the answer to 
Ig the following question: how can the measurement of Fubini-Study distances of a local 
| quantum state from a local quantum frame, which constitute the basis of the GS quantum 
^theory of measurement, completely determine (at least in principle) that quantum state, 
regardless of how strong the gravitational fields are in the region of spacetime where the 
jjfffeasurements are performed? • 

|p; It turns out that the aforementioned choice ft resolves this issue of essential founda- 
jl.tional importance, thus providing further support in its favor. 

Indeed, we have seen in Sec. 3.7 that, in the SQM context, the measurement of the 
|t Fubini-Study distance in (3.7.15) of a quantum state to a given quantum frame uniquely 
determines that state if the frame is informationally complete, since operationally such a 
£ measurement is then tantamount to determining the probability density in (3.7.8). 
However, the natural arena for SQM is special relativistic physics, where global quantum 
^frames can be envisaged. On the other hand, in the presence of gravitational fields, the 
former SQM ^-variables introduced in Sec. 3.4 become the internal gauge variables first 
. introduced in Chapter 5, where they assume only values within the (abstract) tangent space 
'%W X M. Consequently, an operational meaning can be assigned to them only on the basis of 
■ .the exponential map at£ (cf. Sec. 2.7), by letting that map act in a sufficiently small neigh¬ 
borhood of x e M, where curvature effects are negligible for the desired level of accuracy, 
fgin can be, however, easily seen that in the case where the elements of the quantum frame 
5|are the generalized coherent states constructed from proper state vectors belonging to the 
fundamental quantum spacetime form factor^ in (5.5.5), the Fubini-Study distances mea¬ 
sured in fibres above points within such (arbitrarily small) neighborhoods are totally suffi¬ 
cient for the complete determination of any local quantum state above x — although that 
would not be at all necessarily true for other choices of quantum spacetime form factors. 
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As an example illustrating this important fact, let us consider a local quantum state I1 - Second, the GS method of quantization also does not encounter any of the measure- 
vector *F that belongs to a fibre F* of the Klein-Gordon quantum bundle introduced in Sec. J| V-ment-theoretical problems, pointed out by Wigner (1963, 1976, 1981), with finding an ap- 
5.1. If the elements of the Klein-Gordon quantum frames are given by (5.5.7), then ac- ?J|£ P paratus for the measurement of F(Q,P) in the case of those classical observables” in 
cording to (5.1.2), (5.1.9) and (5.1.12) P® |gff which both the position variables q and momentum variables p actually occur. Indeed, the 

& - all I quantum mechanical operators FfQ) and F 2 (P), corresponding to the “classical observ- 

/ > ^u<x)\> t,\ rr-it tur* r> irtf m7j*/ j nr / a I® ables” Ffq) and F 2 (p) in only the q or only the p variables, respectively, can be regarded 

{^| )y^l-£ I ~ J ex P[ l (C ' u )] )d ( u)d (wO. (4.5)S || - as b e j n g functions of the respective joint spectral measures for position and momentum - 

■ fS !;?■■ and as such redundant from a measurement-theoretical point of view. On the other hand, 
This implies that the expression on the left-hand side of (4.5) is analytic in the complex-111 pr-^therole of the PV measures for position and momentum, and of the associated Galilei sys- 
variables 42 £*= q - iv and C =Q >+ iv‘ corresponding to values of u and v’ from some.38 Ip terns of imprimitivity described in Sec. 3.1, is taken over in the GS approach by informa- 
neighborhood of the 4-velocity hyperboloid in R 4 supplied with a Minkowski metric.djj tionally complete POV measures (such as those described in Sec. 3.2), and by the associ- 

Consequently, the values of the left-hand side of (4.5) are completely determined by the '3 jf ated Galilei systems of covariance. In turn, such systems of covariance give rise to the con- 

values it assumes for C=C from an arbitrarily small neighborhood of the point of contact tgV- cept of quantum frame (described mathematically in Secs. 3.7 -3.9, and physically in the 
between T*M and M. But these latter values are exactly those that can be, at least in H ||| next section). Measurements with respect to such frames - whose specific instances are 
principle, measured with arbitrary accuracy if that neighborhood is so small that the use of implicitly or explicitly discussed by Yamamoto and Haus (1986), Busch et al. (1989-91), 

the exponential map at x can be related to an operationally viable procedure for the given Jjj Schroeck (1991), and others - suffice for the complete determination of a quantum state, 
strength of the gravitational field in the corresponding neighborhood of a; eM. Indeed, the S fliAll this implies that in the GS approach one can dispense with the canonical concept 
values which (4.5) assumes when £*= £' corresponds to points from that small neigh||| fijf.af “observable”, which creates so many difficulties when its extrapolation to the quantum 
borhood are equal to the measurable probability densities which, according to (3.7.8),%! Jjpeneral relativistic regime is attempted. Instead, in QGR the concept of quantum frame 
assume the values: ' • r iHB ft- ta ^ es over the role P l °y ed by canonical "observables" . However, the concept of quantum 

;|||i if w frame not only resolves a theoretical dilemma, but it also provides a most natural counter- 
ijy. n - / *u\ &“(*>\/rti“(*> I uA /a ■ P art of class * cal concept of frame of reference, which in the form of local frame plays a 

Pu(x){ * > O ~ \”j I */ * -Ulf| : natural and essential role in the general relativistic regime. Indeed, local frames provide the 

-IBi Stasis of the equivalence principle at the measurement-theoretical level, and embody the 
Thus, the local quantum state represented by 'Fean be, at least in principle, uniquety fm Jj| essence of the general covariance principle: the spatio-temporal distance between two points 
determined by such measurements over “almost flat” neighborhoods. Clearly, the congru : §8j B in a classical spacetime manifold M has a direct metric significance only when they are 
ence relations in (5.1.20) make this conclusion valid for quantum frames constructed froml|| ||if sufficiently close”; hence, upon using the inverse of the exponential map at one of those 
constituents of arbitrary rest mass m, and not just for m = 1. :-S Sjj g| points, their spatio-temporal separation can be approximated by that of their images in the 

We are now finally in position to formulate the basic operational principles of aQGRjf||| ft tangent space. However, what “sufficiently close” means cannot be defined in purely 
framework which is, at an epistemological level, albeit neither at a physical nor at a. J||| g/topological terms, i.e., in the sense of a “sufficiently small” neighborhood in some coordi- 
mathematical level, totally analogous to the CGR framework. ;IMM na . te chart > since under some diffeomorphisms “small” can become “large”, and vice versa. 

First of all, note should be taken of the essential fact that even in nonrelativistic^ffl tgpt is the metric prevailing in such a neighborhood that mediates the operational definition 
quantum mechanics the GS approach dispenses with the need for providing the status of jj|j Jf-( cf - Sec - 2 - 7 ) of what is “small” up to the n-th order. But the metric itself is manifested as a 
“observable” to any functions F(q,p), q,p e R", of the classical position and momentuml||| property of local frames, by singling out those linear frames which are orthonormal. Thus, 
variables. Consequently, GS quantization encounters none of the ordering problems whid^S g|gts Stachel (1989, 1991) has noted on the basis of Einstein's (1913-1954) remarks, the 
can make the canonical quantization procedure ill-defined in complex situations, such ajlp|g S general covariance principle tells us in effect that it is not the Lorentzian manifold M that 
those prevailing in a general relativistic regime. As a matter of fact, the following was . possesses in CGR any direct physical significance; rather, it is the maps into M from cer- 
pointed out by Dirac in his paper on the Hamiltonian dynamics with constraints: “Thel^ % tan bundles over M that embody that physical significance. And, of all those bundles of 
[canonical quantization procedure] of passing from the classical to the quantum theory is \ - dJrect physical significance, the most important is the Lorentz frame bundle LM, or, more 


p„ w (-= ■ 


not well-defined, because whenever a classical quantity involves a product of two factors 7 ; 
whose [Poisson bracket] does not vanish, there is an ambiguity in the order in which th|||| 
two factors should appear in the corresponding quantum expression. In practice with sim¬ 
ple examples one finds no difficulty in deciding what the order should be. With compli-Tr¬ 
eated examples it may be impossible to choose the order in each case so as to make all thp y 
quantum equations consistent, and then one would not know how to quantize the theory.;.-; 
The present-day methods of quantization are all of the nature of practical rules, whose ap- , 
plication depends on considerations of simplicity.” (Dirac, 1950, p. 145). 


- generally, the Poincare frame bundle PM - since those two principal bundles take over in 
H general relativity the metrical role played by Lorentz and Poincare global frames in special 
^relativity. Upon using in CGR these bundles as the fundamental carriers of spatio-temporal 
relationships we can indeed state, paraphrasing Bom’s maxim in Sec. 1.1, that “all dis- 
§§ Unctions in spacetime localization that cannot even in principle be observed are meaning¬ 
less, and have been therefore eliminated”. 

, As discussed in the preceding section, the geometro-stochastic approach to the for- 
r>$ mulation of quantum geometries for the description of spacetime in the presence of a quan- 
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tized gravitational field is predicated on the thesis that the mathematical aspects of CGR re¬ 
tain considerable relevance even at the microscopic level, at which quantum phenomena , 
prevail. Technically, this thesis is reflected in the assumption that the infinite-dimensional g§| 
supermanifold describing a quantum geometry can be fibrated into infinite-dimensional fgglB 
bres containing purely quantum degrees of freedom, but situated above the general af£§|| 
frame bundles GAS over four-dimensional manifolds S which can be viewed as embodi-1 
ments of “classical” degrees of freedom. Indeed, each such base manifold S represents^ ^ 
segment in the solution of a Cauchy problem (cf. Sec. 11.1) that provides a family of m^Jli 
Lorentzian metrics g M which are compatible with some given quantum gravitational initialjj 
values As the GS evolution proceeds, it gives rise to a conglomeration Ol Lorentzian'. 
developments (S ,g M ), obtained by smoothly fitting together the various base-segments S g 

which emerge during that evolution (cf. Sec. 11.11). . . 

In those situations where the gravitational field is treated semiclassically, as it was the • 
case in preceding chapters - namely as an external field that influences the behavioi^|| 
quantum states of matter and radiation, but is not in turn influenced by it - the foremen- 
tioned conglomeration contains a single family of isometric Lorentzian manifolds 
Each one of those manifolds can be then deemed to represent the same classical general - 
relativistic spacetime, albeit its elements x are not interpreted as the loci of classical pornt-g, 
like events, but rather as the base locations of quantum events. Thus, in that case the bas|g|| 
tenets of the GS theory of measurement are as outlined in Sec. 5.5. tflr" 

In any truly quantum model of gravity the influence of quantum phenomena on they 
geometry of (S,£ M ) has to be taken into account. Consequently, as it will be discussed||| 
Sec. 11.11, the metric structure within each base-segment S of a Lorentzian development. 

(S g u ) is of necessity dependent on the actually inflowing quantum states of matter an|| 
radiation. Hence, in that case the conglomeration of Lorentzian developments must consg| 
of entire equivalence classes of Lorentzian geometries assigned to various four-dimensional 
manifolds, which have only a differential structure in common. However, as oppose^f|| 
the application of the Many-Worlds-Interpretation (MWI) of quantum mechanics to supep| 
space formulations of quantum gravity (cf. Sec. 11.2), which ascribe a probability amph^ 
tude to each one of the 3-metrics yin some chosen superspace of^-geometries (I^iergi 
1986) the GS approach treats each Lorentzian development (S,£ ) as a distinct possityt-:^ 
ity which is totally conditional on the actually realized quantum states of matter andradj |||| 
tion. In other words, each quantum state that is completely known along some Cauch||p||p 
face of initial data gives rise to a unique equivalence class of mean Lorentzian geonaejn| 

(S g M ) so that no empirically unverifiable postulate of “parallel worlds is required..: ; f|| 
means that the actually observed mean spacetime geometry is determined by the meanm 
ric tensor g M , which equals the expectation value of a quantum metric tensor £ with respe , g 
to the quantum gravitational states in the quantum spacetime fibre above each base ^§|lp 
time location x . This mean metric then supplies a metric structure, and therefore, by t 
fundamental lemma of Riemannian geometry, also a unique mean torsion-free conneog- 
Thus at each x all the quantum fluctuations around that mean metric will be the outcome . . 
quantum field theoretical couplings which occur within the quantum stress-energy tensoyj 
for matter as well as for radiation. It is the components (g i} ) of the mean metric ten^t|||g 
the quantum fluctuations around those values, the corresponding components of t je 
turn stress-energy and angular-momentum tensors, as well as them quantum fluctua^. 
around those values, that arc the basic measurable quantities of GS quantum gravn> * 
therefore, the quantum metric and quantum stress-energy tensor fields that are t * 


^--■fundamental observables of GS quantum gravity. The gauge-invariance of these quantities 
under ^ diffeomorphism group for each base-segment S is insured from the outset by the 
& - fact that S does not play any direct physical role, since it only provides the base manifold of 
§§relevant principal frame bundles that are the true carriers of physical information. 

WvO" - Thus, Einstein's earlier cited declaration that “space-time does not claim existence on 
flits own, but only as a structural quality of [a metric] field” is thereby realized in the form of 
, jjjg earlier cited formulation advanced by Stachel (1989,1991), which we now paraphrase 
follows: The points of a base-segment S do not represent physical events; those events 
L^ ar e instead represented by mappings from points in the cross-sections of certain quantum 
frame bundles into points of a base-segment S. 


11.5. Quantum Pregeometries for GS Graviton States 

As outlined in the last part of the preceding section, the quantum gravitational bundle is 
^ -' constructed out of quantum-pregeometry bundles QPS, which provide a mathematical de¬ 
scription of the potential physical situation prevailing before a process of metrization sol- 
: ders some of the single-graviton fibres Z u to the base-segment S. The topology of such a 
|lfe|uantum-pregeometry bundle coincides with that of the topological product A(S)x Z, 
fewhere A(S) is a bundle-segment that equals the general affine bundle of coframes over the 
P^base-segment S, whereas Z will eventually emerge as the standard fibre of single-graviton 
states, which as such carries a Krein-space topology (cf. Sec. 9.1). In view of the termi- 
^pqfogy we used when describing in Sec. 11.1 the algorithmic segmentation scheme for 
| solving the initial-value problem in CGR, a base-segment S will eventually emerge in a 
similar role in the quantum context. However, at the present quantum-pregeometry level, 
there are no metrics as yet to single out from amongst the elements of the principal bundle 
GAS of affine frames over S those which are Poincare frames (cf. Sec. 2.3) - or, equiva¬ 
lently, to single out the Poincare coframes in the bundle-segment A(S). It will be physical 
' / input, in the form of actual initial data, or of geometric features resulting from GS propaga¬ 
tion that is already under way, that will create a metric structure in a base-segment S. 
Therefore, by definition, we shall assume that any base-segment S is merely a 4-dimen- 
sional differential manifold, whose boundary dS consists of two disjoint connected 3-mani¬ 
folds S’ and X”, to which we shall henceforth refer as the inflow and the outflow surfaces 
of that base-segment. 

|gf- The fact that the topology of a quantum-pregeometry bundle is given by a direct 

■ -.topological product A(S)xZ, rather than by a G-product (cf. Sec. 4.3), reflects the fact 
fllllt fibres of such a bundle are not yet soldered in a nontrivial manner to the base manifold 
||S v Thus, heuristically speaking, a quantum pregeometry represents a state of “prepared- 

■ ness” to become a quantum geometry, once there is an inflow of quantum information into 
- S through its inflow surface 5V. In that case, and provided that only gravitational sources 

11 are present above the points of a base-segment S, the quantum gravitational fibres Z 8 ( x ) 
that will emerge above each base location x e S for a chosen section s of the bundle 
-.'segment A(S) will be constructed exclusively out of single-graviton fibres Z 8 ( x ) which are 
- isomorphic to the single-graviton typical fibre Z. Otherwise, fibres of the type studied in 
|lChapters 7-10 have to be included in order to incorporate non gravitational fields. 

t The elements u = {(a(^),0‘(^))i i = 0,1,2,3} of the bundle-segment A(S) incorpo- 
gte all the covector tetrads {G £ (rc)} dual to the tetrads (ege)} of vectors in the tangent 
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space T x S (cf. Sec. 2.3). Each Lorentzian metric g L on S singles out from amongst 
tetrads those which are orthonormal in that metric: 

g L (e f (*), ej(x)) = c f (a:) • (x) := 7J U , i,j = 0,1,2,3 . ($. 

Equivalently, it can be said that a Lorentzian metric singles out from amongst the eler 
of the bundle-segment A(S) of coframes, dual to those in GAS, those ones which reptL 
sent Poincare coframes, so that a Poincari bundle-segment A(S,£ L ) is thus determined: .1 

gx = Vij 0\x) ® 9 j (x ) , u = (a(x), 0\x)) e A(S, g L ) c= A(S) . ( 5 >2 )S 

Conversely, if we assume 43 that the bundle-segment QPS is trivial, i.e., that it possesses || 
global section ft n , then the assignment of the (O^)-tensors defined by (5.2) to the elements i 
of the corresponding global section of the Whitney product QPS ®QPS will produce a 
lorentzian metric on S. Furthermore, analogous mappings 

s : u l—> ri ij O l (x)®O j (x) , u = s 0 (x)-(b(x),A(x)) <= A(S) , 

(6(^),A(a:)) e P(S,GA(4,R)) , VreS , (5|g 

can be defined for all other global sections of QPS, that correspond to all cross-sections! 
(5.3b) of the principal bundle P(S,GA(4,R)) whose structure group is the genera! affine 
group GA(4,R) defined in Sec. 2.3. The following Poincarg-equivalence relation, 

s’~s" <=> s”(x) = s , (x)-(b(x),A(x)) , V* e S , (5.4a)l 

(b(x),A(x)) e P(S,ISO t (3,1)) , V*eS , 

can be therefore defined between pairs of such cross-sections, which subsequently falL 
naturally into the equivalence classes of moving frames (cf. Sec. 2.2) over S: 

a s (s, i? L ) = { s y~ s } ^ a(s, g L ) . 

These equivalence classes can be set in one-to-one correspondence with the Poincare huS 
dle-segments A(S,g h ), defined by (5.1)-(5.2). In other words, the family of Lorentz met-, 
rics g L over the base-segment S can be identified with the family of subbundles A(S,g , ||| 
of the bundle-segment A(S), which in turn can be identified with the family A*(S, g L ) of; 
all equivalence classes of moving frames over S, whose elements are Poincare-equivalerjU 
to some fixed global moving frame s, and therefore also mutually Poincare-equivalent ;i 
By a metrization of the base-segment S we shall mean a selection of one of the|| 
equivalence classes. Thus, a metrization of S is tantamount to the choice of a Lorentz i 
over S . However, such a mathematical metrization procedure is conceived in a manner# _ 
is readily subjected to an operational interpretation, namely to an empirical verification as to 
which linear frames over the base-segment S turn into Lorentz frames, once a GS inflow| 
matter and radiation has taken place within S . 
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„ ^ This kind of verification can be operationally carried out at the macroscopic level as in 

CGR> namely by working with linear macro-frames consisting of “rods” and “clocks”. Its 
outcome is a macro-metrization that can be realized in the operational sense stipulated by 
i%instein (1905, 1916): light signals are used to check which ones of the various ordered 
fisets of “unit rods”, mathematically labelled by triples {ei(^),e 2 (x),e 3 (a:)}, actually consist 
Sfjprigid rods” that are of unit length, and which amongst these latter sets consist of unit 
Tods which are at right angles to each other. Such “classical” set-ups and measurement pro- 
ij!|4ures are > however, obviously not adequate at the microscopic level, and can serve only 
jT' as a basis for an extrapolation of measurement results performed in macro-neighborhoods 
of preselected base-locations, that are at macroscopic distances from each other. 

Jillp-; Within micro-neighborhoods of preselected base-locations which are at microscopic 
§|fdistances from each other, a micro-metrization can be carried out as an operational 
procedure consisting of spatio-temporal verifications, meant to establish which quantum 
gjjfi&nes are Lorentzian in the presence of the prevailing quantum states of matter and 
|i radiation. The general mathematical definition of a quantum frame was provided in Sec. 

. 3 . 7 . Consequently, we now turn to the formulation of its operational definition 44 . 
raMr A gedanken operational definition of an inertial quantum frame can be provided in 
terms of an observational procedure consisting of observations of a neutral quantum test 
body O, that marks the origin of a quantum frame, as well as those of six other identical 
- , test bodies A a , a = ±1,±2,±3, in its immediate vicinity, that mark the positive and negative 
axes at a chosen unit distance from O, and which are all in free fall. According to de 
^Broglie's (1923) original conceptualization, if any quantum particle is “regarded as contain- 
- ing the rest energy M 0 c 2 = hv 0 , it [is] natural to compare it with a small clock of proper fre- 
; quency v 0 ” (de Broglie, 1979, p. 7). Hence, such a quantum frame already has a concept 
| of proper time embedded into all its elements. This feature can serve to operationally define 
T the repetitions of measurements of mutual spatio-temporal relationship, that take place 
under identical local conditions, as those carried out at equal proper time intervals. The 
operational verification of whether any given frame is a Lorentz quantum frame consists 
" then of the repeated verifications, under identical local conditions, of whether or not the test 
|j|xlies A a , a = ±1 ,±2,±3, are indeed at the chosen unit distance from 0, and whether the 
axes joining O to each A a for a = +l,+2,+3, as well as for a = -1,-2 -3, are indeed at 
right angles to each other. Such an operational procedure can be in principle carried out by 
observing the recoil of photons in between the elements of a quantum frame, and using in 
jPllprocess the standard compensatory mechanisms described by Bohr (1949, 1961) to 
J- maintain their original geometric configuration within the optimally minimal bounds of 
^|rometro-stochastic fluctuations. 

JjS| Despite very likely present-day technological difficulties of implementing such mea- 
ggpjirement schemes in practice, at the geda/i&en-experiment level this manner of opera- 
' tionally defining spatial and temporal separations is actually closer to contemporary experi- 
Jpifrial procedures than the ones originally described by Einstein (1905, 1916) are even at 
macro-level. Indeed, the role of macroscopic “unit rods”, such as the standard meter in 
gg||t|is, has been supplanted in experimental praxis by microscopic standards that have 
||||^rged fiom the realization that “the best physical definition of length and time is provided 
^by a particular light or radio source which acts as standard for both length and time” (Arze- 
§|ps, 1966, p. 21). The measurement of spatial separation between two nearby “material 
g||oii«s” by means of electromagnetic radiation can be accomplished by taking advantage of 
Interference phenomena, which enable the counting of the number of wave-lengths needed 
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to cover the distance between those two “points”. In principle, the same procedure can 
carried out with beams of massive “test bodies”, such as electrons, in case that electromag¬ 
netic phenomena can be ignored in a given measurement situation (if not, any of the stable^ 
neutral elementary particles discovered thus far might be used instead - cf., e.g., Kelly gf 
al , 1980). In fact, in an electron microscope the replacement of a source of electromagnetic 
radiation (which from the microscopic point of view emit photons, that can be used in 
measurement of spatio-temporal separations) with a source of massive elementary particles' 
is a fait accompli., and can be used in the construction of quantum gravimeters 44 . 

The measurement of time-intervals can be reduced in such set-ups to that of spatial: 
separations. Indeed, the following was emphasized already by Einstein, while discussing.,,, 
the basic measurement procedures for classical relativity theory: “The presupposition of the | 
existence (in principle) of (ideal, viz., perfect) measuring rods and clocks is not indepen-'i 
dent of each other; since a lightsignal, which is reflected back and forth between the ends,off" 
a rigid rod, constitutes an ideal clock, provided that the constancy of the light-velocity in 
vacuum does not lead to contradictions.” (Einstein, 1949, p. 55). In principle, in order to 
adapt these observations to the quantum regime, all one has to do is replace in this quotaf 
tion the term “light signal” with “photon”, and the stipulation of the reflection taking place, 
“between the ends of a rigid rod”, with “between two markers, such as O and A +1 , at sttfj 
chastic relative rest in a quantum frame”. Naturally, compensating procedures (Bohr, 194|)| 
have to be used in order to maintain such a kinematical state of stochastic relative rest. 

In general, operational procedures for the measurement of spatio-temporal separ^ 
tions at the micro-level can be realized in a variety of ways. The essential point is, hq|J J 
ever, that an intrinsic standard for such measurements is embedded into all quantum 
frames, and therefore also in all GS propagators, from the outset (i.e., in the context of t|| 
present monograph, beginning with the quantum frame in (5.1.18), or the standard qt||| 
turn frame in (5.1.19), and then proceeding through all their counterparts in Chapters 5;|| 
8). Clearly, it is the plane waves exp (iqk), with k = mu, that supply the characteristg 
wave-lengths which serve as natural standards, independent of any conventions as tote 
choice of units for length of time durations, or to any particular choice of actual measure! 
mcnt procedures. Moreover, no ad hoc choices of “global rime”, “coordinate time”, or any 
other kind of framework-dependent “time” has to be made, given the undisputed fact that 
all quantum matter displays a characteristic “wave nature” in its behavior. I. 

Thus, a specific mean metric g™ can be, in principle, always measured in the sense of; 
implementing a micro-metrization process as a selection procedure of inertial qur 
frames, that are Lorentz quantum frames with respect to the actually existing mean r 
From a GS perspective, such measurements arc determinations of Fubini-Study distan 
obtained by measuring the probability densities in (4.6). In the course of many reper 
of such measurements, under locally identical conditions, there will be stochastic fl r 
tions in the measured relative spatio-temporal distances, which are due to the stochas 
extended nature of the quantum test bodies constituting those frames. In addition, there 
be fluctuations of a quantum field theoretical origin, that will manifest themselves in 
form of pair annihilations and creations of the GS matter fields related to second-qua 
frames coupled to the locally prevailing states of quantum gravitational radiation. 

In the present GS approach it will be assumed that such gravitational radiation 
fests itself exclusively as states of mass-0 gravitons with spin-2, represented by clen 
of the single-graviton fibres Z u . On account of this assumption, the general element 
such a graviton pregeometry fibre Z u can be expressed in the following form: 


jjjjfl; f(u;0 = J y+ exp(-i£-A)/(K;&) dn 0 (k) , C, =q-iv , (5.6a) 

f(u-,k) = fi J (k)0 i (x)®0 j (x), Tr/:=r/% = 0 , (5.6b) 

j§ V 0 + = {(* 0 ,k)| k 0 = |k| }, dQ 0 (k) = S(k 2 )d 4 k, u = (aixieXx)) e A . (5.6c) 

f§; In view of the generally acknowledged nonrenormalizability of all conventional 
approaches to quantum gravity, the sharp-point limit of GS quantum gravity is of no 
interest even at the formal perturbative level. Consequently, we shall henceforth set £ = 1 in 
Planck natural units. This implies that the 4-tuple £ = (£“,...,£ 3 ) can be deemed to 
constitute a 4-vector of the form 


£ = q + iv, q g R 4 , ueV + = ji/| riiju' 1 v ,j = 1 , v'° > 0 j 


(5.7) 


in a complex 4-dimensional affine space. 

The general momentum-space wave function in (5.6b) will eventually have to corre¬ 
spond to mass-0 and spin-2. Therefore, its components constitute a symmetric matrix of 
zero trace 45 , which will behave as a tensor under the later introduced Poincare gauge trans¬ 
formations. As in the mass-0 and spin-1 case treated in Sec. 9.1, the components of this 
internal momentum-space wave function are assumed to be square-integrable with respect 
to the invariant measure on the forward light-cone defined in (5.6c). In accordance with 
(1.11) and (1.12), the graviton pregeometry fibre Z u carries the indefinite inner product 


(f\f) = L1, f,f’e Z„ 


as well as the /-inner product 


[f\r)j = LLJv W k) dC2 « {k) * fZ “ 


(5.8) 


(5.9) 


The formulation of the basic Krein-space properties of the graviton pregeometry fi¬ 
bres Z u , which is preparatory to the formulation in the next section of a mass-0 and spin-2 
^representation of the orthochronous Poincar6 group ISO r (3,l), proceeds along very much 
tie same lines as in the mass-0 and spin-1 case studied in Secs. 9.1 and 9.2. Hence, we 
shall mention only its most salient points. 

One of its most important aspects is reflected by the existence of radiation gauges for 
ravitation states in various polarization modes. Therefore, let k = ki6\x) e T* S be any 
null covector with k 0 > 0 in the Lorentzian metric defined in (5.1) and (5.2). Then we can 
introduce (6P(a:)}-dependent linear polarization tetrads of vectors, which are totally analo¬ 
gs to the ones in (9.1.16): 


£ {0) ( u;k ) = e 0 (x ) , £ (3) (u;k ) = —[k| X a=d & a *«(*) , 

ki£ l w (x;k) = ki£{ 2) (x;k) = 0 , k = k i e l (x) = k o 0°(x)+ : k . 


(5.10a) 

(5.10b) 





Consequently, they obey the following algebraic equations: 

e w w;k)-e iv) (u;k) = > /t,v = 0,l,2,3 . (5.11) 

On the other hand, the elements of the dual of such a polarization tetrad satisfy the relations: 

e[^(u;k) el v) (u;k) = S/ , e[^(u;k) ef\u;k) = S) . (5.12) 

If we insert them in (5.6a), we find that the generic element of/of a graviton pregeometry 
fibre Zu can be expressed in the following alternative form: 

f(.u\0 = J y+ exp • k}e^\u;k)® e (v \u\k)f ( p V {k)di2 0 (k) . (5.13)' 

Hence, each graviton pregeometry fibre Z u incorporates elements of the form 

o iK (u;C') = LexpUC'-O •*] e i (x)®e j (x)dn 0 (k) 

= expU£'-£) • k] e l (fl) (.ir,k)e( v) (u;k) £ (/x) («; k)® £ (v \u]k)dn Q (k) , (5.14) 

which provide the following graviton pregeometry frame associated with u: 

Grf(«) = {e K | i,j = 0,1,2,3, f = q + iv e R 4 x V*} . (5.15) 

• Js 

Indeed, the arguments in Sec. 9.2, based on taking the mass-0 limit in (9.2.12), can be 
easily adapted to the present situation, and lead to the conclusion that the inner products inj 
(5.8) can be rewritten in the following form (cf. the notation introduced in (5.2.3)), Vf 

{f\r) = f IX f^:='ZljJf‘ J< f!](d^O . f K = (f\(f K )-, (5.16) 

and that, similarly, (5.9) can be expressed as 

= , f m :=Wi,f U( . (5.11 

Hence, any element/"of the graviton pregeometry fibres Z u can be expressed as follows: % 

f = f iK e ,K -.= \dUOf iK e^ , f ij; ={o“ ; if) . ( 5 . 18 ) 

Naturally, as in all previous instances, the integration in (5.16)-(5.18) is carried out over 
any hypersurface axV + , where a is a spacelike hyperplane with respect to the internal 
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| metric introduced in (2.3), and it is executed with respect to the covariant and formally 
I renormalized measure of integration 

jjp d£(Q ~ 2Zf r2 v i 8(u 2 -1) do i {q)d A u = 2 Zf r \ do i (q)dQ{v) , ( 5 . 19 ) 

111-which is based on taking the limit in (9.2.16). 

jjjU- An alternative form of the inner product in (5.16) for local graviton states is given by 

igg. (f\f) ~ *'1 f lK \ fm d£2(v) , dQ(v) = Z^dQiv) , (5.20) 

te and corresponds to the one in (9.2.21) for the case of photon states. 

Th e quantum gravitational pregeometry fibre Z u over each affine coff ame ue A(S) 
fe can be constructed from the graviton fibre Z u in the manner customary in the construction 
|jj of Fock spaces for bosons - which was adapted in Sec. 7.4 to the GS framework. Thus 
J|! we first attach to each u e A(S) a vacuum state vector *F 0 . U , which spans the one-dimen- 
j|f sional local vacuum sector Z 0u . We then add to Z 0 . u the 7-direct sums of symmetrized ten- 
lit sor products of the graviton pregeometry fibre Z u , so that: 


Btif Z “ ~ ®n=0 * 


z„.,, ~ z„ ®• • ■ ® z„ . 


^jgp Graviton annihilation operators can be defined by their action on n.-graviton states: 

(Sij (0%- M ) n _ l (C l ,i l j v ...,C n _ v i n _ 1 jn-i) 

» C = G(x) + (qj+ii)j)ej(x) .(5.22) 

|This definition gives rise to unbounded but/-closable [PQ] operators in Zu , with well-de- 
• fined adjoints and 7-adjoints (Bognar, 1974, p. 122), which can be used to define graviton 
creation operators. These creation operators then act on n-graviton states as follows: 

(&U ^ )n+1 ^1 * hJl > — * Ci+I» h+Jn+ 1) 

P » 0 ^(Ca,. (5.23) 

ft note that the two-point function in (5.23) is the one given in (9.3.13), and that the hats 
|ndicate ^ at ^e variables under them should be omitted. It is then easily checked that 

| ~ (««r'(O^l v) = ('r\gt ) (Q'r') , % r’e z u , (5.24) 

p^all vectors^and V F' from the respective dense domains of definition of these opera¬ 
tors. Hence, the quantum gravitational pregeometry frame field 
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g(.u-,O = gS)0‘M«>0 i (x), = • ( 5 ' 2 5 ), 

is given by operators that are selfadjoint in a Krein-space sense (Bognar, 1974, p, 133). 

As a consequence of (5.22) and (5.23) we obtain at all u e A(S) the following 
internal canonical commutation relations: -fg 

, [^(ft^Dl-o. (5-f 

We can therefore define quantum gravitational pregeometry frames yj 

GRF(u) ^{0 f \feZ u } , u e A(S) , (5.27) 

at each u e A(S) , by setting for all single-graviton local states f |j 


O f = exp [g M (f)-g ( ~\f)} %, u , f e Z tt , 
S (+) (f) = g { ~\f ) f := 1 f iJ (0g^(O dUO . 


(5.28a) 

(5.28b) 


It is easily seen that the considerations in Sec. 9.3, that led to (9.3.26) and (9.3.28), can be 
adapted with no problems to the present situation. Hence, the elements of such quantum^ 
gravitational pregeometry frames are eigenvectors of the graviton annihilation operators, ; 

ss||| 

. f = f lj &(x)®O i (x)<= Z„ , (5.29)' 

and the family GRF (u) in (5.27) provides a continuous resolution of the identity l u in theyy 
quantum gravitational pregeometry fibre Zu , when the functional integration is carried out 
with respect to the /-inner product of the majorant topology (Bognar, 1974) in that fibre: .. 

f |® f ) dfdf (<* f \ = K ■ < 5 - 3( 

In this manner we have recovered a great deal of the basic internal structure t||| 
characterizes the first and second quantized bundles of the preceding six chapters in 
general, and the ones for gauge fields in the preceding two chapters in particular. HowevCT, 
two fundamental distinctions emerge between the present case of a quantum pregeometry 
and the previously treated cases of quantum geometries: 

(I) . In the manifold S, called a base-segment for a quantum pregeometry, no particu¬ 
lar Lorentzian metric is singled out, so that no Poincare gauge covariance is yet in effect. 

(II) . The graviton pregeometry fibres Z u and the quantum gravitational pregeome 
fibres Z u are not soldered by generalized soldering maps, such as those in (9.3.12), to t|| 
base-segment S, so that quantum pregeometry bundles have as a base manifold the bund|| 
segment A(S) of affine coframes u, rather than S itself. 



In view of (I), and as indicated by the term “pregeometry”, the fibre-bundle structure 
of a quantum pregeometry is not as yet associated to any principal bundle of physical inter¬ 
est, whereas, as indicated by the term “quantum”, it already has quantum kinematics em¬ 
bedded into it. In view of (II), the dependence of the graviton states in (5.6) and of the 
quantum gravitational frame field in (5.25) on x e S is only indirect, and it is due exclu¬ 
sively to the fact that the elements of the coframes u e A(S) assume values in the cotangent 
spaces of S. On the other hand, as explained in Sec. 11.3, on account of the presence of 
the canonical form 0 in (2.6.4), these coframes are soldered to the base-segment S, so that 
they are left invariant by the diffeomorphism group Diff S. Hence, the pregeometiy frame¬ 
work is diffeomorphism-invariant on each base-segment S - a feature that will be inherited 
by the Lorenz quantum gravitational bundles of the next section. In fact, this diffeomor- 
phism-invariance extends into the general diffeomorphism-invariance given by 

. v: s —> s* , n ir =yojT , e-> e 1 = e , (5.31) 

whereby the original base-segment itself is exchanged for a diffeomorphic one - a situation 
which in the classical context would correspond to a change of segmentation of the classical 
spacetime manifold M, resulting from a change of foliation of M. If the structure group, 
the soldering form, and the total spaces of the physically relevant bundles are regarded as 
“absolute elements” (Trautman, 1981) of the theory, which are preserved by such trans¬ 
formations, then invariance under them will result if quantum events, like their classical 
general-relativistic counterparts, are represented by maps from those fibre bundles into their 
base manifolds, and not by elements in the base manifolds themselves. 


11.6. Lorenz Quantum Gravitational Geometries 

In the preceding section the process of metrization of a quantum bundle-segment was de¬ 
scribed, both mathematically as well as at a physical and operational level, as a process of 
natural selection from amongst all inertial quantum frames of a subset of Lorentz (or, more 
generally, Poincare) quantum frames best suited to the inflow of quantum information. 

Mathematically, the transformation of the quantum pregeometries in the preceding 
section into fibre bundles which have the orthochronous Poincare group ISO*(3,l) as a 
structure group (i.e., as gauge group of the first kind - cf. Sec. 11.3) can be achieved by 
soldering the graviton pregeometry fibres Z u to the base-segment S corresponding to all 
affine coframes u e A(S,^ M ) that emerge, as described in the preceding section, from a 
metrization of a base-segment S . Physically, such a metrization takes place as a result of 
an inflow into S of quantum matter and radiation in the course of their GS propagation - 
whose mechanism will be described in Sec. 11.11, once all the necessary mathematical 
tools have been developed. However, it is clear already at this stage that only those 
metrizations of a base-segment S can be deemed physical for which its boundary 3S 
emerges as spacelike, and for which the time-orientation of the coframes in A(S,£ M ) is 
such that the outflow surface 2" lies in the future of the inflow surface 2' - i.e. for which 
the causal futures of all points in 2' intersect 2", whereas the causal pasts of all points in 
2" intersect 2', rather than the other way around. This is the essence of GS quantum 
gravitational causality in a strong as well as in a weak setting (cf. Chapter 7). 










In studies of the topology of classical spacetimes, two 3-manifolds X' and X" ar e 
called cobordant if there is a 4-manifold S whose boundary is the disjoint union of X' arid 
X". Two such cobordant manifolds are called Lorentz cobordant if there is a Lorentziari 
metric on S so that X’ and X" are both spacelike. A theorem by Lickorish (1963) asserts 
that any two 3-manifolds are cobordant, and its extension by Reinhart (1963) asserts that 
any two 3-manifolds are actually Lorentz cobordant 46 . Thus, without any loss of general; 
ity, we can assume that in the case of any initial-data base-segment S 0 its inflow and bile 
flow surfaces Xq’ and Xq" = X/ are Lorentz cobordant, and that the base-segment S 0 is th| 
4-manifold interpolated between them which carries one of the Lorentzian metrics th|? 
makes them both spacelike. For all other base-segments S this feature will then follow jn 
the course of formulating quantum gravitational GS propagation in Secs. 11.10 and ll.i‘8 

As we explained in the preceding section, the metrization of a base-segment S can be- 
operationally achieved by singling out from all the affine frames {(a(*),0‘(*))} € A(S)1 _ 
those which belong to the Poincare bundle-segment A(S,g u ) for the actually prevailing'^ 
mean metric g M . The mathematical embodiment of this procedure consists of specifying!? 
within such a base-segment S a vierbein field X 1 ^, which determines a cross-section s o0 f 
A(s,ir M ), so that, in accordance with (2.3.2)-(2.3.4) as well as (5.2), 

, , , , •V/l W fc* 

£ M =f?y0‘®0 J , 0‘ = AV^ 6So cA(S,^M) . (6.1 

Ihe transition to other cross-sections of the Poincarb bundle-segment A(S,# M ) can be then 
effected by means of the procedure in (5.3), whereby A(S,# M ) is converted into a PoincaJN 
re frame bundle with typical fibre equal to the orthochronous Poincare group ISO T (3,l).f|| 

The fibres Z„ corresponding to all coframes u e A(S,# M ) above each given reS 
can be now soldered to the base-segment S by means of the generalized soldering maps 

<: r = 40 fff w/ = {4 c }eZ , f eZ, . gp 

In this manner a Poincare graviton bundle E(S,g M ) over S can be produced, which is as : 
sociated to the principal frame bundle A(S,£ M ). This is achieved by means of an identifi¬ 
cation of all fibres Z M which correspond to all Poincare coframes u e A(S,# M ) above each 
given point*, resulting in a single fibre Z x by the imposition of the equivalence relation 

{4c} ~ {4?} <=> f eZ u ~ f'e z u' • «,«’6/1''WcA(S,^), (6.3 

between each pair of their respective elements whose coordinate wave functions in (6.3) are 
related by the following representation of ISO T (3,l): 

U(a,A ) : fijiq + iv) f-jiq + w) = A? A/'f ir (A~\q-a)+ iA-'v) . (6.4 

'fhe formulation and study of the above representation of the orthochronous Poincarb 
group can be carried out very much as in the case of that for photons, presented in 
(9.2.24), so that we shall mention only its distinctive main points. 

Let us proceed as in Sec. 9.1, and consider first the following counterpart of (6.4), 



(6.5) 


|J U(a,A) : fyik) h-> fljik) - exp (ia ■ k) A*A ff ej . {A~ v k) , 

|{in the momentum representation. If we impose the Lorenz gauge conditions 

If: ^4 y( £):= WV/«(£) = 0 , j = 0,1,2,3 , (6.6) 

SJ tte representation in (6.5) reduces to one which is equal to the symmetrized tensor product 
i.oftwo of the representations in (9.1.13). As such, it would in general consist of a direct 
| sum of a spin-0 and a spin-2 representation. However, the spin-0 component was 
4 eliminated from the outset by imposing the additional trace-zero condition (cf. Note 45): 

fP Tr/(&):= /jt&) = Tj ij fjj(k) = 0 . (6. 7) 

When the representation in (6.4) is restricted to a Lorenz graviton fibre 
p: Z ( x 0) = {/* e Z x | Tr f = f l = 0 , dJ iK =0 , j= 0,1,2,3} , (6.8) 

it leaves invariant the subspace consisting of the null elements in Z x , namely (cf. 7.4)) 

f|:i- N * 0> = [f e Z ^\ (f\f) = °} = {/* e z x 0> | £j = djXj + d t Xj , i,j ~ 0,1,2,3} . (6.9) 

However, the analysis in Sec. 9.1 tells us that the representation in (6.5), which acts on the 
wave functions that satisfy (6.6) and (6.7), becomes equivalent to a unitary irreducible 
VV igner-type representation of the orthochronous Poincare group ISO r (3,l) for spin-2 and 
:■ 7 f r0 mass ,f 11 is deemed to act on classes of such functions, which are equivalent modulo 
elements of the set of null elements. Hence, that representation gives rise to a correspond¬ 
ing spin-2 and mass-0 irreducible representation of ISO T (3,l), when defined on the quo- 
I'tient of the spaces in (6.8) and in (6.9). 

We shall refer to the subbundle E L (S,jsf M ) of the Poincare graviton bundle E(S,# M ) 
over S, whose fibres are given by (6.8), as a Lorenz graviton bundle. From it we can 

^construct the Lorenz gravitational bundle £ L (S,# M ), with fibres 


^=©; = o . 


2SS =Z ( r 0) ®--.®zl 


Se/cSsme of he n0ninvariance of tyv ' lcal flbres constructed by taking/-direct sums under 


ff U (a,A) = ® oa _U(a > Af n , 


(a,A)<= ISO t (3,1) , 


ghich are totally analogous to those encountered in Sec. 9.3, force us to restrict ourselves 
>>gebraic direct sums in (6.10), in order to have well-defined generalized soldering maps 






Chapter /ifgjij Qu antum Gravity 


„ . . x „ f0) ^ 4 'Ms^ ca nonical as well as with the covariant approach to the quantization of gravity ~ although it 

---qs in other respects completely dissimilar from both these approaches. Thus, the prequan- 
geometry stage, described in the preceding section, has at its disposal all the possible 

_ .. ■ . . . • _ 1 J 1 nnma no ralPC in rhiintpr ft iBf Lorentzian metrics over the base segment S. If we restrict ourselves to those metrics which 

■ : aTP cnace-compatible with the boundary of S, in the sense of making that boundary space- 

^nWo n r»n rnndHftrftrions in Chanter 10 more advantageous. Hence, for M - like, then those lorentzian memos & ;will give rise to all possib e Riemanman metrics t 

®-^ldhg the inflow boundary £ of S - with uie components of all in the timelike directions 
V or thogonal to £' supplying, in accordance with (1.20), all the various possible extrinsic 

__ _ —-^curvature data in the limit of an “infinitely-thin” base-segment. Hence, as far as the element 

'1||| ||f| 0 f choice is concerned, GS quantum gravity has at its disposal at least as many possibilities 
V l F =[d x -0 j (X )P :. u + ^ c5 kl (X) M k J ] l F x , <6.13)@ metric fluctuations as the canonical approach. The crucial difference is that, amongst all 

x x ’ - r wm j|||iese possibilities, the GS approach first selects, on the basis of a quantum information 

for sections s of the extended Lorentz bundle L 1 M corresponding to the mean metric gHg fjgflow, a mean metric g M , and then it envisages those fluctuations as taking place locally 
The infinitesimal generators in (6.13) are those corresponding to the representation itijl I# and stochastically - rather than globally and coherently, as it is the case m the canonical ap- 
(611*whereas thf connection coefficients am those corresponding, in accordance «j g^Pach. As we saw in (6.15), in this respect the mean metric displays some similes 
2 6 19) and (2 7 6), to the classical connection compatible with g*. Their values can be|g jfeith the background metnc g* introduced via (2.6) in the covanant approach - except that 
herefore deduced Erectly from those for vierbein fields (Drechsler, 1984, p. 455): « g| the latter is globally defined over a given manifold M, whereas g* provides only one of 

3 f iigH HSQget (S, g u ) in the never-ending “creation” of a Lorentzian manifold (M, g m ). 

. i „ v / .i \ JiiM ipi: The present GS approach is therefore epistemologically more general than either the 

G> kl = 0 J (O klj - Qj k i - Q ljk ) , Q j)d = 2 4j 4* \ d n A v - «V *u) nil . g■ canonical or the covariant approaches to quantum gravity, in the sense that it does not make 

' 3ml I : any physically unwarranted assumptions, which are difficult to justify from a nondetermin- 
rt M rh nnint r^Sthe mmntum-sravitational metric field - M istic quantum point of view. Thus, as we discussed in Sec. 11.3, in the face of quantum 


0% : 'F n . x (C V hji,— ^n;*(Cl»Ul>—»Cn»Wn) » ' P n,x € Z i;x • (6-4) 

Hgg 

The remedies offered to this situation could be the same as the ones in Chapter ^ 
However, as we shall see in the next section, the physical nature of present problems, 
makes a route based on the considerations in Chapter 10 more advantageous. Hence, fori 
the time being we limit ourselves to defining exclusively within the core gravitation| 
bundle %, L (&,g tx ) a semiclassical connection whose covariant derivatives are given by :J|g 


COkl = - Q jkl - Q ljk) » Q jkl = 5 A) *?{£ 

If we introduce now at each point x e S the quantum-gravitational metric field 


g q (x]Q = Vij OXx^OW+giu-X) . “ “ «(*> 


then the quantum gravitational frame field in (5.25) can be viewed as the source of quahffi^ 
fluctuations around the mean value ’i^Ull 

'.?.v3g§§8 

g(x):=(r\g*(x;Or)/W'r) = > VeZo-,* > ^Ij 

supplied by the vierbein field in (5.6b). Thus, the tangent space T x S plays in the prese|j 
context a role somewhat analogous to the one which the background Minkowski space;: 
plays in the most common formulation of covariant quantum gravity - but this role is in.ya 
quantum gravity purely local, as opposed to being global, as in the latter case. _fl|| 

We also see that, in the same manner in which the Levi-Civita connection Qt||| 
specific Lorentzian manifold is compatible with its metric structure, the semiclassical 
nection on the Lorenz graviton bundle E L (S,^ M ) and the Lorenz gravitational be 
l E L (S,g u ), that are associated in the above described manner with P(S,ISO (3,1))» 
compatible with the metric structures determined by the respective indefinite inner p 
defined in. the preceding section in the fibres of these quantum Lorenz bundles. The 
we shall refer to these bundles as instances of Lorenz quantum geometries. In fa 
should be kept in mind that the soldering of the fibres of both E (S,^ M ) and % (S, 
depends in a crucial manner on the choice of mean metric g M in S, since it is reflect 

the choice of vierbein fields. , r , . v 

It is of interest to point out already at this stage that the framework for Gb qua 
gravity which is hereby gradually emerging, has some common features with botn in 


. istic quantum point of view, lhus, as we discussed in oec. i i.J, in tne race oi quantum 
^ indeterminism and of the mutual interaction of quantum matter and general-relativistic ge- 
iS ometry, it is impossible to reconcile the assumption of the global spacetime manifold M of 
covariant approaches with any quantum ontology. Furthermore, even if we assume that a 
fftlensible physical interpretation can be assigned to the “wave function” of the 

l|§|onical approach in (2.1)-(2.4), it is equally difficult to reconcile the quantum type of 
11 stochasticity, in which quantum fluctuations occur randomly, anywhere in spacetime, with 
^^fluctuations” of globally defined “spatial” and smooth Riemannian geometries, which 
|, somehow manifest themselves “simultaneously” across the entire reach of our Universe. 
1 Indeed, not only is such an epistemic hypothesis impossible to verify empirically in the ab- 
4 sence of a global “time” observable that would provide the operational instructions as to 
1 when the measurement of a given /should be performed, but it also contradicts the most 
basic aspects of any form of stochasticity at both the classical and the quantum level: such a 
presumed smoothness represents as sound an assumption as the one that all paths of a 
. Brownian motion should be deemed to be smooth, on account of the fact that the trajecto- 
ries of particles that obey Newton's second law have to be C 2 -smooth, Thus, if we use as a 
ide all past experience with classical stochastic processes, as well as with path integrals, 
d recall that in CGR the splitting of spacetime into space and time is not absolute, then it 
pears more sensible to assume that smooth classical geometries would turn out to be the 
es of “measure-zero” if a mathematically correct probabilistic interpretation of | l f / (y,0)] 2 
1 be eventually discovered. In that case it would be the “stochastic” metrics, including 
“distributional” ones, which would carry the true quantum content of such canonical 
" Is of quantum gravity. 

On the other hand, such an epistemologically sound approach to canonical quantum 
ity would have to overcome very difficult mathematical obstacles, since “it is not at all 
iear what is meant by a ‘distributional’ metric, and how this would affect the ideas of 
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Riemannian geometry” (Isham, 1991, p. 366). Moreover, even if those technical problemj^fti 
were somehow solved, the physical problems of interpretation would still have to be facn III 
- assuming that one is not willing to postulate fictitious “parallel universes”, populated bill 
equally fictitious observers, capable of carrying out the “simultaneous” measurements of 1 
various /for the purpose of empirically verifying |‘/ / (y,0)[ 2 (cf. Sec. 11.12). 

The GS approach to quantum gravity totally dispenses with the need for any such I 
theoretical fiction, by envisaging quantum metric fluctuations which occur only lornlh vlL tt 
Such GS metric fluctuations are therefore locally measurable , since they do not rely o n If 
wave functions involving information about physical data along an entire maximal-® 
hypcrsurface of any base-segment S. The method of their measurement is therefore ''^ I 
physically realistic, and (in principle) it can be deduced from the operational procedure <|ff§ 
verification, described in the preceding section, for ascertaining which quantum frames Id 
constructed from quantum test bodies actually represent orthonormal frames. In particular ^fl 
this implies that no “many-worlds” hypothesis is required for the operational interpretation'll] * 
of GS quantum metric fluctuation probabilities. 

11.7. Internal Graviton Gauges and Linear Polarizations ' 

The fibres of the Poincard graviton bundle E(S,£ M ) over S contain, in addition to theIf 
elements of the subfibres in (6.8) that correspond to the Lorenz graviton bundle E L (S,#M)l|| 
also elements that satisfy the generalized Lorenz gauge conditions 

d l fi K = b j(Q , d l = ifdj, dj - d/dq J , j = 0 , 1 , 2,3 , ( 7 . 1 ^ 

for local graviton states. These internal graviton gauges obviously correspond to various I 
choices of 4-tuples of functions &/£)> which under changes of Poincard frames transform I 
as the components of a covector: 

U(a,A) : bj(q + iv ) i-> 6y( q + iu) = Aj k b k (A~ ] (q-a) + iA~ l v) . (7.2) 1^1 

'Ihey give rise to fibres which can be constructed as in (6.3) from the pregeomelry fibres |§§ 

Z™ = {/ e z„ | Trf = 0 , <5%. = bj , j = 0,1,2,3} c Z. . (7.3);! 

The latter are left invariant by the internal l/xrenz gauge transformations 


f = fij0\x)®e\x) f’= fyO i (x)®e j (x), f,f'e z„ , 

fii(0 = 4-(0 + d t Xj(0 + djUO , d%Xj(0 = o . 

Indeed, the zero-trace property of the local graviton states f and f' implies that 

<?%(0-lTr[r(«;0-/*(«;0] = o , 


(7.4b|l 


(7.5jt? 



s0 that the gauge transformations in (7.4) leave invariant each one of the generalized Lorenz 
gauge conditions specified by (7.1). On account of (6.4), we must also have 

Via,A) : Xj(q + iu) h-> X'/q + iv) = Aj k l k (A-'(q-a) + iA~'v) (7.6) 

under changes of local Poincare frame. 

The physical significance of the internal gauge transformations in (7.4) can be easily 
understood if one considers the following changes of coordinates. 


y y - yc 


y e ^L x c S , jx = 0 , 1 , 2 ,3 , 


within some “infinitesimal” neighborhood of the point x e S in (7.4a). A straightforward 
computation shows that under such an “infinitesimal” coordinate transformation the compo¬ 
nents of the mean metric tensor g M change at the considered point xeSas follows (cf. 
Wheeler, 1979, p. 434): 

g™ >-» 8™ + VV.v + v;/j > V m:v = dyjdx v - f * v , (7.8a) 

r fiv - 2 g {g*.n,v + g*.v,fi—gftv.x) . g KX gxjt = y g\fi,v = jdx*. (1. 8b) 

Since the local graviton states in (6.12) depend on the frame but not on the choice of the 
coordinate charts in S, such a transformation affects the mean metric, but not the quantum 
part g{x,tf) of the quantum-gravitational metric field in (6.14). Upon introducing in the 
considered neighborhood the Riemann normal coordinates at x whose coordinates lines 
have the vectors in the tetrad {e,(*)} as tangents (cf. [M], p. 285), (7.8) assumes the form: 

gij ^ gij + Vij + Vj,i , gij = gjf = TJij , r jk = 0 . (7.9) 

On the other hand, if we adopt an “active” instead of a “passive” point of view (cf. Sec. 
10.2), then we can view the transformation in (7.9) as one that corresponds to a diffeo- 
morphism \j/ in S, which shifts the location of the base point x within the considered 
neighborhood, while giving rise to an isometric transformation of the mean metric. The 
outcome of such a transformation can be transferred to the graviton states by carrying out, 
m accordance with (7.6), the following approximate identifications: 

l ( ?\q + iv) = + (<7‘ + «*) ^,f(^^ l <7(^))] + OCf^ + a| 2 ), (7.10a) 

if V'v = dv k /dy l , y = exp* [(g l + a*)<?£(*)] e , \q\ 2 = £® =q ( 9*) 2 • (7.10b) 

pds gives rise, in the quantum-gravitational metric field in (6.14), to an internal quantum 
gravitational gauge transformation. Hence, if we keep (7.10) in mind, it is clear that such a 
gansformation represents an “infinitesimal” version of the type of “classical” diffeomor- 
Phisms \f/: S S of S onto itself that were discussed in Sec. 11.3, and which were pre¬ 
sented there as being the constituents of gauge transformations of the second kind in CGR. 



In order to find an algebraically convenient gauge-fixing condition that singles out 
graviton state vector from each gauge orbit of such quantum gravitational gauge transfor¬ 
mations, let us introduce in each quantum pregeometry fibre Z u , corresponding to some u: 
e A(S, g M ), the graviton linear polarization frames whose elements are given by 

e^{u\0 = Lexp [KC'~O-k]e^\u;k)®£ ( - v \u;k)dn 0 (k) , (7.1 

where the above ^-dependent polarization coframes are defined by (5.10)-(5.12) - except 
for a set of .^-measure zero along the forward light-cone. Then we can replace (5.18) by 

f = \diXOf^ (Oe' lv? eZ„ , fj.0 = • (7.1. 

so that the inner products in (5.16) and (5.17) assume the following respective forms: || 

{f\r)=lf“\of;y(OdS(o, . (|| 

WJUowoduo . t,r* z.. (7| 

In this decomposition into polarization modes the symmetry of the local graviton state 
vector (5.18) in the (/-indices becomes equivalent to 

v = 0,1,2,3 , fe Z tt , (7| 

and the four equations 

= . M = 0,l,2,3 , f*7%> , iff' 

provide necessary as well as sufficient conditions for their belonging to the Lorenz gravitonl 
fibre in (6.8). Hence, using the analogy with the TT (transverse traceless) gauge in ’ 
linearized theory of classical gravity [M,W], we impose the additional gauge condition | 

M = 0,1,2,3 , feZ^cZ™ , (7 

which singles out a TT-subspace in each graviton pregeometry fibre. Since fis tracel 
for each choice of coframe u corresponding to an element of the Poincare coframe bundl 
A(S,g M ), this singles out at the point x&S above which that coframe lies the foltowin 
two independent modes of local graviton state vector linear polarization: 


f l \0 = U0{e uC -^) , 
f m (0=fn( 0(^ + f 2lC ) , 


/ (1> e Z^ , 

f (2) 6 zr. 



1.Hence the TT-subspace of each graviton pregeometry fibre can be expressed in the: 


zr={/•'"+r’[/ e z™}, 


fliand any element in that fibre can be unambiguously decomposed as follows: 

Ilf f =/"+ f L *. r=f (i) +f (2) ezr , / L e n w , ( 7.2o a) 


(f\f)=(f rr \f TF ), {f i \f x )=(f i \r)=o . 


(7.20b) 


r It should be emphasized that the above considerations were carried out on the Lorenz 
subfibres of the graviton pregeometry bundle of Sec. 11.5, rather than of the Lorenz 
Jffgraviton bundle of Sec. 11.6, since the TT-gauge condition in (7.17) is not left invariant by 
I' Lorentz boosts, so that the above decomposition is not Lorentz-invariant. On the other 
■ hand, the graviton pregeometry subfibres 

= {/■ e Z®”| {f\f)~ o} . (7.21) 

^ consisting of graviton null vectors, are Lorentz-invariant, and can be therefore identified 
Jfwith those in (6.9) for the appropriate choice of x. This suggests a restructuring of each 
| graviton pregeometry fibre Z„ , based on the following decomposition: 

f = f™ + fi- + f* , 7%, N»> . (7.22a) 

f^f-f L , 0. (7.22b) 

J|: Such a decomposition can be regarded as the outcome of a “gauge-fixing”, resulting from a 
^-specification of the generalized Lorenz class (7.3) to which / belongs, and the pinpointing 
of its Lorenz-gauge representative f L , to which the decomposition in (7.20) is then applied. 
H§§ This Lorenz-gauge representative can be obtained by using the projection operator 

ip p u - f(u;k ) . (7.23a) 

J§|:; k = k m (£ i0 \u;k) + £ ( *Xu]kj) , k =(2k {0) r 1 [£ i0 Xu;k)-£ (3 Xu;k)) . (7.23b) 

g|is easy to check that, on account of the fact that ft is a null covector, the map in (7.23a) 
j^^bduces a wave function which satisfies the Lorenz gauge condition, and that a second 
^application leaves that function unchanged. Consequently, the counterpart of this operator 
jjgt the fibre Z u is the operator whose action in Z M is that which follows from (5.6), 

IS- P “ : ^ + djd^fkiiOoXx) <g) e j (x) , (7.24) 

HH;: 

k so that multiplication with kj is replaced by i times differentiation with respect to q>. Hence 



r=-P u feK> , feZ u , 

provides the desired decomposition in (7.22). 


11.8. Null Polarization Tetrads and Graviton Polarization Frames 

A restructuring of the Lorenz graviton fibre in (6.8) which is suitable for the later introdoc-l 
tion of BRST transformations related to changes in internal graviton gauges can be"' 
achieved by introducing in the complexification of the tangent space T x S the following cir¬ 
cular polarization vectors, .f§p 

. . \-v«S3__ 

£ [±1) («;« = JJ(k) E c±1I (*„) , £M(k 0 ) = T^(e 1 U)±ie 2 W) . (8.1a) 

k = k/|k| , k = k 1 0\x)+k 2 9\x)+k 3 O 3 (.x) , k u = 6°(x) + 0 3 (x) , (ijtjfll 

where the above rotation is the one which takes 6Kx) into k, and takes place around tjif 
axis which is orthogonal to these two covectors. The Lorentz boost which takes place in the 
direction of e 3 (x), and is given by 

/'“*)e tll) (* u ) = E l±ll (* u ) . , e" w = , (8.2' 

coincides with the one in (5.2.21). It then follows that 

A„K = k , . ksV; M , (8.3) 


so that, upon introducing in accordance with (7.23) the null vectors 

£ [+2] ( m ;&) = k , e [ ~ 2 ] (u;k) = k - k 


(8# 


we obtain the following null polarization tetrads 41 

£ Ir W) = V r) (*„) . iev; , r = ±1,±2 . (8.: : 

Indeed, it is easily verified that for any covector k lying in the forward light cone these four; 
covectors coincide with the ones defined by (8.1) and (8.4), and that they obey the 
following relations: 

c (r, (u;A:)-€ (r to) = 0 , r = ±l,±2 , (8- 6 

c {r \u\k)- e [s \u\k) = 0 , r = ±l, s = ±2 , (8- 

e} n \u-k)-c m {u',k) = c l:,Jz] (u:k)-c [J2] (u;k) = 1 . (*■%}& 



For any given proper Lorentz transformation A the following Lorentz transformation 


D(A,k) A^AA A . lk , A eSO 0 (3,1) , k e V 0 + u , (8.7) 

1 beI ^ gS r t0 * e Sl ttle gr . ou P ofk » for a11 covectors k within the forward light cone (cf. Note 6 
m Chapter 9). From the representation of this little group in terms of matrix elements with 
g respect to linear polarization tetrads, we can compute that 48 

gv- ■ D(A,k)e l ] (k u ) = £ [+2] (A u ) , e=6(A,k)e R 1 , z = z(A,k) eC 1 , (8.8a) 

i D(A,k)^(K) = ^ l \k u )^e^(k u ), (8 . 8b) 

gf- (88c) 

DU,k)e l ~*\K) = ^K)+ze-‘ e e l - 1 \k u )-ze i °e l *' ] (k„) + (8.8d) 

l^nsequently, upon taking (8.5) and (8.7) into account, we find that for A e SO 0 (3,l) 

2)( - A =£ [+2, (£) , e lr] (k):= e [r] (u]k), r = ±1,±2 , (8.9a) 

A^(A-'k) = e ie ^\k) + ze™(k) , (8%) 

A J-HA-'k) = e- i6 e^\k)~ze^\k) , {89c) 

A £ [ - 2 W*W-%) ^ze- t9 ^-%)~ze i0 e [ *%)^\z\ 2 e [ ^(k) . (8.9d) 

Let us now re-express the Poincard group representation in (6.5) in the form: 

U(a,A): f r=^p{.ia k)l s ^k)A£ [r \uA^k)®A£ [s \uA~ l k), (8.10a) 
f = fij(k)0 l (x )<g> 0 J (x ) = ^j(^)£ IrJ (w;A:)®£ [s! ( W ;^) e r,s = ±1,±2. (8.1()b) 

?rnnH C , C n 0 o UI t U °- &S WCU 35 ° f < 5 ' 6 ) C«-9), the SUbfibrC of Z M COITC- 

[&, r “ 7'“ m °des in (8.1a) and to “good” null polarization modes 4 *, 
.namely to r,s - +2,+ 1,-1, is left invariant by the representation in (6.4), and in fact 


Z “ ) “ j^l e *p(-iC -k)f [nl (k)d r] (u;k)® £ tsJ («;A)djr 2 0 (^)|, (8.11) 

whhdemems m:ik{n8 “ (?11} ' (712) thc transition to the graviton null polarization frames 

J n Hu;C) = cxp[HC -0 k] £ [r \u-,k)®c [s] {u-k)dQ 0 {k) , 

0 s subfibre can be expressed in thc form: 


( 8 . 12 ) 







ZL 0) = {f\f = Trl-Jw OW O^} • (8.13) 

It is then easily established that 

Z r={f|/ , = S;LJ<^(f)WO^' >,{ . 4ia±.J = A, c Z<„°> , (sJ 

z H/t=XlJ<^w o^' !K + H,J«*ao/f rt (0« ,w }= nl w . ( 8 . 15 )' 

As with any structure group, the Poincare group acts from the right 50 on the elements 
u of the Poincare bundle-segment A(S,£ M ). Using (8.1)-(8.4) we find that for any proper! 
Ixjrentz transformation A we have, 

A £ {±i1 (m; A~ l k) = e ±mA,k) e l±l] (u■ A T \k), A ^ ] (u\A~ l k) =£ I±2) (m- A*\k), (8.16) 

where the above action from the right of A on a coincides with that of (0 ,A). All this 
suggests that the decompositions in (7.22) should be re-expressed in the form of the| 
following direct sums: 

Z„=Z™©Z®®Z° . Z? =Z^SZS . (8.17) 

In order to associate this decomposition with the elements of a quantum bundle over 
the base-segment S rather than over the Poincare bundle-segment A(S,g M ), let us intro 
duce the graviton polarization frame bundle 


Grp(S,£ M ) = U u6A < s ,* M )Grp(”) > 

Grp(w) = |£ [rs]f | r,s = 0,1,2,3, £ = q + ip e R 4 x V + j , 


(8.18? 


We then define the action from the right of the orthochronous Poincare group 1 SO t ( 3,1) oh 
its elements, given by (8.12), as follows: 

(a,A): c [rsK (u;C) » C [n] Hu{a,A);0 

= [ + cxp[i(£"-£-a) k] c^ r \u- A;A)®€ 1s1 (m- A'^dQ^k) . (8. 1 

J V’y 

This action is consistent 51 with group multiplication for the Poincare group on account.o| 
the fact that, upon inserting A A’ into (8.9b) and (8.9c) and comparing coefficients aft 
executing the group multiplications, we obtain 

exp[±t0(A/!',&)] = exp[±z0(A ,k )] exp[±t0(A',A -1 ^)], A,A‘e SO 0 (3,l). (8.2* 



We can construct now a graviton polarization bundle with typical fibre A©N B ©N C 
which consists of Hilbert spaces of functions 


a(0=©*L 1 °Wi(0 . P(Q = 2 , 
r(O = (@:,WO)®(e,W0) , 


which carry inner products similar to those in (5.17): 


(8.21a) 

(8.21b) 


(8.22a) 


{a\a) - XpLJ%p](0«(V P |(0^(0 , a,a'e A , (8.22a) 

. W) = 4 Sr!_ 2 \P[-2r)(QPUr}( QdZ(Q , £,/3'e N B , (8.22b) 

• (rlr') = i; LJ r^j( 0 r mi( 0 a£( 0+XILJ y,«.jC0 r t^j( . (8.22c) 


P,Pe N 1 


(8.22b) 


jjhe action of the orthochronous Poincare group in the typical fibre A©N B @N C is given 
!|by means of the unitary representations 

ill U A ( a >A) : a [±1±1] (q + iv) f-» e ±2lG{A ’ ld) a {±l±i] {A~\q-a) + iA~ { v) , (8.23a) 

||j: U\a,A) : p^ 2 r] (q+iv) ^ 8 ar 6 {A ' ia) ^_ 2 r] {A~ l (q ~ a) + iA~'v) , (8.23b) 

fe U c (a,A ) : y Lrs] (q + iv) i-> e ii±s ^ ±s »- ) 9 (A ' id) r[rs] (A - 1 (q - a) + iA~ l v) . (8.23c) 

Wc can therefore define the following graviton polarization bundle 

|p G P b ( s .^ M ) = Grp(S,^ M )x Isor(3]) A®N B ©N G , (8.24) 

as a bundle associated to the graviton polarization frame bundle in (8.18) by the action of 
P / ^- hX ° n0US Po ^ nc . ar ® group ISO (3,1). We can then embed the elements of the fibre 
jpgS. 17) into those of this graviton polarization bundle in the following natural manner, 

jp. f^ a+ P+7> aeA x , 0eNj, yeN G , u = /T ; (x) , (8.25a) 

jjr,- ^pp) = a (pp] > /[ B 2 r] “ ft;- 2 r] . /ti] = 7[r S ]> a ®P © y = o£(cr © p © y), (8.25b) 

S? < Tontm 8 ^ era!ized soIdcrin 8 ma P underlying (8.25) is, naturally, the one determined by 

• tne lbO(3,l)-prcKiuct in (8.24). In tins manner Poincare gauge covariance can be enforced 
not only in the Lorenz quantum gravitational geometries of Sec. 11.6, but also in the 
generalized Lorenz quantum gravitational geometries based on the pregcometry singlc- 
gntviton fibres in ( 7 - 3 )» as well as in their multi-graviton counterparts constructed in accor- 

i Wlth ^• i0 ^ n ° wcver > ^ these generalized gravitational bundles the action of the 
^ Orthochronous Poincare group as a structure group is not determined by the representation 

• “1(0.31), but rather form its counterpart constructed from the representations in (8.23). 
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11.9. Quantum Gravitational Faddeev-Popov Fields and Gauge Groups 

The Poincare group acting in the role of structure group can be extended into that of a 
graviton structure group defined by the following semi-direct product: 

G = G 0 aISO t ( 3,1) , G 0 = {(6 > A)|ft}6B,{^ + a,A i }6N c }, (9.1a)” 

«U) : (P[- 2 r]+b [r] , y^O + tyj + djli) • (9-lb) 

The group multiplication within the above internal graviton structure group G 0 is defined jgf 
by the pointwise summation of the 4-tuples b and X of functions, representing the internal \ 
gauge transformations (9.1b), which can be also written in the following form: 

(&,«: (/J,y) w (/r,/), ?%-Pij) = bj- rij-Yij = a i x j + d J X ‘- (9 - 2> : ; 

In view of (8.23), the semi-direct product in (9.1a) operates under the following rules for ^ 
group multiplication, 

((b,X),(a,A)){(b\Xl,(a\Al) = {(b,X) + (a,A)-(b\X'),(a,A)(a',A')) , (9.3a) j 
(a,A)-(b',X') = [Aj k b' k (A~ l (q-d) + iA~ l v),Aj k X' k (A~\q--a) + iA~ x v)) . (9.3b| 

with Poincare group multiplication defined as in (3.3.2). 

To describe such internal gauge transformations in mathematically precise terms, 
require a suitable parametrization of the internal graviton structure group G 0 , which i 
obviously an infinite-dimensional Lie group. This group is Abelian, since its group 
multiplication is supplied by vector addition. In fact G 0 is identifiable with a direct sum, 

G„=B©C, C = (a|p i l J + 3/ i }6N 0 } , (fjl 

which constitutes a Krein space, whose above two subspaces carry the inner products: ->g£ 

(b\b') = \bKQbl(Qd.Zi.O, = ZLoJ 5 ‘ ( £ )6 ‘ (0 ‘ i£(f) ’ (9 ' 5a> 

{\\V) = ]XXQXl(.QdUQ , ■ ( 9 JJ 

We note that G„has the topological stracture of the Krein-Maxwell space described in Sec... | 
9.2, and on account of (7.5), C is a subspace of the Lorenz space in (9.3.20). _ _ gl 

Let us now introduce in these spaces, regarded as typical fibres of a principal interrUfl 
graviton gauge bundle with structure group G, a family of conveniently labeled state 
vectors constituting bases 

{&“]« = 1,2,3,...} c:B , {r|a = l,2,3,...}cC , &■< 


which are orthonormal in the respective /-inner products in (9.5). Since G 0 is Abelian 52 , it 
can be identified with its own Lie algebra L(G 0 ), so that these bases provide also a basis in 
L(Go). However, this feature is certainly not retained by the full graviton structure group 
Gin (9.1), on account of the presence of Lie algebra elements for the Poincare group. 

To each cross-section s of the Poincare bundle-segment A(S,^ M ) we can now asso¬ 
ciate a corresponding fundamental field (cf. Sec. 2.5) of graviton internal gauge frames 


a = 1,2,3,...} c 


{r :a |a = l,2,3,...}cC a 


in terms of which we can expand any element (b,X) in the corresponding graviton internal 
gauge fibres: 

b = z a b'«:= e B * . *« = , (9.8a) 

X = z a X’"“~lZ.M'' a e C, , \l), ■ (9.8b) 

If we extend the stmcture group ISO r (3,l) of the graviton polarization bundle in (8.24) into 
the group G, then the resulting physical, antighost and ghost graviton polarization bundles 
are, respectively: 

G A (S,£f M ) = Grp(S,£ M )x G A , (9.9a) 

G b (S,£ m ) = Grp(S,j?«)x G N b , G 0 (S,g«) = Grp(S,gM)x G N c . (9.9b) 

such, they consist, respectively, of purely physical graviton polarization modes, corre¬ 
sponding to a in (8.25), and of graviton antighost and ghost polarization modes corre¬ 
sponding to ft and /states in (8.25). 

The physical significance of the internal graviton structure group G 0 emerges from 
the identification in (7.10) of local infinitesimal diffeomorphisms with internal gauge trans¬ 
formations. Indeed, the transformations (0,/l) e G 0 do not correspond to a general type of 
infinitesimal diffeomoiphism in (7.8), since according to (7.4) the components of X have to 
satisfy the wave equation. Hence, when their values, as well as the values of their first par¬ 
tial derivatives in timelike directions are given along a hyperplane <7 in T x S, then their val¬ 
ues everywhere else in T x S are thereby determined. This means that the prescription of 
each component of X has to be supplemented by a function that takes care of these degrees 
of freedom in timelike directions, which from the passive point of view reside in a generic 
coordinate transformation in (7.7), and from the active point of view in its corresponding 
local diffeomoiphism. Of course, those additional functions are supplied by the four com¬ 
ponents of b eB, Thus, the diffeomorphism invariance in CGR, which reflects the princi¬ 
ple of general covariance from an active point of view, is transposed into QGR in the form 
of invariance under gauge transformations of the second kind related to the internal graviton 
structure group G 0 . 

To arrive at such a reformulation of diffeomorphism invariance, let us consider a 
family of diffeomorphisms D^(c) : x a' of S onto itself, determined by the integral 
curves 53 of a globally defined vector field £, so that they can be expressed as follows, 
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D f (£): x* h-> x^ = x^+ e^(x) + 0(e 2 ), x eS a cS , p = 0,1,2,3 , (9.10) 

in any atlas of coordinate charts (cf. Sec. 2.1) on S. We can relate the corresponding infini¬ 
tesimal diffeomorphism (Isham and Kuchar, 1985) 

D £ £ : x F i-» x^+e^ix) , xeS a cz S , p = 0,1,2,3 , ( 9 -ll) 

in a unique manner to the following operator acting on scalar fields in S : 

X> : f f , rU) = lim£" 1 [ABi 1 (£)(x))-/U)] . (9.12) 

v £—>0 Oji 

Thus, we are clearly dealing with an associated vector field over S, assuming at all points a 
6 S the following values: 

X ( (x) = -^(x)d, l eT x S , dp = d/dx* . (9.13) 

As infinitesimal generators of gauge transformations of the second kind, represented by 
elements of the diffeomorphism group DifFS, such fields can be deemed to represent the 
elements £ of the Lie algebra L(DifFS) of this group, which then carries the Lie product*: 

^ = . (9.14a) 

> (£x77 f =Z v d v lf--n v d v Z ,t . (9.14b) 

As formally defined in the original physics literature 55 on the subject, the action of 
BRST transformations upon a generic tensor field T is obtained by considering the infini¬ 
tesimal gauge transformation 

5, : T r , T\x) = \ime- l \DAe),T(D^(e)(x))-nx)] , (9.15) 

which is obviously intimately related to the Lie derivative in the direction of the vector field 
[C,1J, and formally replacing £ with a “ghost” field c. Such a transformation provides 
the change of value of the tensor field under the infinitesimal diffeomorphism in (9.11). 
When applied to the mean Ixncntzian metric it gives rise to 

: gftv -gxv^ X -gfixdv£ X ~% X dx8fiv * Upv= Spy > 


whereas, when applied to the vierbein field in (6.1), it gives rise to 
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We note that the transformations in (9.15) mediate the transference of the action of diffeo- 
-v m orphisms in the base manifolds of the respective tensor bundles into action along their fi- 
“ bres, giving rise to vertical bundle automorphisms. 

To transfer such action to local graviton states, and thus arrive at gravitational gauge 
transformations of the second kind, we shall transpose the “ghost” and “antighost” compo¬ 
nents of those states into the following geometrized FP (Faddeev-Popov) graviton states 
that correspond to the decomposition in (7.22), 

— ce H* , ff - dfij + djCt , djd J Ci = 0 , d l c t = 0 , (9.18a) 

f B n C6 H x , /jf = d t Cj + djCi , djd J Ci - 0 , djd% = bj , (9.18b) 

whose components are identified with the respective fibre elements in (8.25). Note should 
be taken of the fact that the bars in (9.18b) do not in general refer to complex conjugation; 
rather, they represent an adaptation of the standard notation for ghost and antighost states, 
which will be related to Grassmannian variables of the type encountered in Sec. 8.3. 

For infinitesimal diffeomorphisms (9.11) which are sufficiently local in the sense that 
the exponential map at all points x within their supports is one-to-one, the components of 
the vector field £ determining that diffeomorphism can be transferred in a natural manner to 
the tangent spaces of the base-segment S by setting 

tfaW)^*)]) , x e slippy c S, q = q i e i {x) e T X S. (9.19) 

The identification of such an infinitesimal diffeomorphism with a pair of fields 

C(x;c g ) = C (+) (x;c*) + C (_) (a:;c*) , C(x;c g ) = C M (x\c g )+C ( ~\r,c a ) , (9.20) 

consisting of a Faddeev-Popov (FP) gravitational polarization ghost field and a gravita¬ 
tional polarization antighost field, respectively, can be then effected by first carrying out a 
suitable identification of initial conditions in the tangent spaces T x S with respect to each 
affine coframe in the given section s of A(S,£ M ), 

I c?(.x;q + iv)+c?(x;q+iv) = %$*($), q°--a°, v° = 1, (9.21a) 

t d 0 c?(x;q + iv) + d 0 c?(x;q + iv)= , q°=-a°, v° = 1. (9.21b) 

The so determined values of ghost and antighost graviton local states in relation to the 
“rest” frame components of a massive quantum frame can be then extended, in accordance 
with (7.10) and (8.23), to the components of generic mean stochastic frame 4-velocity u: 

| L cf(x;q + w)=(A v )*%(x;A?q + iv), cf(x;q+iv)={A v ). k c 9 k (x;A~ x q + iv). (9.22) 

The FP fields in (9.20) are then the outcome of the “smearing” 56 of the following FP gravi¬ 
tational valorization frame and coframe fields with the thus obtained FP graviton states, 
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C(.x;0 = C m (x-,Q+C ( -\x;Q , C w (*;0 = C'- )t (*;D • 

C(.x-,0 = C M (x,Q+C l -\x;Q , C w (*;0 = -C wt fe0 , 
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(9.23b) I 



where, for example, the action of the “antighost” annihilation operator on local quantum H 
gravitational states with m antighosts is given by the following expression (cf. Sec. 10.6): § m 


(cf-'teo*k ^ m _i^CvhJi*”’>Ck*^kJkfCk+V^k*l i, “f^k+m+ny^k+Tn+n^ 


SvSgSB 


— i-\fm ^*; OT ;n;»(Ci »hJi .£i+l>4+l>***» £fe+m+n»^+m+>») • (9.24) 


•toJH 

The quantum gravitational polarization bundle in which these operators act can be 'i 
constructed by first considering the following Whitney sums and products of the graviton ; 
polarization bundles in (9.9): 

(9.25a) ;Jj 
(9.25b) f§ 
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g(.s, g u) = g A (s,gM)®[g B (.s,gM)®g^(S,gU )j , 

^(s,^ M )=©~ o gl(s, g u) , i = A,B,C 

6 A =G A ®---®G A , £ B =G B ®---®G B , £ g = G g ®---®G c . (9.25c) 8 


Its state vectors are related in accordance with (9.18) to those on which the operators in ill| 
(9.23) act directly, and which belong to the FP gravitational polarization bundle 


g = g M 


-J 

(9.26a) 


g™(S ,g™) = gH$,g)®(X(S,g)®9{(.S t g) 

#<S ,g) = ®~ 0F n (S, jf)) = H(S, £) ®- • • ®H(S, g) 

A A 

x n (s,g))=ms,g)®--®ms,g) 

n-v a A 

whose single ghost and antighost fibres are those in (9.18a) and (9.18b), respectively. '/f\ 
In the next section we shall introduce the quantum gravitational gauge supergroup 1 



In fact, as we emphasized in Sec. 11.3, it is Poincare gauge covariance, rather than 
diffeomorphism invariance, which provides, via the equivalence principle, actual physical 
input into general relativity, at the classical as well as at the present GSQG level. Indeed, as 
first discussed in Sec. 4.1 of [P], the former has actual operational meaning, so that it can 
be directly confirmed (or refuted) by experiments; whereas the latter merely reflects a math¬ 
ematical feature of CGR, first implicitly revealed by Einstein's “hole” argument, which 
showed that a classical spacetime cannot be represented by a unique Lorentzian manifold 
(M,^),_but rather by an equivalence class of such manifolds related by the diffeomor- 
-phisms in (3.2)-(3.3). At the present GS quantum level that equivalence relation is trans¬ 
posed from its “horizontal” formulation by means of mappings within a base-segment S, 
into a “vertical” formulation by means of mappings along quantum fibres above S. 

* -We note that the unitarity of the representations in (8.23) of the orthochronous Poin¬ 
care group ISO T (3,l) removes the technical problem to which the pseudo-unitarity of their 
indefinite-metric counterparts used in (6.4) gave rise to: instead of the algebraic direct sum 
in (6.10), a Hilbert direct sum [PQ] can be used in (9.25b) and (9.26b)-(9.26c). This was 
achieved by viewing these bundles as associated to quantum rather than to classical princi¬ 
pal polarization frame bundles. Thus, if it were not for the coupling of quantum gravita¬ 
tional fields to massive matter fields, one could dispense with FP “ghost” and “antighost” 
fields altogether, and work only with physical polarization modes in (9.9a). It is this cou¬ 
pling, however, that constitutes the basis of Einstein's equations, and necessitates their re¬ 
tention in the construction of the quantum gravitational bundle in the next section. 

11.10. Quantum Gravitational BRST Symmetries and Connections 

In this section we shall adapt to GS quantum gravity the geometric approach to BRST 
gauge symmetries presented 58 in Secs. 10.2-10.4. The basic idea consists of second-quan¬ 
tizing the connection in (6.13) in the TT-gauge, in which no ghost or antighost states ap¬ 
pear, and then extending it in the vertical directions of the fibres of a quantum gravitational 
bundle, so that it yields a quantum connection over the base manifold of that bundle, which 
can serve in defining a notion of parallel transport that is invariant under the action of the 
quantum gravitational gauge supergroup in (9.27). 

W . T ^ ie ^ rst ste P l ^ e second-quantization of the semi-classical connection in (6.13) is 
achieved by choosing any cross-section s of A(S,# M ), and then proceeding as in previous 
^.Chapters, namely by introducing the following Poincare-covariant operator-valued connec¬ 
tion form associated with that section: 


Q£(S,^ M ) = ^ 0 (DiffS) a £(A(S,£ m )) , 


(9.27);; 


associated with the Poincare bundle-segment A(S,^ M ) as a gauge group of the second; 
kind which combines, in the form of a semi-direct product, segmental Poincare gauge 
covariance with covariance under vertical automorphisms resulting from the embeddings, 
given by (9.21) and (9.22), of locally infinitesimal diffeomorphisms into the internal gravi--; 
ton gauge group. Hence, these embeddings give rise to a Lie algebra structure of the diffeq-;.^ 
morphism-generated subgroup of this gauge group. Thus, diffeomorphism gauge invan -g 
ance is seen as a necessary, but certainly not as a sufficient feature of the GS formulation of | 
quantum gravity, whereas Poincare gauge invariance retains 57 its key role. 


r = -ie J p J , u+ ia* kl M* 1 


ggj = , 

1 d=O i e i , u ==(«(*),0‘(*)) esc A(S,^ M ) , 


(10.1a) 

(10.1b) 


§; ^=©: =0 (pr® -.® P?l P7 = 2;j\^ K )di:(0(e^\. (10.1c) 

I infinitesimal generators in (10.1a) are those of the restriction of the representation in 
11) to *TT internal graviton gauge modes, so that for the generators of spacetime transla¬ 


tions we have 
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P J;u = i\n a, rf k '^\0^je^0dU0 , dj = 3ldg j . ( 10 . 2 ); 

The derivation leading in the electromagnetic case from (9.5.1) to (9.5.11) can be adapteti] 
SlStemal gravitl gauge in a straightforward manner, by taking advantage of the for*; 
(5.20) of the inner product in graviton fibres. Thus, we obtain. .|j 


P.. u - J \f jk \.g(u\QY de^iq)dti(v) , j = 0, 1,2,3 , 

TJLg\ = ±ri ij g kk ''ig kk '’ l -gki,ig kl ,j > &kJ = dSikjW • 


d0.3a)J 
(10.3b) 


In turn, this yields the following expressions for the generators of Lorentz transformation^ 


Ml k = | :Mi kl [g(u;C)] : dcr^dhiv) , 
M^igl = Qtf kl [gl-Q k u T»lg] + g'Si kl g , 


(10.4a); 

(10.4b); 


™ connecdon form in (10.1) into one .ha, inc 0 , 

porates the diffeomorphism-invariance embedded in the quantum gravitational gaugegrpM|| 
(9 27) let^ usreconsider the quantum pregeometries of Sec. 115 from the point of view q® 
such gauge invariance. Hence, let us denote by Eiem M S the family of all physicany ac- . 
ceptable Lorentzian mean metrics in S, namely all those Lorentzian metrics that be 
outcome of a metrization resulting from physical information coming throug t mow ;;; 
surface X’ of a base-segment S. Clearly Riem M S does not coincide with the faimjjjj 
Riem L S of all Lorentzian metrics in S, since, first of all only onentable and time^<« 
entable (cf. Sec. 2.3) metrics for which X’ and X" are spacelike, and for which X is m tip 
future of X', are acceptable; second, in view of Geroch’s theorem, in order to be abl?j| 
accommodate also quantum information related to half-integer spin states, the Po_ 9 ^ 
frame bundle corresponding to any physically acceptable mean metric should be mvial ^ 
According to the fundamental lemma of (pseudo-)Riemanman geometry, each mea 
metric g M gives rise to a unique Levi-Civita connection, which in turn gj^esnse to a uniqu jj 
operatolvLed connection form in (10.1). The diffeomorphism group MS case allsi^g 
connection forms into equivalence classes, which in view of the aforementioned one-^J|jg 
correspondence between these connection forms and mean memcs, can be identifie wi|J| 
the elements of the base manifold of the principal bundle given by (cf. (3.1)) ^gjgj 


Riem M S 


Riem M S/DifFS 


which represent gauge orbits (cf. Sec. 10.4) of the diffeomorphism group over S || 
Tomap these orbits in the vertical directions of a quantum gravitational bundte,M 
introduce indie typical fibres of the single-ghost and single-antighost FP gravitational || 
larization bundles in (9.26) the respective orthonormal bases r M 


{C a \ ot - 1,2,3,...} cH , 


{C a \cc = 1,2,3,...}cH , 


jn terms of which we can expand the generic elements of those typical fibres: 


c = 6“(c)C a e H, 0“(c)= {C a \c)j a , c = 0“(c)C„s H , 0“(c)= ( C a \c) Ja . (10.7) 

In accordance with (9.14) and the identifications in (9.21)-(9.22), we shall introduce in the 
direct sum of these two typical fibres the following Lie bracket, 


[h,k\ = [h,k] , ®[h,k]” e H©H , h,keU@H , (10.8a) 

+ \h^k-k i ^h) J C a ] , (10.8b) 

H which leaves them invariant, so that they constitute an infinite-dimensional Lie algebra L H . 
§| /vs a consequence of this definition, we shall be able to embed those elements of the Lie 
I algebra L(DiffS) of the diffeomorphism group DifFS, which are “sufficiently local” in the 
sense defined in the preceding section (namely for which the exponential map at each point 
within their supports is one-to-one), into the family of cross-sections of the bundle 

Jig L( S) = A(S)x(H0H) . (10.9) 

Sf Indeed, in accordance with (10.3.1), the elements of the above bundle areL H -valued one- 
1 forms on the manifold constituting the total space of the principal bundle A(S). On the 
|§1 other hand, to each field £ eL(DifFS) which is sufficiently local, the relations in (9.21)- 
; (9.22) assign non-zero elements at all u eA(S) above points* within its support, namely 

4 -(c(«;|),c(u;|)) o -(e“(c(«;?)),0“(c(u;{))) , (10.10a) 

c(«;a = 9“(c(»;?))C,eH , S'*(c(u; i )) = (C„|c(u;£)).,„ . (10.10b) 

M.i c(«;|) = 0“(c(«;?))C o sH . e“(c(«;|)) = (Cjc(«;0) Jo . (10.10c) 

||||and they assign zero at * outside that support. This results in the desired embedding into 
:: r(L(S)) of the Lie algebra of sufficiently local infinitesimal diffeomorphisms in S. 
flt|- Our next task is to construct a diffeomorphism supergroup (j a (.S, g M ) which incorpo- 
IrTates the Lie algebra L 0 (DiffS) of all the infinitesimal generators of IMS which are suffi¬ 
ciently local. By definition, a Lie supergroup [BI] (or a super Lie group [D]) is a super- 
Jf|; manifold whose group operations of multiplication and inversion are given by Grassmann 
- - analytic functions in any coordinate chart. In turn, a supermanifold is a manifold M to¬ 
gether with a sheaf 60 of algebras of functions which supply the coordinate charts for that 
supermanifold, and which assume values in a Grassmann algebra (cf. Sec. 8.3). 

§gg§ In order to realize such a construction in the present context, let us proceed as in Sec. 
|§ 3.8, namely by viewing for all u = s(x) the linear functionals 

|§J = (c?ie),. = «)-'(<:„) . c e h, .(io.iia) 


(10.8a) 
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(c„|<(c)) Jo =(C“|f).,, C' M = «r 1 (C a ), oeH, ,(10.11b) 

as representatives of 1-forms in a given cross-section s of the principal bundle A(S,g u ) 

As such, the collection of these one-forms provides all the generators of an infinite dimen 
sional Grassmann algebra A* if their wedge-product is taken to represent their Grassmann 
product in (8.3.1). Hence, the corresponding family of Grassmann-valued functions 

F(x,e,,0,) = F o /x) + Y2^F m:n (x,0„e.) , xeS , (10.12a) 

. ■ (iam > 

constitutes a supermanifold. In this context it should be recalled that, in accordance with 
(8.3.1), the coefficients in (10.12b) are antisymmetric under the permutation of their 
indices, so that as the summation is taken over all repeated indices, the same outcome is 
obtained when any two of those indices are interchanged, and that the Grassmann product 
in (10.12b) is non-zero only when all the fi -indices as well as all the -^indices are distinct- lira 
A sub-supermanifold 61 M(S,g M ) is obtained when those functions (10.12a) arggj| 
singled out whose coefficients in (10.12b) can be identified with the coefficients of tjto| 
purely ghost-antighost states of sections f' of the FP gravitational bundle in (9.26): 


M(S,£ M ) = r(§ 0 A (S,f)®«'(S,if)®«'(S,^))|, (10.13a) 

. = - “ = sW ■ (lai 

Ck .,A.;n..,>> = • (10 ’ 

On account of (9.25) and (9.26), the structure group of the FP ghost-antighost bundle 

Q G (S,g™) = <j 0 A (S,g)®X(S,g)®!J{(S > g) (10 

is given by the representation of ISO T (3,l) consisting of the operators 





U°(a,A) = ©~ U BG (a,A )® m ® U CG (a,A )® n . (lO.lp 

m,n =0 

5 I i Sgggj 

Since the action of the Poincare group elements upon each component of a single-ghost °f|||||j 
single-antighost local state is that corresponding to the representations in (8.23), which are ^^ 
unitary with respect to the inner products in (8.22), it follows that the above direct rum is _ 
independent of the choice of section s. Consequently, the same is true of the prequantum 
__i_n-f/Q ,*M\ t„ /in Upppp M/S will able to serve in' 


superbundle, to whose realization we turn next. 


In view of the fact that a Grassmann algebra A s has emerged naturally, we can apply 
the procedure in Sec. 8.3 to construct a Berezin-Faddeev-Popov (BFP) superfibre bundle 


(B FP (S,g^)^g A (S,g)®‘B(S,g)®(B(S,g) , 


(10.16a) 


whose cross-sections coincide with the elements of the quantum gravitational supermani- 
foldMS,£ M ): 


|f M(S,g™)= {«p| ^ e r(® FP (S,^ M ))} . 


(10.16b) 


On the other hand, in the BFP bundle we can introduce the Berezin coherent states 


®;=exp(-ie,.0,)exp(8,.C w (c))'P WO|I ■ ( lal7a ) 

5. 0. = 1ZJ? 0 ? • e.-C M (.c) = X” C M (c') , (10.17b) 

= exp(-iB i e,)exp(e,-C M (.c))% M . x , (10.17c) 

o. e.-YljfG?’ = • d°- 17d ) 

According to the type of arguments leading to (8.3.19), such states are eigenvectors of the 
ghost and antighost annihilation operators, 

Ctfixw: = C K (X, 0,)U>; , C K (.X, 0.) = X” , 9t{ci x) \c x )j C‘$ , (10.18a) 

CfcXx)<tt = ic K (x,e,)0l, o J( (x,0,)^XZi9?(ck X %)jC$? ■ (10.18b) 

Furthermore, together with their duals, they provide the elements of BFP quantum gravita¬ 
tional superframes , since, in accordance with (8.3.17)-(8.3.18), we can decompose as 
follows the identity operators in the fibres of the FP ghost or antighost bundle: 

. (10.19) 

J§; We can now adapt to the present situation the superfield approach to BRST symme¬ 
tries developed in the context of Yang-Mills fields by Bonora et al. (1981b, 1982a), 
Delbourgo and Jarvis (1982), Hoyos et al. (1982), and others 62 . Thus, we shall introduce 
dhe following supergroups of operators acting in the superfibres of the BFP bundle, 


u(£, e, e ) = exp[0C(c)+ ec(c)+ ee(B(b)+±c(c) x c(c))], 
B(b) = B^(x)b K (x) + B ( - )j \x)b^(x) , , 


( 10 . 20 ) 

(10.21a) 
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C=C w -' f (*)c Jf (x) + C'- wf U)cjjfa), C=C'*«(*)c, 5 fe)-C<->^)oJ c «, d0.21b) 1 

c(0xc(e)=x e ,[c([ C r,cr>r) + c([ C -.crr)] _ |;: 

xe?(c-‘He/(crH • S = c ® 5 6 r(H(S,g)©n(s,g)). (io.2i c) pg 

where 6 is the quantum gauge-fixing field corresponding to b in (9.8a) and (9.18b). jijjglj 
To each one parameter local |roup of diffeomorphisms defined, m accordance with ^ | 
(9.13), for sufficiently small values of the real parameter x by the maps g 

D,(t) = exp(^r): * i-> exp[-Xj(jc)T] e S , • (10 ^|| 

5 m-asas SaH Sgj 

we can assign, for each choice of section * of A(S,*M), the following family of ghost andjj i; 

antighost states determined by (10.10): gjgg 

Tc| (d = Cibw-.wrtx), ™f x) = Ci(*(*);|T)0‘(*). ■ (la23) 11 

• |j 

In turn, to this family of states we can assign the following supergroup in the parameter t, 


gs(S > g M ) = 'P(^,g)x § r(‘L n (s,g u )) , 

Q = Q3(S>g u ) , = M(S,g™)/og($,g™) . 


(10.27a) 

(10.27b) 


■ Hence, its typical fibre consists of all the cross-sections of the TT-subbundle E TT (S, 5 ' M ) 
; of the Lorenz gravitational bundle l E L (S,g M ) defined in Sec. 11.6. 

^ -L The treatment afforded to Yang-Mills theories in the preceding chapter, as well as in 
Lthe earlier cited literature, can be now applied to extend the connection form in (10.1) in the 
vertical directions of the above superfibre bundle (namely along the superfibres in which 
Lthe quantum gravitational gauge group acts), so as to assume the form 


F=d+ T+C+C , 


d=d+5+5 , 


(10.28) 


which incorporates the following geometrized version of quantum gravitational BRST and 
anti-BRST operators'. 


8 - dO d/dO , 


8 = dOd/dO . 


(10.29) 


U(zS,0„0 g ) = 1+ t0 8 C Ok; c|) + xO a C(x\cty 

+%Q a e a [Btx\cl) + \C{x\c\) x C(*; c [)) • 


00.24):« 


Indeed, in accordance with (10.4.3)-(10.4.5) and (10.4.10), upon setting 7^ = /^ we get 


Vp = dp + f/t > 


r n - Ad^. . + U~\g) d^Uig) , 


(10.30) 


supergroup images under these maps corresponding to all local groups o|J j 

diffeomorphisms exp(s£) generated by sufficiently local fields £e L 0 (Ditt&). _ - -||gg g 

The quantum gravitational gauge supergroup Qg(S,g M ) itself results upon totting,» gj| 
vary over all the sections of A(S,^), and noting the existence of the following one-t(H)^^ 
maps between Grassmann algebra generators, 

e? 6}, 3? •-> V . s '= s ^’ ntQ<.MS, g K))- (io-2|^ 

These maps give rise to smooth mappings of the prequantum gravitational -pem^iMia , 
(10.16) onto itself, and supply a representation of the Poincare gauge group &Mb,g )|jj 


Lwhere the elements £{x) are the representatives of the various gravitational gauge super- 
Igroup transformations £ e Q§(S,g u ) in the fibres above the various points x in the base- 
segment S. If we take note of the fact that according to (10.20) 


U(g(x)) = expjflCOe) + OC(x)+ ee(B(x)+±C(x)xC(xj )\, 

I U -\£(x)) = exp[-0C(x) - ec(x) - oe[B(x )+ \C{x) xC(*))], 


(10.31) 

(10.32) 


V(g): l Hx,G s ,G a ) nx,e„,,e H .) , £eQ(MS,g u )) , 

nx,e„e ,)=%.’ ( 1 


then straightforward algebra yields (Bonora etal., 1981b, 1982a; Hoyos etal., 1982) that 
jg. r /1 (x,M)=r/x)+ GD^Cix) + dD^Cix) + ee(D fl B{x) + Dfiix) xC(*)), (10.33a) 
jjf B(x)=B(t(x)), ax)=aax)), c(*)=c(c(*)), i^=^+[r^),.], ao.33b) 

pand that the Maurer-Cartan form in (10.26), generically given in the case of ordinary gauge 
, .groups of the second kind by (10.2.12)-(10.2.13), is now represented by: 


The quantum gravitational superfibre bundle can be now defined 
(cf. Secs. 10.2-10.4) resulting from the adjoint action of Q(j(S,£ M ) on M{8,g )■ 


C(x, 0,0) = C(x) + 6B(x)~±0 ax) x ax) + 00[B(*),C(*)] , 
C(x,e,G) =C(x) + 0B(x)-±0C(x)xC(x)~6^B(x),C(x)] , 


(10.34a) 

(10.34b) 
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B(x) = -B(x)-C(x)xC(x) 


(10.34c)-jj g 


11.11. Principles of GS Propagation in Quantum Gravitational Bundles 


On the other hand, we see from (10.22) and (10.23) that any change linear in an ■ 
infinitesimal diffeomorphism £ induces a corresponding change in the single-ghost and J 
single-antighost fields: 


| i-> £ + 5<i; => 


c h+ c+Sc 


c h-> 


c+ 5c 


(10.35) 


In turn, due to the linearity of the operator-valued one-forms in (10.20), and in view of g 
(10.24), each one of these changes can be interpreted as one of the following respective 
translations : :vM|l 


0 b-> 0 + 50 


0 h 0 + 50 


(10.36) 


in the values assumed by the Grassmannian variables in (10.20). Hence, infinitesimal ■ 
transformations of this nature, as well as those corresponding to (10.24) and (10.25), give | 
rise to covariant differentiation operators represented by the following quantum gravita¬ 
tional covariant BRST and anti-BRST connection forms: /fMm 


S = 5 + U-\g)d- e U(g)dd , d- e =d/M 

S *S + U-\g)3 B XKg)d0 . d„ =d/d0 . 


(10.371),™ 
(10.37b) { 


It then follows^ from (10.33) and (10.34) that the translations in (10.36) are associated:| 
with the following counterparts of the BRST and anti-BRST transformations m (10.6.19). 


Sr^^SOD^Cix) , 
5C(x) = —| 80C(x) x C(x), 
SV^ix) = 80 DpC(x) , 
SC(x) = -i80C(x)xC(x), 


SB(x) = 0 , 
5C(x) = 80B(x ) 
8B(x) = 0 , 
8C(x ) = S6B(x) 


(10.38a) 
(10.38b) i 
(10.39a) 
(10.39b) . 

iHHi 


With the quantum gravitational supergroup and connection derived in the preceding section, 
the stage is set for the formulation of the main ideas of GS propagation in quantum gravita¬ 
tional bundles which incorporate quantum gravitational fields, as well as quantum fields de¬ 
scribing matter and nongravitational radiation. The basic idea of such GS propagation is 
rooted in the iterative formulation of the classical geometrodynamic evolution described in 
i\.- Sec. 11.1: initial data are prescribed within an initial-data segment S 0 , which provide the 
:trization of S 0 , and implicitly serve to determine the quantum gravitational supermanifold 
MS 0 ,£ m ), as well as the quantum states of matter and radiation fields (including quantum 
p, gravitational radiation) within 9d.S 0 ,g M ). The GS evolution of these states then sequen¬ 
tially metrizes the ensuing subsequent segments S„ , n - 1,2,3.thus creating the corre¬ 

sponding quantum gravitational supermanifolds tMlS n ,g u ), as well as the quantum states 
of matter and radiation fields (including quantum gravitational radiation) within these super¬ 
manifolds. Indeed, since by its very nature GS propagation is not time-reversible (as it was 
evident already in the cases with external gravitational fields treated in the preceding six 
chapters), it imposes a “time arrow” (Penrose, 1987, 1989; Zeh, 1989) on quantum evolu- 
||j tion, so that the “present” does not unambiguously determine the “past”, but can only be 
|t claimed to be compatible or non-compatible with any specified set of data in the “past ”. 

The data required along the inflow surface Lq' of a would-be initial-data segment S 0 
Up consist, in analogy with the classical case, of the specification, at all points x e£ 0 ', of a 
ij mean 3-metric % and the mean extrinsic curvature K 0 , of the quantum gravitational states 
|i % describing the quantum fluctuations around those mean values, as well as of an infor- 
'§}■ mationally complete set of initial data for all the matter and nongravitational radiation quan- 
Hl turn fields, in accordance with the GS schemes for such fields discussed in Chapters 7-10. 
m These initial data can be operationally most easily specified upon choosing in S 0 a mean 
|j metric representative g u for which E 0 ' is a synchronous inflow surface, so that, in a suit- 
0 ably chosen atlas of Gaussian normal coordinates, it will assume the form of (1.7), namely: 


g u = dr® d-v- yJJ dx a ® dx l 


x e S n 


(H.l) 


We observe that the parallel transport to which the quantum gravitational connectioi^^ 
in (10.24) gives rise can be carried out in arbitrary directions. In particular, when it ls .J; a fpj| 
ried out in the directions of the superfibres of the quantum gravitational base supermamtold |gg 
in (10.23b), then the covariant derivatives in those directions are given by the covanan g : 
BRST and anti-BRST connection forms in (10.37), which can be expressed as follows . . 


S = 8 + C 


S = 5 + C 



At a general differential-geometric level, these operators are the geometric counterparts^ 
the nilpotent BRST and anti-BRST charge operators that were originally used by Cura ano^ 
Ferrari (1976c), Kugo and Ojima (1978, 1979), and others, to define physical states j|Jj 
being those states which belong to the kernel of such operators (Henneaux, 1985, 9 )• ^ | 


All other mean metrics amongst all the Lorentzian metrics in S 0 diffeomorphically equiva¬ 
lent to £ m , in the physically acceptable manner discussed in the preceding section, must 
have the generic form corresponding to (1.4), namely can be given by 

S = [N 2 -N a N b y ab ')dx°(®dx 0 +N a [dx 0 ®dx a +dx a ®dx 0 '}-f ab dx a ®dx b (11.2) 

in terms of lapse and shift functions. The transition to such metrics can be then effected by 
using the relationships (10.22)-(10.24), which map the diffeomorphisms between such 
metrics into elements of the diffeomorphism supergroup <y 8 (S 0 ,£' M ), and thus make the 
transition to other locations in the quantum gravitational supermanifold MS 0 ,£ m ). 

. The specification of quantum gravitational initial data can be carried out in the context 

of the quantum pregeometry over S 0 (cf. Sec. 11.5), by selecting a cross-section 


.Mjgm 


So = { u(x ) = (0,0‘C*:)) e A(X 0 ’) | x e Z 0 ' } 


(11.3) 
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of the restriction A(X 0 ’) of the bundle-segment A(S 0 ) to E„\ for which, in accordance ' 
with (11.1) and (1.20), we can impose the initial conditions 65 

g“ = i, g%=-r.b . ^=-2 k*. 01.4). 

along Zq'. To treat these objects geometro-stochastically, we shall adopt the approach to the| 
vacuum Einstein equations in (1.10) advocated in (Deser; 1970; Boulware and Deser,| 
1975), whereby those equations are viewed as belonging to a gauge theory with_s|lg| 
coupling. In this approach the Hilbert-Palatini classical action in (1.11a), which we can re-;; 
write in a form involving a Lagrangian density [M,W] for tlie classical metric g, 

S HP = |d 4 j:X, HP fe,V] , £ HP [g,V] = (l/16rt^g«i% . O' S) 

is transformed into one with a Lagrangian density which is the sum of two terms: 

.% = Jd 1 * [L\h ,VJ t Ff/V'« - r l u r k f )} , (11.6a).? 

4 ».V]=P(r‘ w -r*„^n)+n , '(r' tf r‘^r'„^ v n) . (n-6t| 

V=gg6 = g^Vtj + hfj , g%> = «* • d|# 


The connection coefficients in (11.6) are those of the Levi-Civita connection belonging toi 
the Lorentzian metric g. Hence, according to (2.6.23)-(2.6.26), the components of « 
metric in an arbitrary global Cartan moving frame over a segment S, namely in a cross- ;, 
section of the linear frame bundle GLS which is identifiable with the GAS cross-sectipfi| || 


s = j(0,e,-(x))| efx) = X/ t (x)d^ l , *eSj c: GAS , 


are related to the connection coefficients and to the Riemann curvature tensor compone 
in that moving frame as follows 66 : || 

r jk = g a r ljk , r ijk = \(b h k+bkj - Au+V +gjibk + e» V) > ( || 
tfjki = r lj>k - r kji i + r\ m nj - r lm r m kj - x k rr mj , (“j 

= e k (x)hij(x) = Xjf(x)d^bp^ > F l jkil (x) = jk (x) , (1L 

A/ = (XfdpXf - A/*A V )A\ , e k = X\ dx v . (11 

The Lagrangian density in (11.6b) corresponds to the approximation that emerges frotti 
linearized theory of gravity [M,W], and which in holonomic frames can be expressed as 


a m = -i{h, v>x h^ x -2h^ + hji* - h^) 


h:= 7 


vvhere the repeated indices stand for contractions in which the Minkowski metric is used - 
cf. (Boulware and Deser, 1975), p. 206. Hence, by a standard use of variational principles 
one obtains (Gupta, 1952; Rraichnan, 1955) the following well-known equations for the 
linearized theory of gravity (cf. [M], Eq. (18.5); Boulware and Deser, 1975, Eq. (26)): 


2 G^ v := - h vXi/1 x 4 - h tftv + T} uv (h KX ,KX - h x x } - 0 


( 11 . 10 ) 


Ain the TT-gauge these equations reduce to ten independent D’Alembert wave equations: 


2G™:= V/ = V = 0 , p.v-0,1,2,3 . (11.11) 

A. Deser’s (1970) key observation was that, upon using in (11.6) the expansion 

til;, bj =h ij-iVijh+°(k 2 ) , bj = g ik gjih kl , (11.12) 

// which is formally indicative (from the point of view of the momentum representation) of a 
H gravitational radiation low-frequency approximation, one should neglect in the stress- 
j|| energy tensor that corresponds to the quadratic Lagrangian density in (11.9) (Gupta, 1952; 
Kraichnan, 1955) all the divergence terms in it, and hence set it equal to 


t} = (i/i 6 n)(r‘ IJ r i u - . 


I?;.; Then one can reproduce the Einstein equations in the following form: 




iL rrrmat' 
/IV 4 " J-pv 


(11.13) 


(11.14) 


where the second term on the right-hand side of (11.14) stands for the stress-energy tensor 
of “matter” - into which, however, nongravitational radiation is also included. 

■;/ By taking advantage of this observation in their study of the tree graph structure of 
graviton-graviton and graviton-matter interaction in the covariant formulation of quantum 
gravity (cf. Sec. 11.2) with a Minkowski background metric, Boulware and Deser arrive at 
’the following conclusion (italicized as in the original): “a quantum particle description of lo¬ 
cal (noncosmological) gravitational phenomena necessarily leads to a classical limit which 
is just a metric theory of gravity. As long as only helicity ±2 gravitons are included, the 
I theory is precisely Einstein's general relativity ” (Boulware and Deser, 1975, p. 195). 

In the GS approach this idea is modified by, first of all, replacing the Minkowski 
/.background metric with generic mean metrics (11.2) over base-segments. Within the initial- 
/data segment S 0 a mean metric (11.1) is generated by the vacuum Einstein equations from 
• the initial data given along Z 0 ' in (11.4). The quantum evolution obtained from the subse- 
§quently described GS reformulation of the equations in (11.14) will then lead to a quantum 
/metric field whose expectation values along the outflow surface E 0 " of S 0 will supply the 
mean metric data along the inflow surface 5V = X 0 " of the next base-segment Si. In ac¬ 
cordance with (6.16) and (10.25)-(10.27), the required expectation values are given by 











8^) = {w\g%X-;0w)/{V\>F), £ - (-a j (x) + in\x))ej{x ), 
g(x) = {'P\n\x)S j g(X-l)'y)l('l‘\ V) , ■p s ^(S 01 ^M ) _ 

g q (X;D = n IJ e i (x)®o J (x) + g(x-,o , x = (x,e,o) , 

9‘(x;ej) = , « = (a(*), 0*(*)) e A(S 0 ,^«) c A(S„) , 


(11.15a) 

(11.15b) 

(11.15c) 

(11.15d) 


where n(x) denotes the future-pointing normal at* eV. These data will serve as initial- 
data for the vacuum Einstein equations in S*, thus producing the mean metric g M in that 
next base-segment. This process can be then repeated iteratively for base-segments S - 
whose outflow surfaces V have the maximum g M -mean proper time (i.e., proper time 
determined by the mean metric**) separation £ from any base point* in their inflow sur-l 
._? es TVt r ° m 3 mathematical Point of view, the limit £ -> +0 has to be ultimately con- : 
sidered. However, on account of the Planck length being the fundamental length in GSOM 
maximum proper time distances £ of orders of magnitude smaller than one in Planck units ' 
do not appear to be physically essential, whereas from a computational point of view 
maximum proper time distances significantly larger than one might be more realistically^! 
implementable in many computer-generated algorithmic schemes 67 . m 

and r^nttr^u id ^ S ° f fomuIation o of the °S propagation of the quantum gravitational I 
d matter fields in any base-segment S follow rather directly when the considerations in'P 
e preceding four chapters are combined with the superfield formalism of the preceding - 
section. Foremost in this approach is the geometric notion of connection and associated 
parallel transport, which, for reasons explained already in Secs. 7.5 and 9.5, in the quan-: 
turn field theoretical regime should take precedence over Lagrangian principles - despite the I 
great appeal of such variational principles at the classical level. Indeed, as can be easily! 
seen from many good treatments 68 of Noether’s theorems on which these principles rely-' 
their range of applicability extends, strictly speaking, only to classical field theory, since 4 ; 
domain problems with quantum fields, their ordering in the Lagrangian, as well as the vervf 
notion of variation of a quantum Lagrangian are ill-defined. Thus, it is in fact only the-’ 
Heuristic path-integral notion of superposition over “field histories” that provides the bridge' 1 
etween cHssical variational principles and quantum field propagation. That idea is embed¬ 
ded m GSQG in a purely geometric manner via the notion of superposition of outcomes of 
parallel transport of quantum field theoretical states along all physically allowed paths. v |1 

The path y of the propagator for parallel transport, within the superspace 5W(S,* M ), 

° the quantum states of matter and (gravitational or nongravitational) radiation, 

K r <r;r) = fr\r^ t r>+) , X’=(x,e\e'), X"=( x " > e",e "), (iijj 

ctrnnot be arbitrary in order to qualify as “physical”. Thus, first of all, in terms of H 
HKb l and anti-BRST connection forms in (10.40) it must satisfy the subsidiary conditiohg 

Sy'i' = S Y 'r= 0, Y = x* i d^ed~ + 6d e eT x M , X=(x,0,0)ey, (ll.iffi 


where Y denotes the field of tangents along the smooth curve y within that superspace. As] 


we mentioned in the preceding section, in the conventional quantum field theory of gauge 
fie ds this corresponds to the Kugo-Ojima (1979) condition that physical states of such 
fields must belong to the kernel of BRST and anti-BRST operators. On the other hand the 
physical meaning of this GSQG condition is very transparent in its geometric form (11.17): 
physical parallel transport leading to GSQG propagation has to take place along paths y 
which are the horizontal lifts of paths in S (cf. also Sec. 9.4), for any fixed choice of gauge 
for the daffeomorphism group, reflected in a choice of mean metric from the equivalence 
class of diffeomorphically equivalent mean metrics in (11.2), and for any fixed Poincare 
- gauge, corresponding to any choice s of section of the bundle-segment for that metric. 

The subsidiary conditions in (11.17) ensure that the physical parallel transport is 
governed, in accordance with (10.28), (10.30) and (10.33), by the equation 

+ t fl +6D^C + 0 D m C+ 00(D^B + D^C xC)^ - 0 , (11.18a) 

where, as it follows from (10.1), at a fixed choice s of section of A(S,* M ) we have: 

*"(«/;wo)=-a^woji^op^+i^woap^,,,. ( i U8b) 

The computation of the propagator for physical parallel transport in (11.16) can then pro¬ 
ceed in accordance with the guidelines established in Secs. 7.5, 8.4 and 9.5. Thus, we first 

adopt the H-gauge and isolate from the quantum gravitational field in (11.15c) its TT- 
component in the form: 

* n <*Q o i ix)®0 j (x) = v?giu-Qv ?, « = «(*) . ( n.i9) 

^mvlmtionalfrmiel T ° m 1116 qUantUm g ravitational pregeometry in (5.27) the TT-quantum 


IV <f>* - 'P TT <fi„ pTT _ t>TT f r r, , . 

v f” “ f » I ~ P U f . fe Z u , u = s{x) , 


(11.20a) 


° btain the f ° Il0wing resolution of the identity in each TT-quantum gravitational 
nore ot the quantum gravitational superfibre bundle in (10.27): 


(*r\ = C • 


(11.20b) 


According to (5.29) we then have: 


.. 8ij ( -fix<P°Tr , f ~ fg* e l ix) ® e j ix) e . ( 11 . 21 ) 

the R ^ haV ! aIready . in * oduced within *e fibres of the BFP ghost and antighost bundle 
in rin i 7 T an m gra V tatl0i ; a su P erframcs whose elements are the Berezin coherent states 
0.17), respectively, and which give rise to resolutions of the identity in (10.19). We 
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can therefore combine these three types of frames into the following quantum gravitational 
superframes, f 

® <&*■ ® , S = /“ TT ® c® c * (11.22): 

which are eigenstates of the quantum gravitational annihilation operators in the TT-gauge 
modes, as well as in ghost and antighost modes. Consequently, for the physical quantum 
gravitational propagator for parallel transport, 

K r (g(xy,gm)=(0; iX1 , m.2| 

we obtain, by combining the methods in Sec. 8.4 and 9.5, that 

K Y (g(X")-g(X’)) = 

= limfi? r (^);^_ 1 Dn K 7 (g(X J )' t g(X^'Dlg{X n )], (11.24) 

e ~* +0 n = N -1 

where the functional integration is carried out for TT-components by the methods of Sec. 
9.5, and for the ghost and the antighost components by the methods of Sec. 8.4. In turn, j 
using (10.18) we can express the each factor of the integrand of (11.24) as follows: 

K r (gVrj;g(X n J) = {(l- iSx{ Pj + m u (Sx n )M k, Yf n (x„)-,f rT (.x n .,)) 
+8xt;(0 n D ll C + 0„D„C+ eAiD.B+D^C xC|f(i,);{(v,))! 

x(^.«.»|^.-,w.>) +0 K) 2 ) • (1L25 | 

The expressions on the first line of the above equation are those already familiar from the 
treatment of the propagators for the parallel transport of the electromagnetic field in Sec. 
9.5, so that, for example, 

Pj(/' TT (*„);f’ T (*»-.)) = + -,;0] d<r k {q)dQ{v) . (11.26) 

with the stress-energy tensor provided by (10.3b). In view of the expression in (10.33b) of 
the covariant derivatives of the ghost and antighost fields, as well as of the gauge-fixing:; 
fields, we see that the expressions on the second line of the equation (11.25) correspond to 
the single-ghost and single-antighost states created, in accordance with (8.7)-(8.10) an|| 
(9.18), by the parallel transport from £ n _i to x n , along the projection in any base segment ^, 
of the path y. Hence, using the expression for inner products exemplified by (5.20), we . 
can write, for instance, 

.;f> do\q)cum . (11.27) 
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Finally, the treatment of the inner product on the last line of (11.25) can proceed as in 
(9.5.19) and in (8.4.11) for the TT modes, as well as for the ghost and antighost modes, 
respectively. Thus, in the end, an action integral will result for the propagator for physical 
quantum gravitational parallel transport, 

K 7 (g(X");g(X')) = J f)gexp(iS Y [g]), Dg = Y[ t . l>t > t MM{X(t))\ , (11.28) 

In very much the same manner (but with a considerably increased degree of algebraic com¬ 
plexity - cf. Note 68) as on the previous occasions considered in Chapters 8 and 9. 

The GS propagation of the quantum gravitational field proceeds by treating both 
terms on the right hand side of (11.14) as source terms, in keeping with the treatment of 
interactions and self-interactions presented 69 in Sec. 7.8. Thus, the source term for GS 
quantum gravitational radiation will be 

= a/i 6 n){r‘ iJ r k M - r 1 kl r k j,), r‘ Jt =iv a (g^ + g aj -* A ,).< 11.29) 

On the other hand, the source terms of the quantum fields for matter and nongravitational 
radiation are obtained from the stress-energy tensors computed in the preceding four chap¬ 
ters by executing two extrapolations: first, the domains of definition of these fields are to be 
extended to the quantum base supermanifolds ,g M ) over each base-segment S, and, 
second, all the Poincar^-covariant derivatives in them, which in those chapters served to 
define their parallel transport, are to be extended into £S(S,£ M )-covariant derivatives. 

The first step can be carried out by extending all “matter” fields over any given base- 
segment S (specified by means of sections of Poincar^-covariant bundles ^S,# M ) con¬ 
structed as in the preceding four chapters) into fields belonging to the associated bundles 70 

^(^ M ) = P(^,^)X ? r(£ 1T (S,f)®t (Sl f a ) ) • (11.30) 

'lhe resulting matter superfield ‘F mat can be then deemed to be a section of a superbundle 
whose elements can be represented by functions of the type 

% r mu \x, 0,0 ) = u~\c(x) © c(x), e, 0 ) v TP (*)® y mat (*) , (11 .3 o 

so that they satisfy the matter counterparts of the subsidiary conditions in (10.40): 

(5 + C) r at (r, 0,0) = (5 + C) r at (i, M) = 0 . (11.32) 

ibis immediately determines the action of the GS quantum gravitational connection on such 
fields, and consequently also the parallel transport governed by that connection, thus 
completing the second step of the construction. 

Propagators for the parallel transport of matter fields under the action of the GS 
quantum gravitational connection can be defined, and their action integral representations 
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can be determined by using the same procedure as the one outlined in this section for the 
quantum gravitational field. In turn, this determines their strongly causal as well as their 
weakly causal modes of GS propagation, whose principal features were discussed and 
compared in Sec. 7.7. 


11.12. Foundational Aspects of GS Quantum Cosmology 

The 1980s bore witness to the effective merger 71 of elementary particle theory and quantum' 
cosmology. This merger eventually led to the evolution of the idea of “wormholes” into that; 
of “baby universes” - described by its most recent reviewer as a “rapidly developing ... 
subject based on the non-existent (even by physicist's standards) Euclidean formulation of 
quantum gravity” (Strominger, 1991, p. 272). However, this latest theoretical development 
has highlighted a process that had begun with the advent of the renormalization program 
soon after the end of World War II, and accelerated considerably after the “social and con¬ 
ceptual diversity of theoretical practice [in high-energy physics] fostered an instrumentalist 
rather than a realist view of quarks.” (Pickering, 1984, p. 115). It is therefore imperative 
that we survey these recent developments in quantum cosmology, before we outline an al¬ 
ternative approach to this subject, based on GS theory. 

The idea of “wormholes” resulting from topological fluctuations in spacetime is due 
to Wheeler (1957, 1964, 1968), so that it has been around for quite a while - cf. [M], p. : 
1200. However, recent developments relate it to topologically nontrivial instantons in the 
Euclidean regime. The principal mathematical justification for that, as well as its draw¬ 
backs, are as follows: “To begin with, the spatial cross sections of a classical spacetime 
cannot change topology without metric singularities occurring. One can, of course, attempt 
to get around this difficulty by rotating the time axis in the complex plane and ‘going > 
Euclidean’. However, most interesting metrics, above all those that contain gravitational 
wave packets, are not analytic and cannot be smoothly continued to a Euclidean region. | 
Moreover, most metrics fail to remain real after the time axis has been rotated. Finally, one 
loses any sense of a ‘process’ occurring and thereby any intuitive understanding of topo¬ 
logical transitions. This is particularly true in the functional integral definition of transition 
amplitudes [cf. Eq. (2.5) in Sec. 11.2] where one sees that the Euclidean approach is 
fraudulent in at least one basic aspect: there is no homotopy relationship between topologies 
which allow one to determine the relative phases with which amplitudes for different ' 
topologies should appear together.” (DeWitt, 1984b, p. 448). 

Indeed, Wheeler (1957,1964) speculated about the possible existence of “Lorentzian J 
wormholes” creating a “spacetime foam” in a general relativistic spacetime manifold de¬ 
picted by a Lorentzian manifold. The transition to “Euclidean wormholes” in Riemannian ■ 
manifolds was motivated not by physical considerations, but by purely mathematical ones, > 
centered around the fact that the “path integral” in (2.5) would not converge in the real-time 
regime of Lorentzian manifolds (Gibbons et al. 1978; Hartle and Hawking, 1983). A very ; 
simple example of a “Euclidean wormhole”, which represents a “baby universe” is a 3- 
sphere x^ l x v 8 flv - b 2 that joins the two asymptotically flat 4-spaces x^x v 8 tlv > b 2 and - 
^x v 8 flv < 6 2 , which carry the Riemannian (i.e., “Euclidean”) metrics (Hawking, 1987): 


£ e =(l+b 2 /x K 5 KX x x 'jS flv dx li ®dx' 
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Of course, in complete concordance with the above cited remarks, this metric does not sat¬ 
isfy Einstein's equations even when it is continued to the Lorentzian regime. In view of the 
tendency of advocates of “baby universes” to dismiss such observations as “not very rele¬ 
vant”, it is of some significance that other noted researchers into quantum cosmology have 
pointed out that “topology changes do not have to be allowed in quantum gravity in order to 
construct a consistent theory.” (Banks, 1985, p. 358). 

A clear presentation of the issues involved can be found in (Klebanov et al ., 1989). 
However, an enlightening explanation of some of the basic motivation and prospects of this 
5? subject can be found in a highly acclaimed article by S. Coleman, which has given consid¬ 
erable impetus to the idea of “baby universes”: “Although I find this theory [that if worm- 
holes exist, they have the effect of making the cosmological constant vanish] in many ways 
very attractive, I must in honesty stress its speculative character. It rests on wormhole dy¬ 
namics and the euclidean formulation of quantum gravity. Thus it is doubly a house built 
on sand. Wormholes may not exist, or, if they do exist, their effects may be overwhelmed 
by those of some more exotic configurations. Likewise, the euclidean formulation of grav¬ 
ity is not a subject with firm foundations and clear rules of procedure; indeed, it is more 
like a trackless swamp.” (Coleman, 1988, p. 647). 

Thus, whereas for some cosmologists the motivation for merging their theories with 
those of some particle physicists is to solve some major technical problems with the Big 
Bang model (Guth and Steinhardt, 1984; Rothman and Ellis, 1987), on the part of the par¬ 
ticle physicists it is to explain one of the most glaring inconsistencies to which the conven¬ 
tional renormalization program has by now given rise (very much as predicted by Dirac - 
cf. the introduction to Chapter 7): on one hand, spontaneous symmetry breaking leading to 
Higgs bosons had to be introduced in order to make the electroweak model as well as QCD 
“perturbatively” renormalizable, but on the other hand, not only have such “particles” not 
been observed (Harari, 1983; Veltman, 1986; Weinberg, 1987) despite extensive searches 
after them, but their assumed existence gives rise to an enormous cosmological constant, 
whose value is in flagrant contradiction with the very existence of our entire Universe! 

Indeed, as one of the well-known contributors to the “mathematical theory line” for 
these models points out, “the only legitimate reason for introducing the Higgs boson is to 
make ... the theory renormalizable” (Veltman, 1986, pp. 76 and 81). On the other hand: 
“The biggest drawback of the Higgs boson is that so far no evidence of its existence has 
been found. Instead, a fair amount of indirect evidence already suggests that this elusive 
particle does not exist.” (ibid., p. 76). In fact, one of two main progenitors of the electro- 
weak model acknowledges the following: “We don't know where the Higgs is; we're not 
even really sure that we should regard the Higgs as an elementary particle, but we believe 
that something must show up by the time we get up to available energies of a TeV: Higgs, 

' or new kinds of strong interactions, or entirely new physics.” (Weinberg, 1987, p. 8). 

Hence, there is absolutely no observational evidence in favor of the Higgs “particle” 
introduced solely for the purpose of making QCD “renormalizable”. In fact, the theory 
cannot even predict its mass (Veltman, 1986, p. 84), so that “one worries that the next 
particle to be found with a mass between a few giga-electron-volts and a tera-electron-volt 
will be christened the Higgs boson by fiat.” (Oldershaw, 1988, p. 1077). But that is not 
all: “The coupling of the graviton to the Higgs field - ever present in all space - would 
generate a huge ‘cosmological constant’: it would curve the universe into an object roughly 
| the size of a football.” (Veltman, 1986, p. 78).. 
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Since we obviously do not live in one of the “parallel universes” (cf. Barrow and 
Tipler, 1986, as well as Notes 15 to 21) of the size of a football, a great variety of ad hoc f"* 
theoretical devices have been invented in recent times to deal with this “cosmological | 
constant problem” (Weinberg, 1989). The very latest are the aforementioned “baby univer- 
ses”, which obviously represent a more acceptable variant of the “parallel universe” idea, f; 

The following explanation was offered in a recent review article by Weinberg (1989): * 

“Hawking (1987, 1988) has suggested that since baby universes are unobservable, 
their effect is an effective loss of quantum coherence. Recently Coleman (1988) has argued , j 
(convincingly, in my view) for a different interpretation, [so that] ... [i]f all we want is to 
explain why the cosmological constant is not enormous, then our task is essentially done.’fi 
(Weinberg, 1989, p. 18). That task has been completed because, as the theory goes, we all _ jM 
happen to live in a baby universe where the effective cosmological constant X e ff is probably w 
zero, or in any event negligible, so that we have all been rescued by one of the “anthropic * 
principles” advocated by Barrow and Tipler (1986). Indeed: “Now, generic baby-universe J 
states |B) will have components !«) for which the [effective cosmological constant] X e f f (ct) ' 1 
is very small, as well as others for which it is enormous. The anthropic considerations of • y 
Sec. VI [cf. Barrow and Tipler, 1986] tell us that any scientist who asks about the value of 
the cosmological constant can only be living in components la) for which X e ff is quite il 
small, for otherwise galaxies and stars would never have formed (for X e ff > 0), or else there - , | 
would not be time to evolve (for Xeff < 0).” (Weinberg, 1989, p. 18). 

As one reads about “solutions” which have to invoke some form of the “anthropic ! L 
principle” in order to rescue a fashionable theory from gross disagreements with empirical ||| 
facts, one cannot but be reminded of Heisenberg's observations that, in high-energy :|p 
physics, “it is only a slight exaggeration to say that good physics has at times been spoiled as 
by poor philosophy” (Heisenberg, 1976, p. 32). Trying to reinstate agreement by means 
the predictive power of “anthropic principles” reminds one of another one of his notable||||i 
statements, namely that “if predictive power were indeed the only criterion for truth, $|| 
Ptolemy's astronomy would be no worse than Newton's” (Heisenberg, 1971, p. 212), ]" 
Indeed, not only was Ptolemy’s astronomy the product of an anthropocentric philosophy, r 
that considered man to be the central and most significant part of the Universe, but itsJig; 
technique of adding epicycles upon epicycles in order to secure agreement with astronogu||f 
observations can be viewed as a methodological prototype for many developments in parti-| 
cle physics during the past three decades (cf. Sec 12.3), since quark theory made its first " 
appearance. In fact, as has been noted by some, “so many new ‘fundamental’ particles, 
force-carrying particles, and theoretical devices have been tacked on to the original quark 
model that the new physics is beginning to make the Ptolomaic universe look rather svelte.” 
(Oldershaw, 1988, pp. 1077-8). 

One is therefore left to ponder over the following assessment of the “baby universe”; 
solution of the cosmological constant problem: “Has the cosmological constant problem 
been solved? Perhaps so, but there are things to worry about in Coleman's approach, as- 
also in the earlier work of Hawking. Here is a short list of qualms. (1) Does Euclidean 
quantum cosmology have anything to do with the real world? ... (2) What are the,; 
boundary conditions? ... (3) Are wormholes real? ... (4) What about the other terms i| 
the effective action [in ‘baby-universe’ quantum cosmology]?” (Weinberg, 1989, p. 19). j 

In addition to these serious “qualms”, there is the ubiquitous problem of divergences, 
which the conventional renormalization program was supposed to have “resolved”, bu[| 
which eventually led to the above described cosmological constant problem 72 . Indeed 


Coleman’s (1988) method of dealing with this problem “is based on a nonexistent path 
integral quantization” (Fischler et al., 1989), due to the unboundedness of the action 

| S E = \d 4 x4g^(A-aM~ 1 R E ) , ( 12 . 2 ) 

that enters a Euclidean “path integral” over geometries with the various kinds of topologies 
containing “wormholes”. The essence of the purported “solution” to the cosmological con¬ 
stant problem resides in the argument that such a “path integral” is dominated by special 
topological configurations which have the appearance of large “spheres” connected by 
wormholes (cf. (11.1)). However, as pointed out by Susskind (1991) in a recent critique 
of Coleman’s theory, the formal “summation” over such configurations gives rise to the di¬ 
vergent integral 

Jrfaexp(-Da 2 /2)[exp[3/8A(a)]exp(exp[3/8A(a)])j , (12.3) 

over the wormhole parameter a mentioned in the earlier quotation from (Weinberg, 1989). 
Thus, the entire argument relies 73 on the fact that the “weight” of the integral in (12.3) is 
“concentrated at vanishing effective cosmological constant” (Susskind, 1991, p. 348). On 
the other hand, the “path integral” itself is “violently divergent”, whereas its use “as a 
measure of probability” is totally unwarranted. 

Alternative approaches have been proposed based on “a completely nonlocal theory 
... (of a] bifurcating universe ... in which the universe splits into two disconnected closed 
pieces” (Banks, 1988, p. 494). Mathematically, this leads to “a ‘third quantization’ which 
replaces the Wheeler-DeWitt wave function by an operator which acts on a Fock space of 
universes” (Fischler et al., p. 158). From the ontological point of view, the assumptions 
involved are rather drastic: “We imagine that ‘we’ live in one of the disconnected universes. 
Everything that goes on into the other one is lost to us forever. Thus, any measurement in 
our universe is an ‘inclusive’ one: it is the probability for some process to occur accompa¬ 
nied by something going on in the other universe, summed over all things which disappear 
from our ken.” (Banks, 1988, p. 494). 

It thus appears that all the most recent developments in quantum cosmology are aimed 
primarily at the resolution of the earlier described “cosmological constant problem”. This 
problem has emerged at the developmental end of a long string of theories based on 
“working rules” and other ad hoc theoretical devices, which started with the advent of 
conventional renormalization theory at the beginning of the instrumentalistically-dominated 
post-World War II era in quantum theory (cf. Secs. 12.2 and 12.7). Its resolution seems to 
require the invention of new cosmological theories which deal with the very nature of 
physical reality in a manner that is radically different from that advocated by any of the 
traditional philosophies of science. Indeed, ever since the time of Galileo, all the principal 
: approaches to science have, on one hand, treated any form of the anthropocentrism with 
great skepticism; whereas, on the other hand, they have all shied away from empirically 
unwarranted speculations, and encouraged a scientific objectivity rooted in observations 
whose explanations did not have to invoke any postulates about the existence of “other 
worlds”, in the form of ontological presuppositions inaccessible to empirical verification on 
account of the very nature of those postulates. 





The quantum geometry framework presented in this monograph views conventional 
renormalization theory as nothing more than a once useful computational technique, which 
has, however, outlived its usefulness by the time it has given rise to such physically para¬ 
doxical situations as those inherent in the “cosmological constant problem”. It also notes 
that such physically unacceptable “scenarios” have arisen from the indiscriminate applica¬ 
tions of “working rules” for which, as pointed out by Dirac (cf. Note 23 to Chapter 9), 
Pauli (cf. Note 43 to Chapter 12), and others, there was no good foundational justification 
in the first place. Hence, it advances a nonperturbative approach to quantum field theory, in 
which no “cosmological constant problem” occurs because, from the outset, no ad hoc 
renormalization rules are invoked. Thus, by contrast with the above described types of ap¬ 
proaches to fundamental ontological questions about the physical nature of our universe, 
the ontology of GS quantum cosmology is rooted in the traditional philosophy of science! 
As such, GS ontology is based on the premise that there is a quantum reality, whose 
essence is totally independent of human conventions. A quantum spacetime whose physical 
manifestations are all around us is deemed to be an integral part of that reality, and the 
search for a suitable mathematical description of that quantum spacetime is considered to be 
one of the main tasks of quantum physics. 

Indeed, as discussed in Sec. 11.5, and as further elaborated in Sec. 12.4, a natural 
choice, independent of all conventions, exists for the specification and measurement of 
spatio-temporal relationships. That choice is, de facto, inscribed in every single bit of mat¬ 
ter in existence since, on account of its rest mass m, each massive elementary quantum 
“object” represents (de Broglie, 1923; Penrose, 1968) a natural clock with period T = 2 njm 
in Planck natural units; moreover, each such “object” also provides a “natural rod” of 
length L = 2 Ti/m in Planck natural units - as witnessed by the interference fringes produced 
by a beam of such “objects”. Hence, the universal constancy of the ratios of the observed 
rest masses of elementary particles guarantees that (strongly or weakly causal) GS propa¬ 
gation can take place under locally well-specified spatio-temporal conditions. 

Indeed, de Broglie has pointed out the following in his recollections of the fundamen¬ 
tal ideas that gave birth to wave mechanics: “When, in 1922-1923,1 had my first ideas', 
about wave mechanics, I ... noticed that if the particle was regarded as containing the rest 
energy M 0 c z = hv 0 , it was natural to compare it with a small clock of proper frequency v 0 " 
(de Broglie, 1979, p. 7). In view of the subsequent undisputed success of the modem 
quantum mechanics that has emerged from this fundamental idea, this feature of all massive 
elementary “objects” (regardless of whether they are called “particles”, “excitons”, or 
something else) can be regarded as the most fundamental and the empirically best estab¬ 
lished fact in all of quantum theory, demonstrated each time an interference or diffraction - 
pattern is being observed. Hence, contrary to the prevailing post-World War II instrumen-7 
talist trends in quantum physics (cf. Sec. 12.2), but very much in agreement with the 
philosophies of the founders of relativity and quantum mechanics (who all opposed such: 
instrumentalist attitudes 74 ), the GS epistemology does not expect Nature to conform to any§ 
of the fashionable theoretical ideas that relegate such basic physical facts, as the existence 
of spacetime, to the status of fiction — while proclaiming formalistic (and, as shown in Sec. 
12.3, as well as elsewhere, mathematically often poorly grounded) theoretical fiction as 
valid physical theory. Rather, the GS epistemology is to search for the right theoretical 
ideas to fit well-established physical facts. -- 

Epistemologically, therefore, the GS attitude is not to question whether “time” is a 
valid notion in QGR, but rather to find the correct formalism to describe time as it exists. . 


As a fundamental epistemic guide, it adopts Bohr's attitude that the basic concepts of clas¬ 
sical physics should be retained at the measurement theoretical level in quantum physics - 
albeit, as discussed in Secs. 1.3 and 12.6, it rejects Bohr's artificially imposed dichotomy 
in the treatment of “system” and “apparatus”. The GS epistemic idea is, therefore, that the 
CGR conceptualization of spacetime in terms of a Lorentzian manifold is not to be dis- 
: ‘ carded even in GS quantum gravity, since that would imply the complete renunciation of all 
the physically well-grounded intuitive ideas that we all possess about spacetime, and would 

• make, as Bohr contended, unambiguous and meaningful communication unfeasible 75 . 
^Consequently, classical spacetime has to be incorporated into quantum spacetime explicitly 

and from the outset, and not added as an afterthought, as it is the case in some of the 
contemporary cosmological “scenarios” discussed in Secs. 11.2 and 12.3. 

On the other hand, if we accept basic quantum epistemology, a viable framework for 
quantum gravity should incorporate additional, purely stochastic degrees of freedom. 
Those degrees of freedom should be related to the nondeterministic behavior in a quantum 
spacetime of wave functions resulting from nongravitational sources, which, however, in 
7: any gravitational setting can influence, via wave function reduction (Pearle, 1986; Penrose, 
1986), the geometry of that spacetime. Hence, they should allow for the possibility that 
measurement acts can affect that spacetime geometry in an active manner, which could not 
have been possibly “prescribed” at the “instant of creation” of the Universe if there is any 
freedom for the experimenter to even locally alter and adjust initial conditions of the 
. quantum phenomena under observation - as opposed to merely “shifting the focus of his 
attention” in an absolutely 76 passive role of a disembodied “observer”. 

Indeed, in a strictly deterministic theory, such as CGR, there appears to be no free¬ 
dom for the experimenter - who can act only as a passive observer. Thus, the entire history 
of a classical spacetime, depicted by a Lorentzian manifold (M ,g), was determined for 

• “eternity” byjhe initial conditions following the “instant” of the Big Bang within an 
“infinitesimal” period (since there is no natural role for the Planck time in a classical the¬ 
ory!). Of course, one might not know, or even hope to ever know, what those conditions 
were like exactly, but the “naive” realism which underlies the epistemology of classical 
physics, postulates that even if there is no anthropic possibility to ever acquire such com¬ 
plete knowledge, such exact conditions did exist. Thus, in a totally deterministic universe 
every phenomenon which is part of physical reality (as opposed to being merely a concep¬ 
tion in someone's mind) was intrinsically caused to happen at the “instant” of cosmic cre¬ 
ation 77 . In particular, since in CGR the behavior of all matter, and the “evolution” of the 
entire real spacetime (and not just some particular “model”), are inextricably intertwined by 
Einstein s equations, no change from the predetermined course can take place in one with¬ 
out it affecting and producing a change in the other. Ergo, the freedom to even locally 
change initial conditions in order to perform experiments is only illusory. Therefore, the 
freedom to influence and change the behavior of matter, or of any of the “gauge” fields 
partaking in any observation of such “experiments”, is also illusory: everything was 
already determined an “infinitesimal instant” after the Big Bang. 

• . This means that such very fundamental questions 78 are intimately related to deep 
philosophical problems concerning “free will” vs “determinism”, which have preoccupied 
such great philosophers of the past as Descartes, Hume and Kant, as well as such outstand¬ 
ing philosophers of this century as Russell (1945, 1948) and Popper (1963,1982). In fact, 
Popper had dedicated an entire volume to arguments in favor of a fundamentally indeter¬ 
ministic conceptualization of the world around us. In that context he describes how he 
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“tried to persuade [Einstein] to give up his determinism, which amounted to a view that the % ' 
world is a four-dimensional Parmenidean block universe in which change was a human il--|§ 
lusion”, and how “by 1954 Einstein appears to have changed his mind fundamentally with ip 
regard to determinism” (Popper, 1982b, p. 2). 

Clearly, the phenomenon of the “reduction” of any universal wave function, meant to -1 
describe our Universe in its entirety, cannot be fitted within any theoretical framework ?ti 
based on a deterministic interpretation of that same framework and on mathematically well- !® 
posed initial-value problems (i.e., problems that produce unique solutions for any complete St 
specification of initial data - a feature to which all successful theories aspire). Moreover, |l 
even in frameworks that are based on a statistical interpretation, similar problems are If & 
encountered if one tries to derive the “reduction of the wave packet” within the framework f| 
itself, by incorporating the “system” as well as the “apparatus” into a single “large system”|§| I 
while not allowing for the possibility of a new even “larger apparatus”. Indeed, the latter Ji p 
possibility would merely represent the beginning of an infinite recession of “larger and ■""l 
larger systems” and “larger and larger apparatuses”. Such infinite recessions are certainly fj 
not feasible in cosmological frameworks, which are meant to describe our entire Universe, |§ | 
so that there is no room left for an external “apparatus” for “observing It ”. 

Of course, at this point one should pause and contemplate the epistemic advisability ill 
of even considering the introduction of a “universal wave function” that results from the •, 
quantum gravity framework of this chapter by imagining that the quantum fields for all 4 
matter and radiation in existence have been included in it, in a manner which is conceptually SI 
(albeit not technically) similar to the well-known “wave function of the Universe” proposal Jp \ 
of Hartle and Hawking (1983). Indeed, if one seriously ponders the feasibility of acquiring |f 
complete information of such a function even in some “asymptotic” sense of “arbitrarily f$. 
good accuracy”, then not only do the problems of limitations inherent in the limited capacity ' || 
of the human mind come to fore, but the problem of information storage gives rise to - I 
paradoxes reminiscent of Russell's well-known paradox about the “set of all sets” (cfjfl I 
e.g., Kline, 1980). Indeed, limitations on the “compressibility of information” (cf., e.g., | 
Zurek, 1990) indicate that in order to store, process and retrieve, even in an “asymptotic”^! | 
sense, the complete information about the states of all matter and radiation in existence, w|ll|p | 
would require “memories” whose capacity exceeds those of the states of all matter already If 
“in existence”, which we are actually trying to describe. Hence, the question of “universal | j 
wave function” can be treated only in an ontological sense, by arguing that such an entity 
must exist, since the Universe exists, but that there are absolute limitations in acquiring and 
processing “arbitrarily accurate” information about such a universal “physical state”. As we ' 
shall see shortly, this observation will help us resolve the apparent paradox that such a i§f 
universal wave function might not undergo any “reduction” whatsoever, but only :|i ' 
“decoherence” induced by an anthropicahy willful act of data simplification. J|j 

Indeed, when our entire Universe is deemed to be the system in the formulation of | f§ 
GS quantum propagation in the preceding section, then quantum frames of reference 
become integral parts of the resulting universal wave function embodying that propagation.if|tfg I 
Since then there is no longer any external agent that can cause the reduction of the universal 
wave function, such reduction has to assume the form of decoherence, viewed as a natural j||| - 
process that can take place without direct or indirect human intervention (cf., e.g., Gell-^e^v' 
Mann and Hartle, 1990). On the other hand, in order to effectively deal with a most basic _ U - 
feature of quantum theory — namely the fact that the intervention of the “observer” by s 
means of experiments gives rise to changes of quantum states that would not have taien : 
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place if such observations were not performed - it might appear that in quantum cosmology 
one is forced to adopt either a “many-worlds” approach (Barrow and Tipler, 1986), or an 
approach based on the “reduction in the mind of the observer” idea of von Neumann (1932, 
; 1955), which was subsequently discussed by Wigner (1962). 

A “many-worlds” type of “solution” is, however, at best illusory, since it is not able 
to provide an empirically meaningful interpretation that would satisfy even the most mini¬ 
mal of scientific standards of verifiability (cf. Note 18). Indeed, since in the MWI (“many 
v worlds”) framework one postulates an ensemble of distinct “universes” 79 , then there are 
-only two logical possibilities left: 1) It is postulated from the outset that there cannot be any 
type of physical communication between “observers” within different universes belonging 
to the envisaged superspace of “universes” - in which case a merely metaphysical 
framework results that does not comply to even the most basic standards of empirical 
verifiability required of any theoretical idea that can call itself “scientific” 80 . 2) It is 
postulated from the outset that there can be some types of physical communication between 
the member universes, so that the postulated ensemble of universes plays the role of a 
“super-universe” - in which case, from the epistemological point of view, one is faced 
again with the very problem which one is purportedly trying to solve. Indeed, if the second 
possibility were taken seriously, one would have to entertain the question of where to place 
a “super-apparatus” for “measuring” various quantities in this “super-universe”. Hence, an 
infinite regression of “super-super-universes” and “super-super-apparatuses” would result. 

Thus, we are left with the von Neumann-Wigner alternative. On the surface, this is 
an alternative that would be unpalatable to any form of philosophical realism. Nevertheless, 
we shall argue that this alternative is capable of providing an epistemologically satisfactory 
solution after one rejects all of its metaphysical undertones. 

To achieve a reconciliation between realism and such a conceptualization, which, as 
pointed out by Wigner (1962), is seemingly in tune only with philosophical idealism, and 
borders on solipsism, one has to recognize the basic fact that any physical theory can pro¬ 
vide, at best, a description of some part of “reality”, rather any kind of faithful mirror of 
that “reality” in all its various aspects. Indeed, as indicated by such fundamental theorems 
as Godel's (1931) undecidability theorem, any claim that a given theory is capable of 
“mirroring reality” would have to contend with the question as to what is the status of those 
statements within its framework (i.e., its “language”) which have empirical content, but for 
which neither truth nor falsehood can be established within that framework: do they there¬ 
fore “reflect reality” or not ? 

Once it is accepted that the correspondence between theoretical constructs describing 
an underlying quantum reality and actual observational acts does not have to be absolutely 
unambiguous, but that a certain interpretational lack of “sharpness” might be present 
(intrinsically embedded in the notion of “unsharp stochastic value” - cf. Sec 1.3), then one 
can provide a sensible and realistic resolution of the above dilemma within the GS frame- 
work — albeit not within the conventional one. This resolution consists of envisaging that, 
in the course of the geometro-stochastic evolution of the universal wave function, that 
describes all matter and gauge fields in existence, no reduction ever takes place, but that 
such reduction occurs only “in the mind of the observer”. As such, it certainly does not 
produce any of the “slightly imperfect copies of [that observer], all constantly splitting into 
further copies, which ultimately become unrecognizable” (DeWitt and Graham, 1973, p. 
461) - as claimed in “many-worlds” scenarios. In other, words, the process of the 
reduction” of localized parts of such a GS “universal wave function” is merely a procedure 
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of simplification, whereby on account of empirically acquired information about the H 
prevalence of GS decoherence at the macros copic level 81 , a very complex but, in principle, 11 
totally accurate description of the localized part of the quantum reality under observation is ' 
replaced by a less accurate, but computationally more manageable description of that same Vi 
reality. Indeed, such a simplified description better suits the macroscopic (and therefore •)' 
classically biased) mode of conceptualization of the observational process that was favored s|| 
by Bohr, and many others. | §1 

On the other hand, it might appear that such a proposal flatly contradicts the orthodox 
interpretation of quantum mechanics in even such simple measurements of quantum ob “ 
servables as the one of spin components performed by the Stem-Gerlach experiment 
(Messiah, 1962; Bohm, 1986). However, that is not at all the case. First of all, as pointed f 
out in Sec. 1.3, already within the context of orthodox theory, the Wigner-Araki-Yanase 
theorem prohibits the possibility of arbitrarily sharp measurements of spin components 
even with respect to an axis of a classical frame. But that is not the most essential poinp 
Rather, the main point is that such a description is based on the (linear) Schrodinger i 
equation, in which the actual Stem-Gerlach apparatus is represented in the idealized form of 11 11 
an external magnetic field, whereas the quantum reality is that of a source, a detector and an ' J 
electromagnet, which together form a complex system of quantum constituents, that II 
produce a quantum electromagnetic field whose photons interact no/zlinearly with the 
“system” - all of which is, in turn, only a (small) part of the “universal wave packet”. The 
GS description of the larger system consisting of the Stern-Gerlach apparatus and the 
original “system” should be in terms of local quantum state vectors that are part of this 
“universal wave packet” - but for all practical purposes a quantum statistical mechanics 
description would have to be substituted for the “apparatus” part. 

On the other hand, as discussed in Sec. 1.4, some recent theories of quantum mea ' 
surement point out that not every “very large” system of “micro-objects” can be deemed to., >>; 
be a (macroscopic) detector, but rather that some very specific conditions have to be met f. 
(Namiki, 1988; Namiki andPascazio, 1991); whereas some other theories take into account '0* 
the nonlinearity of realistically formulated quantum interactions (shared by all interactions 
in GS quantum field theories), when studying the interaction of a detecting apparatus and 
the micro-system which it is supposed to detect (Ghirardi et al. , 1990). Such theories can 
be incorporated into the GS framework upon interpreting “large” local probability am¬ 
plitudes as propensities for macroscopic manifestation of excitons above the base points of| 
those amplitudes, and representing a detecting apparatus by a GS wave function (cf Sec. 

5.5) for which such “large” probability amplitudes are localized in world-tubes of macro¬ 
scopic dimensions within the base Lorentzian manifold of a quantum spacetime. However, 
what “large” actually means in a particular context is a matter of human judgement - a facing 
that remains unchanged even if the entire observational procedure is computerized, so that 
no human “observer” is required. Hence, from the point of view of quantum reality, it is 
the macroscopic world that is the “shadow” world, in which boundaries between “objects” 
become “fuzzy” — rather than the other way around. In particular, in accordance with Bell's | 
(1987) ideas, from a microscopic point of view the boundary between “system” and 
“apparatus” is “fuzzy”, and it is only through a procedure of conceptual and computational^ 
simplification, meant to recover the tremendously over-simplified conventional treatment of | 
the Stem-Gerlach experiment, that the transition can be made from the GS cosmological 
conceptualization of a “universal wave function” to an orthodox type of treatment, in which; 
wave functions can undergo “reductions” during certain observational processes. ' - 
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.. Jkus, the GS “universal wave function” represents only an ontological entity, of 
knowledge can ever be acquired even in principle. Its noncomputability 

Gero^h^° f ^ fUnCtion ° f the universe ’’> discussed ^ 
^ fntr^ d f H r (19 u 6X ° fcourse ’ an orthodox-minded operationalist would object to 
the introduction of such a concept in the first place, on the purely utilitarian grounds that it 
is computationally “useless”. It has to be therefore pointed out ZZXeday then 

SU 5 h rtvf P /T? hen 5 atlCal • SSUeS aS thC r ° le ° f noncom putable numbers and the validity of 

re nun heriif T pr °° fs ^ clarified ’ the “ existe "ce” of this kind of entities 

cannot be dismissed as illegitimate. 

In spirit, albeit not in the technical nature of the proposed solutions, the GS approach 
? q “ cos ™ ol °gy partially agrees with some other recently proposed modifications of 
the orthodox interpretation of quantum theory, such as those based on the following kind 
of general assessment of the situation: “The founders of quantum mechanics were right in 
pointing out that something external to the framework of wave function and Schrodinger 
equation is needed to interpret the theory. But it is not a postulated classical world to whfch 

n0t aPpIy ' Rath6r h is the initiaI condition of the universe that, 
f the aCtl ° n , funCtl ? n of elementary particles and the throw of quantum dice 

jpe f within quamum 

. fh ^ e n Pai !- 0f * e 3b t ?y e quolation ^ which the approach fundamentally disagrees 
is the contention that the initial condition of the universe” is the decisive factor that 

VT of quasiclassical domain(s)” Indeed, not only do we know far too little 
about those initial conditions to speculate reliably about their “present effects”, but such an 

Aafre^ire “eSLT >’ ° f ■ the horse; il is not “ q ^lassical domain(s)” 

SfwnriH 1 expIanallon . ; as ^ ohr has consistently maintained, they are part and parcel of 

Sev hlvr LT PerC uZ 'a 3n ^ essential com Ponent of human communication - so that 
bave been embedded in GS quantum gravity form the outset (cf. Sec. 115) It is 

P ?f ntly popu1 ^ “canonical route” of conventional quantum cosmology that is in 
® Xplanatl0n ’ in v J ew of its many conceptual as well as mathematical defi- 
aencres hat were discussed in Secs. 11.2-11.4, and in some of the notes to this chapter. 

i , , end the GS approach to quantum gravity and cosmology recognizes that 

'Xped^nd 5 then^Td T ^ epistemol °g ical and historical factors that have 

ofmrLnn d n! h ^ tei ; ed the orthodox interpretation. In fact, those lessons were 

Paramount importance m the development of the present approach to QGR. We therefore 
. turn to them in the next, and last, chapter of this monograph. 

Notes to Chapter 11 

!f sL'SuSqT i Grossma ""' WM)for the original “hole” argument. Norton (1987, 1989) and 

ProvtM -eighlfnl contemporary historical as well as epistemologies analyses, 

tire part of EirSnnTr ab % e° 6 arEument resultin S from a "trtvial mathematical error” on 
N 2 “ e P 311 of E,nstein Grossmann - cf. Sec. 11.4 for some further details. 

6Xtent l ? at B V S ' DeWitt - who has made fundamental contributions to both basic types of aD- 
poaches, namely to the “canonical” as well as to the “covariant" approach (cf S« 1 7) hS« 

n0 rigorous mathematical link ha^ttore^ftn 
*at tS^wo1S>Srf T and covanarU theories - In 11,6 case of in fi n 'te worlds it is believed 
no 7 tW °™ 0 , nS ,^ lhe same lheor ^ expressed'in different languages, but 

no one knows for sure. In essence, DeWm's 1967 assessment has remained valid to the present day. 
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3 In the Euclidean path integral approach to quantum cosmology (cf. Sec. 11.2), “baby universes” are 
connected to the “parent universe” as “wormholes” - cf. (Coleman et al„ 1991) for recent review 


^UllllCUCU LU umvviav mo y fuimiiuivj --—-> ' ' - 

articles, and Sec. 11.12 for a discussion of these subjects. A very readable account of Ashtekar's , ;/1 
formulation of general relativity, and of the ensuing loop-space nonperturbative approach to quantum ^§8 
gravity, wasrecently published by Rovelli (199 Id) — cf. the subsequent Secs. 11.3 and 11.4 for a 
discussion of some of its basic aspects. For electromagnetism, a relation between loop representations f|| 
and coherent state representations, of the type used in in Chapter 9, is provided by the functional integral?" 
transform in Eq. (3.35) of (Rovelli, 1991d). However, its non-Abelian analogue in Eq. (3.40) “is far r;5;i 
from being well defined because we do not have at our disposal a well defined gauge invariant measure ; ~ 
(ibid., p. 1644). Furthermore, as will be amply illustrated in this chapter, the epistemic attitu de!? 
towards quantum gravity exhibited in the GS approach is very distinct from that in the “loop-space" | 
approach (cf. Note 23). Indeed, the GS approach is firmly rooted in a consistent measurement-theoretical : 
scheme from the outset, so that what are its basic “physical observables” has been established from the' 
beginning (cf. Sec 11.4), exactly as it was the case when CGR was developed; whereas, in the “loop- 
space” approach: “Major problems are open. Among these, the construction of the physically observable 
quantities and the definition of the inner product.” (ibid., p. 1654). Thjgg 

4 This can be probably achieved in an uncountable infinity of fashions. The recent review by C.J. Isham|? 

suggests, of necessity, only a small finite number, but wisely concludes with the recommendation thatff 
“one should be cautious therefore about taking too literally ideas like ‘virtual black holes’, ‘Planck | 
length wormholes,’ ‘topology on z(X)' and similar ideas.” (Isham, 1991, p. 392). : ?||pil 

5 Cf. Sec. 11.2 as well as the eight review articles in the section The Issue of Time in Quantum Gravity T 

in (Ashtekar and Stachel, 1991) - many of which contain extensive lists of original references. In addi¬ 
tion, Sec. 4 in the review article by Ashtekar (1991), published in the same volume, is devoted to th|jfj| 
issue, and two recent papers by Rovelli (1990, 1991a) also deal with this problem. At the classical 
level, a canonical approach to gravity that advocates the existence of an “intrinsic time” in CGR has || 
been developed systematically in four papers by Kuchaf (1976, 1977), in which the CGR ‘field dynam-;- - Jj 
ics is not properly described as taking place in spacetime, or along a single foliation of hypersurfaces y;-' 
drawn in spacetime, but in hyperspace. Heuristically, hyperspace is the (infinitely dimensional) manifold . 
of all spacelike hypersurfaces drawn in a given Riemannian spacetime.” (Kucha?, p. 777). Some of the||| 
principal “philosophical” aspects of the issue of “time” and its “arrow” vis-a-vis classical and quantum 
theory have been reviewed and discussed by Reichenbach (1956). A review of the most popular attitiM|Lg-„ 
towards these issues, that includes the most fashionable lines of thought amongst leading contemporary|||| 
cosmologists, was recently provided by Zeh (1989). ___ 

6 A globally hyperbolic Lorentzian manifold is one which possesses a Cauchy surface Xo. By definition, ^ 
a Cauchy surface is a spacelike slice (i.e., a closed achronal set without an edge - cf. [W], p. 201) across 
M, which is intersected by any causal smooth curve which can no further be extended into a causal 

in the past, or in the future. Also by definition, a causal curve is one whose tangent at every single ; 
point is null or timelike. These definitions imply that in a globally hyperbolic classical spacetime there|gg 
are no naked singularities (cf. [W], p. 201). This basically means that only singularities which might • 
occur in such a spacetime as a result of gravitational collapse are black holes. Hence, any causal path 
that encounters such a singularity ends in it, so that there is no breakdown in predictability of its future 
behavior. The so-called strong cosmic censorship principle (Penrose, 1969) “forbids” the occurrence:® 
naked singularities, and it is equivalent to requiring global hyperbolicity of any physically acceptably 
classical model of spacetime. _ - Wm 

7 Cf. Sec. 2.1 for the definition of an atlas of charts. Coordinate-independent formulations of canonical, 

gravity and the initial-value problem can be found in the review articles by Fisher and Marsden (1979), gp 
Isenberg and Nester (1980), and Choquet-Bruhat and York (1980). _ - li§r ~ 

8 Regge and Teitelboim (1974) have argued, however, that in some cases, such as for spatially np 

compact and asymptotically flat spacetimes, these boundary terms cannot be dropped, since then Uwi? 
are no solutions to Einstein's equations for those situations. Hence, in such cases the boundary term|^ 
must be retained in the CGR Hamiltonian in (1.16) for the Einstein vacuum equations. ; 

9 In purely geometric terms, these constraint equations are basically the Gauss-Codacci equations, relating- 
the extrinsic curvature and the 3-metric via the Levi-Civita connection and the curvature tensor for mat 
metric - cf. [M], Eqs. (21.75)-(21.76), or [W], Eqs. (10.2.23)-(10.2.24). A straightforward method^ 
deriving them, which takes advantage of Gaussian normal coordinates, can be found in [C], pp. 315-^|fe 




10 These are couplings for which the Lagrangian for the source fields can be written in a form that does not 
*.■ - contain a term involving the connection. All the practically important cases (Maxwell, Yang-Mills, 
scalar and spin-1/2 massive fields) belong to this category. 

•-11 Cf. (Choquet-Bruhat and York, 1980), Secs. 1.2, 3.3 and 3.4 for a review. In such schemes it is more 
efficient to choose coordinate suitable charts in which N * 1 and N a * 0, since the Gaussian normal ones 
eventually develop caustics, namely coordinate singularities. However, such caustics constitute 
manifolds of lower dimensionality (Lifschitz and Khalatnikov, 1963), which in the quantum regime give 
■ '■ - rise to sets of measure zero. Hence, although they give rise to computational difficulties, from the point 
i?~- of view of basic principles they are not bothersome. In any event, the outcome of the described 
^- algorithmic procedure is in essence independent of the choice of coordinates, and Gaussian normal ones 
-I:-.-, merely make the physical meaning of the initial conditions in (1.20) more transparent. 

If 12 cf. Thm. 10.2.2 in [W] for a mathematically more precise statement, and (Hawking and Ellis, 1973) for 
???- ■ proofs and for all the technical details. 

Spy? cf., e.g., (Isham, 1975), p. 54, (Bergmann and Komar, 1980), p. 244, or (Isham, 1991), p. 354. The 
P use of the notation <5(x-y) in (1.22b) was customary in all earlier physics literature on the subject, but 
'ffl it is. not justified when the manifold E 0 is not linear. Hence, Eq. (1.18) in (Isham, 1991) exhibits the 
ptMf correct notation for a generic Xo. 

?>■ I 4 As known from conventional quantum field theory in Minkowski space, “local” canonical commutation 
HI relations, such as the ones in (1.22), cannot be satisfied by operator-valued functions, and require the use 
of operator-valued distributions. This makes any mathematical steps that involves the pointwise multi- 
ill plication of such "operators” (as it is the case in (1.23) and (1.24)) mathematically ill-defined. In 
|| '• conventional quantum field theory in Minkowski space this problem can be by-passed in the free case by 
■- using Fock space methods. These are, however, unavailable in the present context, due to the absence of 
a globally defined vacuum state - a problem which we already encountered in Sec. 7.1. The various 
I?? .: “cutoff’ methods devised for interacting “local” quantum fields in Minkowski space are also bound to 
jfif fail, on account of the reasons pointed out by Dirac in the quotation at the beginning of Sec. 11.1. In 
|v; the subsequent derivation we ignore all these mathematical difficulties, and concentrate instead on purely 
|p|iv formal manipulations. 

§ffl 5 One of the professionally trained popularizers of contemporary physics, who bases his most recent book 
on the contemporary ideas in quantum cosmology that have captured the fancy of some outstanding 
:% theoretical physicists as much as that of dedicated sci-fi readers, since they are based on the apparently 
tik; very intriguing Many-World-Interpretalion (MWI) of quantum mechanics, writes the following: “Parallel 
1§K universes have existed in the fantasies of science-fiction writers ever since the genre began. Apparently 
||j;- science-fiction writers have a firm grasp of this rather startling idea. Yet when I try to explain 
ff\ scientifically just what a parallel universe is, I find myself stumbling over words. Perhaps the reason is 
HI? that these universes which are ‘old hat’ to science-fiction writers are rather new to physicists.” (Wolf, 
1990, p. 26). However, when it comes to quantum cosmology, some physicists do not appear to lag 
§H behind science-fiction writers, as implicitly noted in the following quotation: “In general, when the 
proponents of the new physics apply their art to cosmological problems they usually invoke untestable 
ir; physics that is supposed to have taken place in the unobservable past in order to explain current 
observations. Are they solving problems or hiding them behind a curtain of sophistry? Without adequate 
' - testability, how are we to decide this question? ... It seems hard to avoid die conclusion that the new 
physics and its applications lo cosmology have begun to transcend the limits of physical science, as 
H? traditionally defined.” (Oldershaw, 1988, p. 1080). 

16 Cf. Note 27 to Chapter 7. This measurement theoretical fact, incidentally, also suggests that the great 
gj| concern in conventional quantum gravity with “pre-Planckian times” (Alvarez, 1989, p. 599), namely 
with “the first HT 43 sec following the Big Bang singularity”, might be misplaced: no quantum theory 
can meaningfully deal with such spacetime intervals. The following perceptive remarks explain some of 
: the basic reasons: “The real numbers are used in quantum theory because they model the results of mak- 
ing measurements, and all measurements involve ultimately measurements in space, or intervals of 
time. Hence, it could be argued, conventional quantum theory is valid in regimes where the representa- 
tion of space-time by a differential manifold is valid. In particular, one must keep well away from the 
Planck length, in which case to talk of ‘quantum’ effects, topological or otherwise, at that scale would 
be totally misguided.” (Isham, 1991, p. 383). 










Chapter 1 } 


Cf. (Banks, 1985), Eq. (3) on p. 5. The need of corrections to the “measure” in (2.4) is also mentioned ~ 
It is almost needless to add that the mathematical existence of such “measures” over infinite-dimensional A 
manifolds gives rise to very difficult problems - as can be deduced form the simpler case of the Berezin 
(1964) methods of integration, used from Chapter 7 onwards. The tendency of researchers in this field is - 
however, to concentrate on “toy models”, in which these difficult mathematical questions are by-passed^ 
by limiting the number of infinite degrees of freedom to a small finite number with the imposition of! 
various symmetries. The dangers lurking in the assumption that what is true for a finite number of de-3 
grees of freedom remains true for an infinite number of degrees of freedom are well-known not only to ■ 
mathematicians, but also to all mathematical physicists who have to contend with the break-down ih^ 
quantum field theory [BL] of von Neumann's theorem on canonical commutation relations for a finite^ 
number of degrees of freedom [PQ], and with a plethora of other similar problems (cf. also Sec. 12.3) 

Cf. their articles in (DeWitt and Graham, 1973). Wheeler later changed his mind, and in acknowledging I 
that publicly, he also pointed out some of the key weaknesses of MWI: “Imaginative Everett's thesis is* 
and instructive, we agree. We once subscribed to it. In retrospect, however, it looks like the wrong ! ! 
track, hirst, this formulation of quantum mechanics denigrates the quantum. It denies from the start that • 
the quantum character of Nature is any clue to the plan of physics. ... Second, its infinitely many ' 
unobservable worlds make a heavy load of metaphysical baggage. They would seem to defy Mendeleev's! 
demand of any proper scientific theory, that it should ‘expose itself to destruction’.” (Wheeler, 1979, n : M 
397). The second section of (Vilenkin, 1989) contains a review of the various proposals for an interpre- 
tation of the “wave function of the universe”, including that by DeWitt (1967), and points out their I 
technical weaknesses. Vilenkin then presents his own proposal for an “approximate interpretation”, but 
frankly admits that his “paper involves a number of simplifying assumptions, [of which] the most im- A 
portant is the res friction to homogeneous superspace models”. He subsequently concludes his paper with 
the following epistemologically very revealing observation: “Finally, I should mention the semiphilo- - 
sophical issues arising when one attempts to apply a probabilistic theory to the Universe, of which one % 
has only a single copy. Here I made no attempt to deal with these issues and took a simple-minded ap- 
proach that the theory describes an ensemble of Universes.” (Vilenkin, 1989, p. 1121). 

Everett and many of his followers tend to ignore the fact that observables with a continuous spectrum § 
are the rule rather than the exception in quantum mechanics (viz position, momentum, energy for scat- ; 
tering states, etc.), so that one has to contend with infinities of the cardinality of the continuum, i.e., 
certainly not smaller than Hi. For example, DeWitt writes, only figuratively feigning shock: “The idea • 
of 10 slightly imperfect copies of oneself all constantly splitting into further copies, which ulti-.v 
mately become unrecognizable, is not easy to reconcile with common sense.” (DeWitt and Graham, A; 
1973, p. 161). Since this, and other similar statements, are not tongue-in-cheek, but part of a serious V 
review article reprinted from Physics Today, it should be pointed out that in view of the basic fact that 
oneself has a location in space, and since the position observable is supposed to have a purely contin-AA 
uous spectrum with an uncountable number of points of cardinality H i (if the continuum hypothesis is A: 
correct), there is one conspicuous mathematical misrepresentation in the above statement: the finite - ' 
number 10 100+ should be replaced by the “MWI cardinal number” K, K > + . Unfortunately, there might be A 
some difficulty with determining what such a cardinal number actually means, since the plus sign in the A; 
exponent obviously has to be interpreted as Hi raised to the Hi power, raised to the Hi power, etc., etc.,i~J 
where the number” of etceteras is itself equal to H i - if we assume, as it is customary, that the “time” ■ 1 
variable can certainly cover a nondegenerate interval in R l . M 

Some of the possibilities originally considered by Wheeler are described by Anderson and DeWitt (1986), A 
but two insurmountable “difficulties” are subsequently pointed out. The final conclusion reached is: & 
Because [the Hamiltonian and momentum canonical gravity] constraints are local it is obvious that the 
topology of 3-space is dynamically preserved even if the space is noncompact and its volume is infi- 
“te.” (Anderson and DeWitt, 1986, p. 105) - cf. also Note 3. A 

It is difficult to solve differential equations on an infinite-dimensional manifold. Attention has therefore JS 
been concentrated on finite-dimensional approximations to [a superspace] W, called ‘minisuperspaces’. 

In other words, one restricts the number of gravitational and matter degrees of freedom to a finite number | 
and then solves the Wheeler-DeWitt equations on a finite-dimensional manifold with boundary condi- | 
tions that reflect the fact that the wave function is given by a path integral over compact four-metrics.”: ; : 5 
(Halliwell and Hawking, 1985, p. 1778). However, in addition to all the mathematical dangers inherent A 
(cf. Note 17) in such a radical “approximation”, whereby an uncountable infinity of degrees of freedom 


is replaced by a very small finite number, the question of the physical interpretation of this minisuper¬ 
space formalism, and of its probability measure, still remains “problematic” (Halliwell, 1991, p. 179). 

2 Strictly speaking, at a mathematically rigorous level, such quantum corrections should be treated as op¬ 
erator-valued distributions. However, in a highly nonlinear theory, which any form of quantum gravity 
has to represent, that entails all the technical problems that have not been successfully dealt with even 
in the conventional theory of interacting quantum fields in Minkowski space. Therefore, the covariant 
quantum theory has been always considered only perturbatively, namely as an algorithm-generating for¬ 
malism for a formal perturbation expansion of an S-“mafrix” involving graviton scattering. 

1 Cf., e.g., (Ashtekar, 1990) and (Rovelli, 1990,1991), as well as representative articles in (Ashtekar and 
Stachel, 1991). A typical comment, which illustrates how much the epistemology of this approach is at 
odds with Einstein s epistemology followed in this chapter, is the following: “From the mathematical 
point of view, time is a structure on the set of observables. From a physical point of view, time is an 
experimental fact that, in nature as we see it, meaningful observables are always constructed out of two 
partial observables.” (Rovelli, 1991c, pp. 129-30). By contrast, Einstein's (1916) epistemology in de¬ 
veloping CGR was precisely the opposite one: spacetime coincidences are deemed as being the primary 
physical entides, and all other observables are secondary constructs, to be derived from purely spacetime 
notions. For^example, the “reading of a clock” with hands moving on a dial simply represents the 
“observation” of a spatio-temporal coincidence between those hands and numerals on the dial. On the 
other hand, that does not imply in the least that that in either relativity or quantum theory “instead of 
asking about the probabilities of sequences of observations in time, we [can] ask about the probability 
distribution of experimental records, bubble chambers photographs and counter positions” (Coleman, 
1988, p. 652). To this instrumentalist claim the obvious retort is: When and where should such a 
disfribudon of “records” be ascertained? And, if terrestrial spacedme locadons are deemed to be favored 
on account of some of the several types of “anthropic principles” (Barrow and Tipler, 1986; Weinberg, 
1989), are we to peruse all the past “experimental records, bubble chambers photographs and counter 
posidons”? Then, why not include also the yet nonexisting ones, which are, however, in the planning 
stages of various contemporary experiments? However, what about unanticipated experiments? Hence in 
Secs. 11.4 and 12.4 we shall contrast such instrumentalist claims, with display a strong anthropocentric 
flavor, with an epistemology based on a natural local dme rooted in quantum reality, which, as such, is 
encoded in all matter, and which is independent of whatever conventions happen to be prevalent amongst 
theoretical physicists at any given historical (in an anthropic sense!) time. 

As is well-known, superstring theory was dubbed the “theory of everything”, and was greeted by some 
with such “euphoric statements” as: “It is a miracle; it is the theory of the world" (Wall, 1986, p. 390). 
As seen from the following assessment, conditions for such a reception seem to have been very auspi¬ 
cious in the early 1980s: “Hawking (1980) has claimed that ‘the end of theoretical physics is in sight.’ 
He refers to the promising progress made in unification, and the possibility that the ‘theory of every¬ 
thing’ might be around the comer. Although many physicists flatly reject this, it may nevertheless be 
correct. As Feynman has remarked, we cannot go on making discoveries in physics at the present rate 
forever. ... Suppose that [this] optimistic view is correct... Then it will be the case that a very lim¬ 
ited period of mathematical development (300 or 3000 years, depending on where you start) will have 
proved sufficient to encapsulate the ultimate laws of the cosmos.” (Davies, 1990, pp. 64-65). However, 
this enthusiasm for string theory was not unanimous amongst leading theoretical physicists: Feynman 
remained a sceptic until his death in early 1988 (cf. Davies and Brown, 1989, p. 192), whereas Glashow 
described superstrings as “an interesting sociological example of the tendency of physicists to jump on a 
theoretical bandwagon”, and predicted in 1986, when their popularity was still at its peak, a “half-life of 
two years” - a remarkably accurate prediction (cf. Horwitz, 1991, p. 419). 

Cf. (Hartle, 1991), pp. 184-185. It is, however, acknowledged in the same publication that “in the real 
world we never measure a three-geometry, and certainly we do not carry out observations over any but 
extraordinarily small regions of a spacelike surface” (ibid., p. 189). 

It should be noted that if, on account of Geroch’s theorem (cf. Sec. 6.3), we concentrate in CGR on 
classical spacetimes for which the Poincare frame bundles possess global sections, then such spacetimes 
can be identified with Poincare subbundles of the general affine bundle GAM. This fact will be exploited 
in Sec. 11.5, in constructing quantum pregeometries. In Sec. 11.9 Poincare gauge invariance of the first 
kind will be combined with diffeomorphism-group invariance of the second kind into a gauge group for 
quantum gravity. 
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27 According to Hartle (1991, p. 176), “the fact that, as observed on all accessible scales, over the whole 'H 
accessible universe, spacetime has a classical geometry” is a consequence of some “particular initial con- ' 
ditions of our universe”, that prevailed soon after the Big Bang. However, until quantum cosmology be- Jf|g 
comes firmly grounded in a consistent QGR theory, it appears more prudent to view this fact as an a ft! 
priori given theoretical input, justified by the results of direct observations of the universe around us, 
rather than as a consequence of some still questionable cosmological models. The fundamental need, in 
the treatment of any gravitional phenomena, for a classical metric that gives rise to Poincare gauge 
degrees of freedom of the first kind was emphasized on many occasions by Drechsler (1981, 1982, y- 
1984). On the other hand, in his recent work, Drechsler (1991) discounts the need for quantizing graviLy, 
and advocates instead certain new types of currents, which act as sources for bundle curvature via direct - -y- 
coupling to a connection, rather than via a second-quantized stress-energy tensor interacting with a i 
second-quantized metric field. 

2 ® Dirac arrived at the following conclusions in the course of his well-known studies of the Hamiltonian 
method in CGR: “The exact Hamiltonian for the theory of gravitation ... turns out to be simpler than ’ ijj 
one might have expected ... but it can be obtained only at the expense of giving up four-dimensional > 
symmetry. I am inclined to believe that four-dimensional symmetry is not a fundamental property of the ;:fj® 
physical world.” (Dirac, 1958, p. 343). In discussing the quantization of gravity Dirac later stated that fxg 
“my own belief is that it will not be possible to dispense entirely with the Hamiltonian method. The :: i 
Hamiltonian method dominates mechanics from the classical point of view. It may be that our method J-i 
of passing from classical to quantum mechanics is not yet correct. I still think that in any future ; 
quantum theory there will be something corresponding to Hamiltonian theory, even if it is not in the 
same form as at present.” (Dirac, 1964, p. 86). In GS quantum gravity that “something corresponding to 
Hamiltonian theory” is the “segmentation” of the base-manifold of a quantum spacetime (cf. Sec 11.5) ~ jf§§| 
which is in keeping with the Hamiltonian method - and the conspicuous presence of “local Hamilto- 
nians” that occur in the form of generators for spacetime translations in timelike directions. 

29 We do not intend to invoke here any of the popular forms of “anthropic cosmological principles”, and •;■; 
imply that “intelligent life has some global cosmological significance, [i.e.] that life will someday ; • 
begin to transform and continue to transform the Universe on a cosmological scale.” (Barrow and Tiplef,:|p|f 
1986, p. 615). Clearly, after only several millennia in the development of “civilization”, and only three 
centuries in the development of “exact science”, such opinions can reflect at best wishful thinking. On ||j§ 
the other hand, when discussing from a cosmological perspective the process of “state preparation” and ^ 
“observation-cum-registration”, it is impossible to avoid ancient philosophical questions concerning the . ; 
“freedom-of-will” and “mind-body” problem, briefly touched upon in Secs. 11.12 and 12.6. Such .’N 
philosophically most fundamental questions should not be confused with dubious associations of “states 

of consciousness” with Everett's MWI and other “airy-fairy metaphysics” (Deutsch, 1986). sl|l| 

30 Cf. (Stachel, 1991), p. 38. Stachel also goes on to say: “So we are pulling a swindle when we are - 
telling students ... that you first pick the manifold and then solve the field equations on it.” (ibid., 
p.38). The ultimate effects of such “swindles” is discussed in a wider historical context in Sec. 12.3. 

31 Cf., e.g., the review articles in the section Approaches to the Quantization of Gravity in (Ashtckar and . 

Stachel, 1991): they cite all the main recent references on this subject that follow the most fashionable 1 
contemporary trends. In particular, the recent papers by Rovelli (1990, 1991a,b) contain extensive - - 
discussions of foundational issues from the “loop-space” point of view. ' 

32 In fact, the following has been acknowledged with regard to this approach: “Two crucial steps are miss- 
ing for the definition of a complete theory of quantum gravity. The first is construction of the physical 
inner product. For a closed universe this problem is related to the meaning of time and probability in 
quantum cosmology. The other is the definition of the gauge-invariant observables. Although the in¬ 
variants of knot theory may be used to construct a large class of operators on the physical state space,' ' : 
the physical meaning of these operators is unclear, as no explicit physical observables are known for || i 
classical genera! relativity for a compact universe in the absence of matter.” (Rovelli and Smolin, 1988, 

p. 1158). The main significance of knot theory (Kauffman, 1983, 1987; Burde and Zieschang, 1985; . 
Booss and Bleeker, 1985; Atiyah, 1990) to this approach lies in the fact that the gauge orbits (cf. Sec |gg 
10.4) of the diffeomorphism group happen to represent knot classes, since obviously the manner in x--‘k 
which knots are “knotted” is left invariant by diffeomorphisms. On the physical side, the main justifies- ■ • 
tion for considering “loops tied into knots" as being of paramount significance to quantum gravity 
seems to be the following: "the loops of the loop representation are precisely the quantum version °/;s§gg| 
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Faraday's 'force lines', which historically gave birth to gauge theories.'’ (Rovelli, 1991d, p. 1643) - ital¬ 
ics as in the original. And indeed, the origins of knot theory can be traced to the nineteenth century 
physics of the aether (Whittaker, 1951), namely to the idea originally put forward in 1987 Lord Kelvin 
that “atoms were knotted vortex tubes of ether” (Atiyah, 1990, p. 6). 

33 cf., e.g., Kronheimer and Penrose (1967), Castagnino (1971), Ehlers et al. (1972), Ehlers (1973), 
Ehlers and Schild (1973), Woodhouse (1973). 

34 These problems are pointed out in a footnote on p. 305 of (Rovelli, 1991b), and are closely related to 
those pointed out in Note 25 to Chapter 2. Indeed, as stressed by Ehlers (1987), all attempts to derive 
the geodesic postulate from the equations of motion in CGR have thus far proved unsuccessful at a 
mathematically rigorous level, so that this postulate has to be adopted as fundamental not only in QGR 
but in CGR as well. 

■35 cf. (Rovelli, 1991b), p. 300. However, knowledgeable researchers carefully qualify in this context the 

i; use of the term “observable”; to wit: “In the Dirac theory of constraints, one sometimes calls 
'observables’ real even phase functions A 0 (z) which have weakly vanishing Poisson brackets with the 
consu-aints ... . This property expresses that is unaffected by a gauge transformation. Hence, the 
terminology ‘observable.’ ” (Henneaux, 1985, p. 20) - emphasis added. At the end of Rovelli's article 
the'following is, however, correctly pointed out: “Gravitational physics cannot be properly understood 
unless one takes into account the physical nature and the gravitational interactions of the bodies that 
form the reference system. In the classical theory one can always work in the approximation in which 
the effects and the dynamics of the material reference systems are neglected; but in the quantum theory 
one has to take into account the quantum properties of the objects that form the reference system. It is 

- in this sense that we have a ‘quantized spacetime’.” (Rovelli, 1991b, p. 329). 

36 In the text of Dirac’s key papers on the subject (Dirac 1950, 1958, 1959), the term “observable" occurs 
only once, namely in the following passage: “To pass over to the quantum theory [of gravitation], we 
must make our dynamical variables into operators satisfying commutation relations corresponding to the 
new P.b.'s [i.e., Poisson brackets]. We must then pick out a complete set of commuting observables.” 
(Dirac, 1959, p. 930). However, Dirac goes on to point out the fundamental difficulties with this 
procedure, and ends his last key paper on the subject with the following observation: "The gravitational 
treatment of point particles thus brings in one further difficulty, in addition of the usual ones in the 
quantum theory.” (ibid., p. 930) - emphasis added. This observation is obviously related to the one 
made by him ten years earlier, and cited in Note 11 to Chapter 3. 

37 This conclusion does not contradict the quotation in Note 1 to Chapter 12, which deals with the period 
of growth of a physical theory, in the course of which new observables might be discovered, as its foun¬ 
dational structure becomes better understood. During that developmental stage, it can be indeed “really 
dangerous that one should only speak about observable quantities. Every reasonable theory will, besides 
all things which one can observe directly, also give the possibility of observing things more indirectly.” 
This is the type of formalism that is obviously regarded as “standard” in the paper “Loop Representation 
of Quantum Gravity” (in which “states, observables and constraints may be naturally represented in 
terms of functionals over the space of piecewise-smooth loops”) when it is claimed the “results [of this 
representation] are obtained without any additional physical input or assumptions besides general relativ¬ 
ity and standard quantum mechanics” (Rovelli, 1991, pp. 429 and 438). For, not only does not standard 
CGR recognize “loops in three dimensions” as being “natural”, but standard quantum mechanics is 
formulated in Hilbert space (von Neumann, 1932), so that its starting point is an inner product. It is, 

i therefore, only proper when it is pointed out later on in the same article that the “loop representation of 
quantum gravity" is “still far from being a complete theory of quantum gravity since two elements are 
missing: the Hilbert structure on the physical states, and the definition of physical, gauge-invariant op¬ 
erators” (ibid., p. 438). That means, however, that the key standard ingredients of standard CGR as well 
as of standard quantum mechanics are totally missing in this still nonstandard framework for quantum 
gravity, which is “based on functionals over a set of loops in a three-dimensional manifold E” (Smolin, 
1991, p.440). 

39 The persistence of this belief, despite the clear-cut analyses of Wigner (1963,1981) and others, showing 
its untenability in light of the progress in understanding the quantum theory of measurement, is merely 
a reflection of the prevalent post-World-War II instrumentalist attitude, to the effect that, if something 
“works”, then it must be “true”, combined with the conventionalistic attitude, described in Secs. 12.2 
and 12.3, according to which something “works” if there is a “consensus” that it works. This kind of re- 
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liance on “conventional wisdom” allows no room for inquiring into the meaning of such statements as 
that, in conventional quantum mechanics, “any Hermitian operator A is an observable”, but simply re¬ 
duces their significance to the computation of “predictions”, and to checks on their purported “agreement 
with observational data”. However, without blindly relying on the majority opinion amongst leading 
contemporary physicists, how does one prove that, e.g., such an operator as A = QP 2 + P 2 Q is, or is 
not, an observable? Clearly, the first step in that direction would be to spell out exactly what one means 
by the term “observable”, in classical as well as in quantum physics - a step which conventionalists 
much prefer to avoid undertaking. 

40 Some instrumentalistically-minded physicists maintain that the expectation value of any “Hermitian” 
operator A can be “measured” by first “measuring” the state vector of the system, and then computing,, 
the “expectation value” of A . A moment’s reflection reveals, however, that if such purported “indirect 
measurements” really deserved the title of “measurement”, then the “expectation value” of any operator 
in tH could be “measured” - so that then, in fact, the term “measurement” loses its operational meaning, 
as well as all its distinctions from the term “computation”. 

41 Methods for measuring spatio-temporal distances with microscopic apparatuses were actually previously 
presented by Salecker and Wigner (1958). In particular, the question of minimum mass required for a 
given degree of accuracy was posed and studied in that context The limitations of “quantum clocks” of 
the type they proposed was later reconsidered by Peres (1980), and their use in defining an “internal 
clock time” in quantum field theory and quantum gravity was studied by Page and Wootters (1983). 

42 Throughout this section we set l = 1, since the consideration of the sharp-point limit of GS quantum 

gravity is totally unnecessary: by general consensus, there is no conventional quantum field theoretical 
approach, based on sharply localized fields, that has come even close to providing a viable method for 
quantizing gravity. '» 

43 We make this assumption for the sake of simplicity, as well as on account of Geroch’s theorem (cf. Sec. 
6.3). The arguments could be extended, however, to the generic case by using local sections of QPS, as 
in (10.2.15). 

44 Such a definition was first explicitly provided in its present form in (PrugoveCki, I981d), and then elab¬ 
orated in Sec. 4.3 of [P], The basic idea was implicit, however, already in the treatment of informational 
completeness and stochastic phase space presented in (PrugoveCki, 1977b, 1978a,b). A description of 
quantum gravimeters based on the behavior of charged particles, such as electrons, in gravitational fields 
is presented in (Anandan, 1986). In particular, the phase shift for electron interference in the presence of 
a gravitational field is derived in (Anandan and Stodolski, 1983) and in (Anandan, 1984). 

45 An anti-symmetric component would carry spin-1, which would give rise, as in the electromagnetic 
case, to repulsive forces. The trace-zero condition eliminates spin-0 gravitons, whose existence would 
contradict the observed bending of light (Seielstad el al., 1970; Muckelman et al., 1970; Sramek, 1971). 
A non-zero graviton mass would have the same undesired effect even for spin-2 gravitons (van Dam and 
Veltman, 1970). Various indefinite-metric representations of the Poincare group for spin-2 and mass-0, 
as well as the associated “Fock spaces”, are presented in (Bracci and Strocchi, 1972, 1975), and in 
(Bertrand, 1978). A formal treatment of the scattering of gravitons, which underlines the similarities 
with that of photons, is presented in (Weinberg, 1964, 1965). However, the later work of Strocchi 
(1968) revealed, at a mathematically rigorous level, basic technical difficulties in combining the Ein¬ 
stein equations for weak gravitational fields with conventional formulations of quantum field theory. 

46 A further generalization of this result to the case of n-dimensional manifolds £' and £" has been stated 
and proved by Sorkin (1986) for n even, and by Friedman (1991) for n odd - cf. also (Milnor and 
Stasheff, 1974). 

47 Cf. Sec. 9.1, and in particular (9.1.29). Tetrads which consist of null vectors are called null tetrads (cf. 

Penrose and Rindler, 1984, p. 119). In this context note that the circular polarization covectors in (8.1a) 
are null in the bilinear (as opposed to the sesquilinear - cf. Note 9 to Chapter 7) extension of the 
Lorentzian metric to the complexified cotangent space at x, which is implicitly used in (8.6). The 
representations of the little group [BR] to which the null tetrads in (8.5) lead were first applied by 
Weinberg (1964) to the case of photons and gravitons, and were recently extended by Warlow (1992) 
into a systematic approach to indefinite-metric representations for mass-0 particles which is applicable 
to arbitrary integer-spin values. . - 


Quantum Gravity 


429 


48 Cf., e.g., (Kim and Noz, 1986), p. 167, where the linear polarization tetrad defined at k u by (5.10) is 
implicitly used. Upon setting a = 9, z = u + iv, one can make the transition (Warlow, 1992) to the 
corresponding null tetrad in (8.5) in order to arrive at (8.8). 

49 Photon polarization states which are multiples of the null elements in (8.1b) have been referred to in 
literature (Durr and Rudolph, 1969) as “good ghosts” if r= +2, and as “bad ghosts” if r = -2. In some 
recent studies (Nishijima, 1984) of BRST theories applicable to Yang-Mills fields the respective terms 
“daughter” states and “parent” states are used instead - cf. (Horuzhy and Voronin, 1989), p. 682. 

50 In action from the left the Lorentz transformation A acts upon a polarization frame by acting upon its 
coordinate components with respect to a Lorentzian coframe {0*(x)}, whereas in action from the right 
upon a polarization frame it acts from the right on the elements of that coframe, while the aforemen¬ 
tioned components remain fixed. Hence, the matrices executing these two actions are the inverses of 
each other (cf. Notes 11 and 15 to Chapter 2). 

51 The proof can be most easily carried out in the momentum representation, and reveals that the entire 
procedure is applicable equally well to any integer-spin value (Warlow, 1992). 

52 According to Nakanishi (1983, p. 174): “Though it is widely believed that quantum gravity is similar to 
Yang-Mills theory, I emphasize that quantum gravity is more similar to quantum electrodynamics." The 
present treatment of GS quantum gravity brings out this “abelian nature” (Nakanishi and Ojima, 1990, 
p. 298), but only to a restricted degree of an internal graviton gauge group, which approximates only in¬ 
finitesimal diffeomorphisms that are so local that heuristically they can be viewed as limits of deforma¬ 
tions at a single point. The subsequent transformation of Go into a Lie algebra will be required in order 
to deal with the generic case. 

53 Cf., e.g., (Abraham et al., 1988), §4.1, for a systemetic study of diffeomorphisms generated by a vector 
field X in any given manifold M. In those cases where the vector field X is complete, in the sense that 
all its integral curves (i.e., curves parametrized by a real-valued parameter t, whose tangents belong to 
X) are defined for all real values of t, then the diffeomorphisms it generates constitute a one-parameter 
group, called a flow (cf. Abraham et al., 1988, p. 249). For the present purposes, the existence of a flow 
is an unnecessary as well as too restrictive an assumption, since we are concerned with local properties. 

54 Cf. (Isham and Kuchaf, 1985), p. 291, for an explanation of the origins of the sign difference between 

Lie bracket” (namely what we call “Lie product”) and the “commutator” of the corresponding vector 
fields. This same type of Lie algebra structure has been considered by Capper and Medrano (1974), as 
well as by Nishijima and Okawa (1978), from the “passive” point of view of the “infinitesimal” types 
of coordinate transformations that occur in (7.7). However, in this latter case one is not dealing, strictly 
speaking, with a Lie algebra, since coordinate transformations do not constitute a group, in view of the 
fact that generically they do not possess the same domain of definition. 

55 Cf., e.g., the gauge-group treatments of quantum gravity by Delbourgo and Medrano (1976), Townsend 
and van Nieuwenhuizen (1977), Nakanishi (1978, 1979), Kugo and Ojima (1978b), Nishijima and 
Okawa (1978), which are all based on formal analogies with the quantization of Yang-Mills fields. The 
basic mathematical ideas are most lucidly presented in the last reference, from whose definitions in Eqs. 
(2.19)-(2.23) the relationship to Lie derivatives emerges most clearly. The present treatment of GSQG, 
originally presented in (PrugoveCki, 1989b), dictates the use of the internal graviton structure group G 0 
as the earner space of a Lie algebra in the subsequent formulation of the quantum gravitational gauge 
supergroup. 

Note that such a “smeanng” procedure defines the FP fields as linear operator-valued functionals of sin¬ 
gle-ghost and single-antighost states. It has to be carried out by first computing the components of 
those single-ghost and single-antighost states, as well as of the FP gravitational polarization frame and 
coframe fields in (9.23), with respect to ghost and antighost polarization frames corresponding to the re¬ 
spective modes in the graviton polarizaton frame bundle in (8.18); whereupon the “smearing” is carried 
out in the form of the same types of integrations as in (8.22b) and (8.22c). 

Although Poincare gauge invariance of the second kind is totally ignored in the most recent approaches 
to quantum gravity discussed in Secs. 11.3 and 11.4 (obviously due to the fact that these approaches rely 

: on a canonical procedure in which such invariance cannot be embedded), earlier work on quantum gravity 
(Delbourgo et al., 1982; Pasti and Tonin, 1982; Baulieu and Thierry-Mieg, 1984; Falck and Hirshfeid, 
1984) displayed full awareness of the need for incorporating Poincare as well as diffeomorphism gauge 
invariance into any consistent theory of quantum gravity. However, when using the type of superfield 
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formalism employed in the next section, this earlier work treated Grassmannian variables in a purely % 
formal manner, rather than deriving them (as it is done in the next section) from a consistent super- - 
symmetry reformulation of diffeomorphism invariance. Sometimes this work also replaced Poincare •. Si 
with Lorentz gauge invariance, as well as diffeomorphism gauge invariance with “coordinate gauge in- P 
variance” (albeit coordinate transformations do not constitute a group), thus arriving at the claim that 2-11 
“gravitation theories expressed in terms of vierbein fields are invariant under two local groups: the gen- = V; 
eral co-ordinate transformation group and the internal Lorentz group.” (Pasti and Tonin, 1982), p. 99. -g 

58 phis approach was apparently initiated by Thierry-Mieg (1980), and subsequently extensively developed ?jl| 
by Baulieu et al. (1982-1991) in the context of conventional, stochastic (Parisi and Wu, 1981), and, gjgjg 
most recently, topological (Witten, 1988) quantum field theories. In fact, Baulieu et al (1990), as well ;fg| | 
as Baulieu and Singer (1991), deal with topological gravity in two dimensions. 

59 This dispenses with Gribov-Singer ambiguites, that would occur if in (10.5) Riem M S were replaced with |§§ : 
Riem t S - cf., e.g., [1], pp. 132-134. 

60 All the basic definitions of superanalysis required in this section can be found in the Introduction of [BI], .. 

whose terminology we shall follow. The same reference also contains the mathematically rigorous j|| 
proofs of all the basic results on supermanifolds, Lie superalgebras and supergroups, whereas [D] pre- Jgg - 
sents an approach to the same subject which is aimed primarily at physicists. 

61 Cf. [D], p. 53, for a formal definition of sub-supermanifold. In the present context the underlying gravi- jig: 
tational polarization bundle structure can be used as a source of all the required basic geometric notions. 

62 However, the mathematical as well as the physical aspects of all these treatments have remained very ^ 2; 

formal, for reasons that clearly emerge from the following observations: “The elegance and efficiency of || | 
the unified [superfield BRST] formalism are certainly consequences of a geometrical structure that is still : 
unknown. One may hope that a superfield formalism exists in which the full theory ... would only be 
expressed in terms of a single generalized gauge field containing classical and ghost components, leading ^ 
thereby to a true unification of ghost and classical fields in field theory. Unfortunately no one has been ■ * 

able to build such a superformalism, in spite of several attempts. The main problem is of course a 
deeper understanding of a quantum field theory with a dependence on unphysical variables in 6, 9 ." l 
(Baulieu, 1985), p. 18 - emphasis added. It is therefore worth noting that this “unknown geometrical |gp 
structure” reveals itself in (10.21)-(10.24) as actually due to the quantum gravitational counterpart of the jp j? 
diffeomorphism gauge invariance of CGR gravitational theories. 

63 The proof is straightforward, and it is presented in Sec. IV of (Hoyos et al ., 1982). It has to be observed, ||g|. 

however, that we the notation we use is more in keeping with that of Baulieu et al. (1982-1991) - cf. J||| | 
the next note. \MM0m I 

64 We follow the notation systematically favored by Baulieu et al. (1982-1991) in the treatment of BRST fjfl gj 
symmetries. Indeed, if “vielbeins” are introduced consisting of the vierbeins that are the integral parts of 
Poincard moving coframes and of the one-forms in (10.11), then a framework formally very similar to 

the one proposed by Baulieu and Thierry-Mieg (1984) for the formulation of the algebraic structure of 
quantum gravity results. On the other hand, as seen from Sec. 3 in (Baulieu, 1984), the introduction of - ; 
“a pair of Grassmann coordinates” has decided advantages. The ghost and antighost fields for BRST 
symmetries not based on a superfield formalism, such as those in (10.4.12)- (10.4.13), or in (10.6.19), • 

then formally result upon setting the Grassmann variables equal to zero. j 

65 Note that such initial conditions on g M are compatible with the mean metric conditions of the type that - 
occurs in (11.15) only if the physical part of the quantum gravitational state % at each x eZ„"contains 

an exact and finite number of gravitons. That, however, can be expected to be the outcome of an actual >.,■ 
measurement procedure. On the other hand, if that turns out not to be the case, then the properly . 
normalized actual expectation value for graviton states has to be added to the mean 3-metric and mean . 
extrinsic curvature. . \ 

66 The original considerations in (Deser; 1970) and (Boulware and Deser, 1975) were carried out in the 
coordinate-dependent fashion which is necessitated by the linearized gravity approximation, which breaks - -; 
general covariance, by selecting a preferred family of coordinate charts. However, the decomposition of 
such expressions as those in (11.6) can be carried out in arbitrary Cartan moving frames, once the S- |jgg|| 
coordinate independent approach of Chapter 2 is adopted in CGR . 

67 One possible method for performing nonperturbative computations emerges from numerical techniques ... 
developed in lattice gauge theory (Li et al. , 1987; Satz et al, 1987). For example, the transition from the 
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continuum to the lattice formulation of gauge theories (Ktorides and Mavromatos, 1985) in SQM-based 
methods (Ktorides and Papaloucas, 1989) can be supplemented with Monte Carlo techniques (Creutz, 
1983; Sabelfeld, 1991) founded on guided-random-walk algorithms (Barnes and Kotchan, 1987). 

68 Cf., e.g., (Bogolubov and Shirkov, 1959), or (Nakanishi and Ojima, 1990). The latter reference provides 
in its §5.2.4 also a treatment of Noether’s theorems in the context of CGR, and points out that some of 
its outcomes are “ valid only in the classical theory ” (Nakanishi and Ojima, 1990), p. 296. A partial 
illustration of the ambiguities of the Lagrangian approach to quantum gravity can be found in Table 1 of 
Pasti and Tonin (1982), which list a total of twenty-seven variants of “gauge-breaking" Lagrangian 
terms for their superfield approach to quantum gravity, and only six relations for reducing the number of 

_ possibilities. By contrast, the “Lagrangian” terms in (11.28) can be derived uniquely from (11.25) - 
although they are not explicitly displayed because of their apparent complexity. On the other hand, the 
Maurer-Cartan-based relations in (10.38) might prove effective in reducing the algebraic complexity of 
the most straightforwardly computable explicit expression for the action integral in (11.28). 

6 9 Strictly speaking, the application of the method of Sec. 7.8 requires taking the Naimark extension of the 
fibres for all matter and radiation fields. However, eventually the projections onto the original fibres are 
applied (cf. (7.8.11)) to the interaction terms playing the role of sources. Since in the GS path integral 
approach such terms are placed between quantum frame elements belonging to the original fibres, this 
projection is automatically carried out as part of the required functional integration - cf. (9.8.12). 

70 Such a definition is in agreement with that introduced in Sec. 4 of Bonora et al. (1982a) for matter fields 
parallel transported by means of Yang-Mills connections. Furthermore, the subsidiary conditions in 
(11.32) coincide with those in Eq. (2.41b) of Baulieu (1985), developed in that same context. 

71 Apparently, the original reasons for the “marriage” between high-energy physics and cosmology were as 
follows: “There was a two-standard-deviation between the [GUT] theory [of the electroweak mixing an¬ 
gle] and experiment. As usual [in high-energy physics], this discrepancy was treated as an important re¬ 
sult rather than a serious problem.” (Pickering, 1984, p. 387). Hence, again as usual, the proposed solu¬ 
tion was to built more complicated models. The problem was, however, that in order to “test" them pro¬ 
ton synchrotrons with a radius comparable to that of the solar system would have been required. Hence 
(ibid.): “One response to the astronomical size of the unification mass was to go where the energy was - 
the Big Bang at the start of the universe. This led to a social and conceptual unification of high-energy 
physics and cosmology.” According to faithful “believers” in this type of approach to the solution of 
fundamental difficulties, “the ‘marriage’ of cosmology and particle physics heralded the birth of a com¬ 
plete understanding of nature" (Oldershaw, 1988, p. 1079). However, according to some “skeptics” 
(ibid.): “A much smaller group of scientists worried that it looked more like an incestuous affair with 
high probability of yielding unsound progeny.” The extent to which such rumors might not have been 
totally unfounded - and in fact vindicated Dirac's consistently skeptical attitude towards the conventional 
renormalization program, together with all the theoretical “dead wood” that followed from it - will be 
discussed in Sec. 12.3. 

72 As we shall discuss in Sec. 12.3, this development totally vindicates Dirac's consistently critical attitude 
towards that programme. 

73 Of course, the divergence of (12.3) is indicative of an inconsistency, and, as is well-known in any form 
of mathematical logic, from an inconsistent theory one can deduce any conclusion one likes. 

74 As substantiated in Chapter 12, the belief in an underlying quantum reality was present not only in 
Einstein's, but (contrary to some contemporary opinions) also in Bohr's philosophy of physics (cf., 
e.g., Folse, 1985, p. 224). 

75 The objection might be raised at this point that the present-day debates about the “existence of time” in 
quantum cosmology demonstrate that unambiguous and meaningful communication is feasible even 
after such a most fundamental notion of classical physics as “time" is relegated to the status of fiction. 
We will let, however, the reader decide, upon consulting the references which we have provided, whether 
there is truly meaningful communication between the participants in these debates. 

76 As discussed in Sec. 12.6, this issue is related to the deep mind-body issue in philosophy - or, what von 
Neumann (1932, 1955) has called “psycho-physical parallelism”. Indeed, “shifting the focus of one's 
attention” is a mental act, and not the physical act of “focusing one's eyes”, or other sense organs. It 
was realized since the time of Descartes that the manner in which ‘mind’ influences ‘matter’ - including 
the matter constituting our own bodies, is a deep philosophical issue (cf., e.g., Russell, 1945). As 
further discussed in See. 12.6, these issues are related to the question of “free will” since, in a loudly 
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deterministic universe, there does not appear to be any other solution than to envisage that freedom of 
action is only illusory, and to presuppose, with Descartes, that the train of all our thoughts, which 
apparently produce changes in our environment (including the state of motion of our own bodies), 
merely are in tune with an already predetermined course of events. 0 

77 The presence of “chaos” (cf., e.g., Gutzwiller, 1990) in deterministic theories might make the com¬ 
putability of such phenomena practically unfeasible, but it would not change the conclusion from the! 
point of view of basic principles. An entertaining and yet perceptive analysis of the foundational issues 
involved can be found in Chapters 2 to 5 of (Penrose, 1989). 

78 The deep relevance of these issues to formulations of cosmology have also surfaced in a recent valiant V 
attempt of a group of researchers to allow, on account of certain features of the earlier describe wormhole 
dynamics, for the possibility of closed timelike curves in general relativity, by postulating “a principle 
of self-consistency, which states the only solutions to the laws of physics that can occur locally in the% 

;real Universe are those which are globally self-consistent." (Friedman et al., 1990, p. 1916). This 
“principle of self-consistency by fiat forbids changing the past ... [i.e. the possibility] that a system.% 
that, after travelling around a nearly lost timelike world line, can interact with its younger self (e.g., a.K 
person who tries to kill his younger self).” (ibid., pp. 1917-8). In a strictly deterministic universe there:! 
is no danger of such “anomalies”, since any apparently free action would merely be one that reproduces ! 5 
itself again and again along any timelike closed worldline. 

79 The replacement of the term “many worlds” with “many histories” has been proposed as an alternative 
(Gell-Mann and Hartle, 1990, p. 430). We shall continue using the term "universes” not only because it 
is used by the strongest proponents of MWI (Barrow and Tipler, 1986), but also because the term 
“history” might make the whole issue of the “existence” of “many worlds” more palatable to some, but : 
in essence it does not change the following key issues: there is only one Universe that we live in, there 

is only one history of mankind, including its records of all observational procedures, and every single \ 
observation can have only one observed outcome in those cases where clear-cut alternatives exist Hence, - | 
if another potential outcome is not observed in this Universe, but it is nevertheless realized in the man- ^ 
ner postulated by MWI, that “realization” must happen in the “history” some other “universe”. 

80 Cf Wheeler’s (1979) verdict cited in Note 18. Of course, one can always postulate (Wolf, 1990) a purely ': 
“psychic” mode of communication. However, in that case the entire “many worlds” framework can be, at ; 
best, relegated to the realm of “unexplainable psychic phenomena”, capable of producing, at most, enter¬ 
taining science-fiction - as it apparently has been doing very successfully for quite a while (cf. Note 15). If 

81 Indeed, the following was recently noted in the context of developing a theory of measurement for ;; 
quantum cosmology: “Defining a measurement situation solely as the existence of correlations in a | 
quasiclassical domain, if suitable general definitions of maximality and classicity can be found, would 
have the advantages of clarity, economy, and generality. Measurement situations occur throughout the <, 
universe and without the necessary intervention of anything as sophisticated as an ‘observer’. Thus, by) 
this definition, the production of fission tracks in mica deep in the earth by decay of a uranium nucleus 
leads to a measurement situation in a quasiclassical domain in which the tracks directions decohere,) 
whether or not these tracks are ever registered by an ‘observer’.” (Gell-Mann and Hartle, 1990a, p. 453).! 
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Historical and Epistemological Perspectives on 
developments in Relativity and Quantum Theory 

What is number? What are space and time? What is mind, and what is matter? I do not say that 
we can here and now give definitive answers to all those ancient questions, but / do say that a 
method has been discovered by which ... we can make successive approximations to the truth, 
in which each new stage results from an improvement, not a rejection, of what has gone before. 

In the welter of conflicting fanaticisms, one of the unifying forces is scientific truthfulness, 
by which I mean the habit of basing our beliefs upon observations and inferences as impersonal, 
and as much divested of local and temperamental bias, as is possible for human beings. 

Bertrand Russell (1945) 




The founders of relativity theory and of quantum mechanics were as concerned with the 
epistemological aspects and mathematical consistency of these theories, as they were with 
p| their empirical accuracy as reflected by experimental tests. In fact, some of them gave to 
epistemological scope and soundness preference over immediately apparent agreement with 
|||experiment, since they were acutely aware that all raw empirical data are submitted to a 
. considerable amount of theoretical analysis and interpretation, before they are eventually 
n \ released for publication. Of necessity, all such interpretations reflect the experimentalists' 
conscious or subconscious biases. Hence, the outcome is prone to various kinds of errors, 
ranging from systematic ones, due to the faulty design of apparatus or erroneous analysis 
of the raw data, to the subtle ones, due to misinterpretation or unwarranted extrapolation. 
Nowhere is the setting of priority on sound epistemology ahead of the immediate 
Jagreement with experiment better illustrated than in Einstein's (1907) response to Kauf- 
jjmann's (1905, 1906) negative experimental verdict on Einstein's (1905) at-that-time-just 
formulated special theory of relativity, and to the claim that the just-acquired experimental 
Jgevidence provided indubitable verification of Abraham's (1902, 1903) theory of the 
electron. G. Holton describes that situation as follows: “We know what Einstein did when 
£ he heard about Kaufmann's results - one of the foremost experimentalists in Europe 
^.disproving this unknown person's work. Einstein did not respond for nearly two years, 
j Finally, ... [in 1907] Einstein wrote that he had not found any obvious errors in 
Kaufmann's article, but that the theory that was being proved by Kaufmann’s data was a 
theory of so much smaller generality than his own, and therefore so much less probable, 
that he would prefer for the time being to stay with it. Actually, it took until 1916 for a fault 
in Kaufmann's experimental equipment to be discovered.” (Holton, 1980, p. 92). 

Einstein himself made clear 1 the reasons for his primary concern with epistemological 
questions when he wrote: “[A physical] theory must not contradict empirical facts. How- 
g ever evident this demand may in the first place appear, its application turns out to be quite 
§f?elicate. For it is often, perhaps even always, possible to adhere to a general theoretical 
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foundation by securing the adaptation of the theory to the facts by means of additional £ 
artificial assumptions.” (Einstein, 1949, p. 23). 

This fundamental concern with sound epistemology, as reflected by the internal con- J 
sistency and “elegance” of the advocated theoretical ideas, was exhibited in equal measure Jj 
by the main founders of quantum theory - as amply witnessed in the writings of Bohr J 
(1934, 1955, 1961), Bom, Dirac and Heisenberg. For example, in a paper entitled “Why 
We Believe in Einstein's Theory?”, Dirac (1980) asserts that the real basis for that belief | 
does not lie merely in the experimental evidence itself; rather: “It is the essential beauty of 
the theory which, I feel, is the real reason for believing in it.” And, in a similar vein, 
Heisenberg (1971) comments: “If predictive power were the only criterion of truth, - 
Ptolomy’s astronomy would be no worse than Newton's.” 

Unfortunately, after the Second World War this attitude towards epistemology and | 
foundational issues in quantum physics became reversed 2 , as leading physicists of the J 
post-war generation obviously decided that, contrary to the opinions of their great prede- I 
cessors, it was legitimate to secure “the adaptation of the theory to the facts by means of 
additional artificial assumptions”. Thus, soon after the “triumph” of renormalization theory, 
Dirac (1951) felt compelled to point out in print that: “Recent work by Lamb, Schwinger 
and Feynman and others has been very successful... but the resulting theory is an ugly ; : 
and incomplete one.” He reiterated and expanded on this theme on many occasions. For 
example, in a 1968 lecture entitled “Methods in Theoretical Physics”, in which he explained 
the methodology and epistemology of his approach to developing new physical theories, he ' 
stated 3 : “The difficulty with divergencies proved to be a very bad one. No progress was 
made for twenty years. Then a development came, initiated by Lamb's discovery and exff 
planation of the Lamb shift, which fundamentally changed the character of theoretical | 
physics. It involved setting up rules for discarding the infinities, rules which are precise, so 
as to leave well-defined residues that can be compared with experiment. But still one is w 
using working rules and not regular mathematics. Most theoretical physicists nowadays ' 
appear to be satisfied with this situation, but I am not. I believe that theoretical physics has g 
gone on the wrong track with such developments and one should not be complacent about g 
it” In the end, true to his initial verdict 4 , in his very last paper he concluded: “I want tcp 
emphasize that many of these modem quantum field theories are not reliable at all, even 
though many people are working on them and their work sometimes gets detailed results” 
(Dirac, 1987, p. 196). 

Although, unfortunately, the many admonitions that were publicly pronounced b||§ 
Dirac from 1951 until his death in 1984 have remained largely unheeded, the past decade 
has witnessed a gradual revival of interest in foundational questions. It is hoped that th||| 
present monograph will contribute to that revival in a constructive manner, which would|| 
reestablish the high standards for mathematical truth and epistemological soundness ift| 
science, to which the founders of twentieth century physics devoted their professional ^ 
lives. Consequently, it is fitting, now that all the basic technicalities implicit in the-| 
formulation of quantum geometries have been presented in the preceding ten chapters, to 
devote this concluding chapter 5 to a clearly stated analysis of the epistemological meaning 
and significance of the physical ideas underlying the present mathematical framework for j 
quantum geometries, framed against the historical background that has shaped those ideas.||| 

We shall start, therefore, by reviewing the clash of philosophies that marked they 
rather turbulent early development of quantum theory in the pre-World War II years. Wfe 
shall then describe the radical shift in values that characterized the post-World War II degf 


435 


U Hist orical and Epistemological Perspectives 

•- velopments in quantum physics. These historical and sociological factors will help set into 
the proper perspective the multitude of glaring inconsistencies in conventional relativistic 
quantum theories, that have been simply glossed over, or even totally ignored, during the 
past four decades. After that, we shall analyze the most essential epistemological aspects 
that underlie the mathematical framework described in Chapters 3-11 of this monograph, 
peeping those historical perspectives in mind. 

dj2.1. Positivism vs. Realism in Relativity Theory and Quantum Mechanics 

The advent of the orthodox interpretation of quantum mechanics in the mid-1920s gave rise 
to what one of the leading contemporary philosophers of science, K.R. Popper, has called 
a “schism” in twentieth century physics: “The two greatest physicists, Einstein and Bohr, 
perhaps the two greatest thinkers of the twentieth century, disagreed with one another. And 
their disagreement was as complete at the time of Einstein's death in 1955 as it had been at 
the Solvay meeting in 1927.” (Popper, 1976, p. 91). 

During the 1920s and 1930s this schism was manifested as a sharp division of the 
leading physicists of the first half of this century into two camps: the cohesive Copenhagen 
school, led by Bohr, which included Heisenberg and Pauli as its other two leading propo¬ 
nents, with Born and Dirac as sympathizers, and a disunited opposition to that school, 
whose most outspoken representative was Einstein, but which also included such distin¬ 
guished physicists as Planck and Schrodinger, and which was eventually also joined by de 
Broglie and Lande. To this day, there are many myths and misconceptions about the posi¬ 
tions held by the main protagonists of the various public debates to which this schism has 
given rise - of which the Bohr-Einstein debate is the best known. This is closely connected 
to the still prevailing misconceptions about the degree of success which Bohr had in solv¬ 
ing the basic epistemological issues confronting quantum theory. Through no fault of 
Bohr, the myths and misconceptions are in this regard so widespread that M. Gell-Mann 
once felt compelled to remark that: “Niels Bohr brainwashed a whole generation of physi¬ 
cists into thinking that the job [of an adequate interpretation of quantum mechanics] was 
done 50 years ago” (Gell-Mann, 1979, p. 29). 

A critical examination of the main textbooks on quantum mechanics, which have 
shaped the beliefs held by most physicists since the thirties, seems to support this bluntly 
stated charge. Fortunately, in recent years, such publications as those by Popper (1982), 
MacKinnon (1982), Folse (1985), Murdoch (1989), Selleri (1990), and others, are begin¬ 
ning to set the record straight, by depicting and analyzing, amongst other things, the rea¬ 
sons behind the misconception that Bohr was the “winner” in the Bohr-Einstein debate. On 
the other hand, these and other similar studies are primarily written by scientific realists, 
and therefore sometimes tend to give the over-simplified impression of a clash between re¬ 
alism and positivism, with Einstein being cast as the “realist”, and Bohr as the “positivist”. 
For the more detached observer, who sees merit in both these most important streams in 
twentieth century philosophy, the situation appears to be considerably more complex. 

First of all, from a broader historical perspective (Mehra and Rechenberg, 1982; 
Pais, 1982), the above classification of the philosophical beliefs held by Einstein is very 
much a function of the time period in his life which one chooses to examine. Indeed, in 
their heyday logical positivists were proud to point out that both special and general relativ¬ 
ity were the outgrowth of a positivistic epistemology (cf., e.g., Ayer, 1946), which can be 
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traced to Mach. Even a cursory reading of Einstein's main papers on these subjects con¬ 
firms their judgment. In fact, if the operationalist attitude is expurgated from Einstein's 
1905 paper, which launched special relativity, much of its basic motivation disappears. " 
Indeed, Einstein was not the one to discover the Lorentz transformations; rather, he was the 
one to give to Lorentz transformations a straightforward operational interpretation, which 
did not rely on preconceived ideas about the nature of physical reality, in general, and about 
the intrinsic properties of the electron, in particular - i.e., the type of ideas which Lorentz 
was advocating at that time. Eventually, that simple and elegant operationalistic approach 
gave rise to far-reaching consequences, that would have been inconceivable without it.. 
Similarly, Einstein's 1916 paper, in which classical general relativity was formulated in its 
final form, is operationally motivated and founded, even to the extent that it contains such 
extreme anti-realist statements as that the “requirement of general co-variance takes away 
from space and time the last remnant of physical objectivity” (Einstein, 1916, p. 117). . 

Thus, in some of his writings Popper had to admit that: “It is an interesting fact that 
Einstein himself was for years a dogmatic positivist and operationalist.” (Popper, 1976, p. 
96). But then he hastened to add that Einstein “later rejected this interpretation: he told me 
in 1950 that he regretted no mistake he ever made as much as this mistake.” (ibid., p. 97). 

Regardless of whether Einstein's recantation was as extreme as all that, it remains a 
historical fact that, on one hand, by 1920 Einstein started to embrace the cause of realism; 
but, on the other hand, after that time he never came even close to matching any of the great 
achievements of his 1905-1916 period, during which his entire mode of thinking was 
heavily influenced by operational considerations. This perhaps contributed 6 to the fate en- i 
dured for a long time by Einstein’s crown achievement, namely his classical theory of gen- ■ 
eral relativity (CGR). One of the most prominent historians of the subject, J. Stachel, has 
recently described that fate as follows: s§| 

“From the late 1920s until the late 1950s, general relativity was considered by most ' 
physicists a detour well off the main highway of physics, which ran through quantum the-: 
ory. ... The low estimate of general relativity was not unconnected with the prevalence of a| 
pragmatic attitude toward physics among its practitioners. Only the calculation of a testable | 
number counted as valid theoretical physics. This attitude often was associated with anun-ff 
critical acceptance of a positivistic and operationalistic outlook on science. ... In recent 
years the situation has changed ... Difficulties encountered by the quantum field theory 
program made theorists more sympathetic to such explorations [as the relationship between 
general relativity and quantum theory). Suggestions that the foundations of quantum me-§ 
chanics might be subject to critical scrutiny and alteration were no longer taken as signs of 
mental incompetence.” (Stachel, 1989, pp. 1-2). oil 

Indeed, Bohr's attitude is often depicted as being staunchly positivistic, so that, his¬ 
torically speaking, it is fair to identify the uncritical acceptance of his ideas with airi 
“uncritical acceptance of positivistic and operationalistic outlook on science”. However, the', 
mode of thinking which led Bohr to his complementarity principle was influenced by philo¬ 
sophical ideas which fundamentally transcended the tenets of any form of positivism. Inf 
fact. Jammer (1966) seems to have been the first historian of twentieth-century physics to 
point out the influence of Kierkegaard's existentialists and irrationalistic philosophy on| 
Bohr. More recently, Folse (1985), Murdoch (1989) and Selleri (1990) have documented 
this influence via Bohr's father and via his mentor, the Danish philosopher Harald H0ffd| 
ing. However, the fact that Bohr went well beyond a merely “positivistic and operationalisg 
tic outlook on science” in his writings should be evident to anyone familiar with logical 
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positivism. Thus, Bohr’s insistence that either only sharp position or only sharp momen¬ 
tum can be measured, which has influenced the thinking of entire generations of physicists, 
has not been so much an outgrowth of operationalism, as much as a reflection of “the im¬ 
possibility of overcoming the conflict between thesis and antithesis - with a consequent 
existential pessimism - [which] was one of the cardinal features of existentialist philoso¬ 
phy” (Selleri, 1990, p. 348) that subconsciously influenced Bohr's thinking (Folse, 1985). 
Indeed, as pointed out in Chapter 1, and as further discussed later in this chapter, this “ei- 
ther-or” stance towards measurement outcomes runs counter to what is actually operation¬ 
ally feasible in practice, where, on one hand, truly sharp values of position or momentum 
can never be measured, and, on the other hand, information about unsharp simultaneous 
values of both position and momentum is always available to those willing to look for it. 

Thus, the influence of positivism on Bohr, and, in turn, Bohr’s direct or indirect in¬ 
fluence on entire generations of physicists, is no doubt responsible for the following ver¬ 
dict, which still reflects an opinion widely held amongst quantum physicists, and especially 
those elementary particle physicists who have wholeheartedly embraced the instrumentalist 
doctrine discussed in the next two sections: “As every physicist knows, or is supposed to 
have been taught, physics does not deal with physical reality. Physics deals with mathemat¬ 
ically describable patterns in our observations. It is only these patterns in our observations 
that can be tested empirically.” (Stapp, 1991, p. 1). Indeed, a very close collaborator of 
Bohr confirms the following: “When asked whether the algorithm of quantum mechanics 
could be considered as somehow mirroring an underlying quantum world, Bohr would an¬ 
swer, ‘There is no quantum world. There is only an abstract quantum physical description. 
It is wrong to think that the task of physics is to find out how nature is. Physics concerns 
what we can say about nature’.” (Peterson, 1985, p. 305). On the other hand, Bohr made 
many statements to the opposite effect, so that a recent analyst of his philosophy has ar¬ 
rived at the following over-all appraisal: “Just as to the religious apologist it is never God's 
existence which is really at issue, but His nature that needs defense and elaboration, so to 
Bohr it was never the existence of the objects of quantum mechanical description which 
was in question, but only how to understand that description.” (Folse, 1985, p. 224). And 
another recent analyst of his philosophy describes it by the (intentionally) contradictory 
terms of “instrumentalistic realism”, claiming that "the realist component and the instrumen¬ 
talist component are, so to speak, complementary sides to the phenomenon that is Bohr" 
(Murdoch, 1989, p. 222), but emphasizing that “it would be quite wrong to describe Bohr 
as a weak instrumentalist” - least of all of the kind that bears any relationship to the brand 
of strong conventionalistic instrumentalism discussed in the next two sections. 

H However, as we shall discuss in Sec. 12.3, Bohr's insistence that “the results of 
observations must be expressed in unambiguous language with suitable application of the 
terminology of classical physics” (Bohr, 1961, p. 39), rather than with a suitable 
application of the terminology of some new language, specifically designed for quantum 
theory, has nothing to do with positivism, operationalism, or any form of empiricism. 
Perhaps, the dictum that Kant's “inability to conceive of another geometry convinced him 
that there could be no other” (Kline, 1980, p. 76) could be also applied to Bohr vis-a-vis 
the possibility of introducing new quantum geometries - or purely quantum languages, in 
general. Indeed, although Bohr never referred to Kant in his writings, and never even 
acknowledged any influence of Kant's philosophy on his own, there is a certain parallelism 
;between their epistemic stances: “Bohr's claim that the classical concepts are necessary for 
an objective description of experience may seem similar to Kant's view that the concepts of 
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space, time, and causality can be known to apply to experienced phenomena a priori. 
Furthermore his view that these concepts apply only to phenomenal objects and cannot be 
used to characterize an independent physical reality seems to parallel Kants ban on the 
application of these concepts to a transphenomenal reality. (Folse, p. zi /). _ 

In any event, one can speculate that the hidden influence of Kierkegaard s existential¬ 
ist philosophy might have removed from Bohr any incentive to look into new ^classical 
possibilities with regard to the geometries adopted in quantum mechanics. For the success 
of such an enterprise would have threatened to resolve the “conflict between thesis and an¬ 
tithesis”, to which Bohr was exposed during his formative years. In Bohr s mind, such a 
“conflict” might have very well taken the form of the conflict between sharp simultaneous 
measurements of position and momentum, of various spin components, etc. And the exis-. 
tentialist side of Bohr might have been predisposed to see this “conflict’ as a manifestation 
of a “complementarity principle”, rather than allow for the possibility of realistic, and there¬ 
fore necessarily imsharp values for those quantities to be incorporated into new mathemati- • 
cal frameworks, designed specifically for the needs of quantum physics. 

In Secs. 12.4 and 12.6 we shall argue that it is not only possible , but even neces- 
sary, to combine the mutually consistent aspects of the “classical realism” (Folse, 1985) 
advocated by Einstein in his later years with the “existentialists positivism of Bohr in 
order to arrive at an epistemology capable of consistently dealing with relativistic quantum.; 
theory. Indeed, the fact that both protagonists in this great debate went to unwanted ex- ^ 
tremes becomes evident as soon as we take a second look at the epistemology of classical^ 
general relativity. Thus, while Bohr kept insisting that the language of classical physics 
was absolutely essential to describe all experimental data, he arbitrarily restricted himself to 
nonrelativistic classical physics, even when discussing essentially relativisticptenomena,. 
such as the purportedly instantaneous propagation of measurement effects in the EPR pant- - 
dox. On the other hand, as we have seen in Secs. 11.1 and 11.4, the epistemological ques- : > 
tions in CGR concerning what is observable are by no means straightforward when viewed 
through the lense of nonrelativistic physics - as the confusion surrounding Einstein s hole , 
argument” vividly illustrates (Stachel, 1989). . . . M 

An implicit assumption of Bohr's epistemology was that the basic language of| 
physics, required for the communication of experimental data, is static at the historical r ; 
level. Thus, he asserted that: “Strictly speaking, the mathematical formalism of quantum 
theory and electrodynamics merely offers rules of calculation for the deduction ofexpec%| 
tions about observations obtained under well-defined experimental conditions specified by< 
classical physical concepts”. From his published debate with Einstein and his other writ- . 
ings (Bohr 1955, 1962), it is clear that the “classical physical concepts he had in mind 
were steeped in Newtonian classical physics, rather than reflecting those of classical gen-; ; 
eral relativity - where point coincidences represent the most fundamental reflection ot 
physical reality. Furthermore, it is an obvious and basic fact that every language, including-: 
our “everyday” language, constantly grows as it incorporates new concepts, that not only > 
were not conceived, but might have been even unimaginable to earlier generations speakm|| 
that language 8 . It is therefore not unfair to conclude that it is dogmatic to insist that ttej 
language of Newton’s classical mechanics, taken in conjunction with the everyday- 
language of any given era in human history, is the one and only language capable ot 

describing all conceivable “experimental conditions”. r , _ , , , 

As pointed out in Sec. 1.3, the other leading proponents of the Copenhagen school| 
were more than willing to look well beyond Bohr's “terminology of classical physics in - 
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the search for solutions to the new problems raised by quantum theory, that were not 
shared by classical physics. Indeed, Heisenberg was one of the first proponents of the 
introduction of a fundamental length in quantum physics, whereas Bom s maxims cited in 
Sec. 1.1 actually paved the way for the introduction of fundamentally indeterminate values 
of quantum observables, which underlie Principle 1 in Sec. 1.3. 

12.2. Conventionalistic Instrumentalism in Contemporary Quantum Physics 

While advocating, as the undisputed leader of the Copenhagen school, his peculiar mixture 
of positivism, realism, and existentialism, Bohr unfortunately did not anticipate the long- 
range effects of his teachings on all those in the future generations of physicists who lacked 
the philosophical training or the sophistication required to distinguish between subtle philo¬ 
sophical nuances (Murdoch, 1990, Chapter 10) and their gross over-simplifications. Such 
physicists condensed Bohr's entire philosophy into simplified enunciations 9 of the princi¬ 
ples of complementarity, wave-particle duality and the purportedly “classical nature” of the 
“apparatus”, and simply ignored the rest. Indeed, what Karl Popper calls the third group 
of physicists”, who emerged right after World War II, and soon became the overwhelming 
majority, is described by him as follows: “It consists of those who have turned away from 
discussions [concerning the confrontation between positivism and realism in quantum 
physics] because they regard them, rightly, as philosophical, and because they believe, 
wrongly, that philosophical discussions are unimportant for physics. To this group belong 
many younger physicists who have grown up in a period of over-specialization, and in the 
newly developing cult of narrowness, and the contempt for the non-specialist older genera¬ 
tion: a tradition which may easily lead to the end of science and its replacement by technol¬ 
ogy.” (Popper, 1982a, p. 100). Upon labeling the attitude of this “third group of physi¬ 
cists” a form of instrumentalism. Popper goes on to say: “But this instrumentalism, this 
fashionable attitude of being tough and not standing for any nonsense - is itself an old 
philosophical theory, however modern it may seem to us. For a long time the Church used 
the instrumentalist view of science as a weapon against a rising science... [as can be seen 
in the] argument with which Cardinal Bellarmino opposed Galileo's teachings of the 
Copemican system, and with which Bishop Berkeley opposed Newton... . Thus instru¬ 
mentalism only revives a philosophy of considerable antiquity. But modem instrumentalists 
are, of course, unaware that they are philosophizing. Accordingly, they are unaware of 
even the possibility that their fashionable philosophy may in fact be uncritical, irrational, 
and objectionable - as I am convinced that it is.” (ibid., pp. 102-103). 

One does not have to subscribe to the tenets of Popper's realism — or, for that matter, 
of any of the various coexisting brands of philosophical “realism” (d'Espagnat, 1989) - to 
agree with these assessments. In fact, some of his observations not only receive support 
from the statements of the founders of quantum theory (Dirac, Heisenberg, Born, etc.), 
cited earlier in this monograph, but were unwittingly echoed by one of the most outstand¬ 
ing members of the “third group of physicists” in the following statement: “The post-war 
developments of quantum electrodynamics have been largely dominated by questions of 
formalism and technique, and do not contain any fundamental improvement in the physical 
foundations of the theory.” (Schwinger, 1958, p. xv). Unfortunately, this and other similar 
statements by one of the most outstanding and talented theoretical physicists of the post- 
World War II era, have not had any deeper impact on those of his contemporaries who be- 
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longed to the group of “younger physicists who have grown up in a period of over-special¬ 
ization”. In fact, one cannot help but agree with Popper as he arrives at the following pes¬ 
simistic assessment of the post-World War II developments in quantum physics: 

“A very serious situation has arisen. The general anti-rationalist atmosphere which 
has become a major menace of our time, and which to combat is the duty of every thinker 
who cares for the traditions of our civilization, has led to a most serious deterioration of the 
standards of scientific discussion. It is all connected with the difficulties of the theory - or 
rather, not so much with the difficulties of the theory itself as with the difficulties of the 
new techniques which threaten to engulf the theory. It started with brilliant young physi¬ 
cists who gloried in their mastery of the tools and look down upon us amateurs who 
struggle to understand what they are doing and saying. It became a menace when this atti¬ 
tude hardened into a kind of professional etiquette. But the greatest among the contempo¬ 
rary physicists never adopted such an attitude. This holds for Einstein and Schrodinger, 
and also for Bohr. They never gloried in their formalism, but always remained seekers, 
only too conscious of the vastness of their ignorance.” (Popper, 1982a, p. 156). 

Historically, this “very serious situation” began with the wholehearted acceptance by 
the new post-World War II generation of physicists of an algorithmic scheme for removing 
“infinities” from the perturbation expansion for the 5-matrix in quantum electrodynamics 
(QED) - the same QED that was founded by Dirac (1927), but in whose formulation he be¬ 
gan to publicly express doubts already in the mid-1930s (cf. Sec. 9.6). Indeed, after com¬ 
ing upon certain experimental discrepancies, in his habitual forthright and decisively un¬ 
compromising manner, which he used even with regard to his own theories, Dirac stated 
the following: “The only important part [of theoretical physics] that we have to give up is 
quantum electrodynamics ... We may give it up without regrets ...; in fact, on account of 
its extreme complexity, most physicists will be glad to see the end of it.” (Dirac, 1936). 
However, Dirac invested an additional ten years of hard work aimed at trying to come to 
grips with the infinities in QED by studying classical electrodynamics, only to eventually 
come “to the view that the infinities are a mathematical artifact resulting from expansions in 
[the coupling constant] a that are actually invalid (Dirac, 1946).” (Pais, 1987, p. 106). 

Consequently, as opposed to the new post-World War II generation of physicists, 
Dirac remained totally unimpressed by the numerical successes of the renormalization pro¬ 
gramme in QED. As mentioned in the introductory remarks to this chapter, he declared 
from the outset: “Recent work by Lamb, Schwinger and Feynman and others has been very | 
successful... but the resulting theory is an ugly and incomplete one.” (Dirac, 1951). And, ; 
as seen from the many quotations of Dirac's words in this monograph, and as extensively - 
documented in his recent biography (Kragh, 1990), throughout the remainder of his life he 
never wavered in the verdict that “these [renormalization] rules, even though they may lead 
to results in agreement with observations, are artificial rules, and I just cannot accept that | 
the present foundations [of relativistic quantum theory] are correct.” (Dirac 1978a, p. 20). 

That this verdict is a fair and correct one was confirmed by one of the main founders 
of the conventional renormalization programme, when he stated: “The observational basis f 
of quantum electrodynamics is self-contradictory .... We conclude that a convergent | 
theory cannot be formulated consistently within the framework of present space-time ; 
concepts.” (Schwinger, 1958, pp. xv-xvi). 

Indeed, how can one possibly arrive at any other verdict if one is rationally consider¬ 
ing the following plain facts: 1) QED, as well as all other “renormalizable” conventional | 
quantum field theories, are formulated in terms of quantum field operators which do not 
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exist as functions of points in Minkowski space (cf. [BL], Sec. 10.4); 2) a list of renor¬ 
malization rules are derived, however, as if those quantum fields at a point did have a 
mathematical meaning (cf. [IQ], Sec. 6-1); 3) the practitioner of the conventional renormal¬ 
ization is asked to implement them, without concern for mathematical consistency or epis¬ 
temological validity, but by using them as algorithmic rules for subtracting divergencies 
from originally meaningless integrals 10 ; 4) those finite expressions are then claimed to 
provide the terms of a perturbation “expansion” - but after more than forty years there is no 
proof that the objects which one “expands”, namely the 5-matrix elements for various pro- 
-cesses, actually exist in any well-defined mathematical sense; 5) in fact, not only does the 
“perturbation series” not converge, but the generally accepted conjecture in QED, as well as 
in other conventional quantum field theoretical models, is that this “perturbation expansion” 
is an asymptotic series (Dyson, 1952); 6) however, in the absence of a proof of the exis¬ 
tence of an 5-matrix — i.e., of functions in relation to which such series are supposedly 
asymptotic - the concept of “asymptotic series” is itself mathematically meaningless 11 ; 7) 
after a protracted effort of more than twenty years, constructive quantum field theoretical 
attempts at imparting rigorous mathematical meaning to the conventional renormalization 
procedure has resulted merely in the conclusion that the 5-“matrix” in QED, as well as in 
other renormalizable” conventional quantum field theories in four spacetime dimensions, 
is most probably trivial, i.e., equal to the identity matrix (Glimm and Jaffe, 1987, p. 120). 

On purely rational grounds, it might have been expected that even before this last bit 
of distressing information became available in the 1980s, Dirac’s public admonishments 
and Schwinger’s remarks would have already been taken to heart in the early 1950s, and a 
concerted effort would have been mounted to investigate th z foundations of relativistic 
quantum mechanics in general, and of quantum field theory in particular. However, as is 
well-known, that is not at all what took place. Rather, in the mid-fifties a parade of chang¬ 
ing fashions began to unfold in elementary particle physics, and is still continuing unabated 
to the present day 12 . During most of this period the prevailing belief was that these devel¬ 
opments led to predictions which were “in agreement with experiment” — which, in a gross 
oversimplification and distortion of Bohr's teachings, was viewed as the ultimate arbiter of 
the validity of the various (and many transiently) fashionable theories. However, not only 
has it been repeatedly demonstrated 13 that the analysis of experimental results can be 
wrong, theoretical computation can be incorrect, and the very comparison between theory 
and experiment can be faulty, but as Heisenberg acerbicly pointed out on one occasion, “if 
predictive power were indeed the only criterion for truth, Ptolemy's astronomy would be 
no worse than Newton's” (Heisenberg, 1971, p. 212). 

Indeed, in addition to Dirac, the only other founding father of quantum theory who 
lived to see these developments expressed his dismay and disapproval in an article which 
was published at the very same time that his death was announced to the professional world 
of physics. The second paragraph of this article contains the following declaration: “I 
believe that certain erroneous developments in particle theory - and I am afraid that such 
developments do exist — are caused by a misconception by some physicists that it is possi¬ 
ble to avoid philosophical arguments altogether. Starting with poor philosophy, they pose 
the wrong questions. It is only a slight exaggeration to say that good physics has at times 
been spoiled by poor philosophy.” (Heisenberg, 1976, p. 32). 

As we mentioned earlier, Karl Popper very appropriately classified this type of “poor 
philosophy” as a form of instrumentalism, and described it as “the view that there is noth- 
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ing to be understood in a [scientific theory]: that we can do no more than master the math - 
ematical formalism, and then learn how to apply if.” (Popper, 1982a, p. 101). 

However, the cavalier manner in which mathematics itself has been treated after the 
inception of the renormalization programme, indicates that instrumentalism per se is not 
actually solely responsible for this considerable decline in the standards for establishing 
truth in science. Indeed, ever since the advent of renormalization theory in QED, in quan¬ 
tum theory (as opposed to CGR) “mastering a mathematical formalism” has meant develop¬ 
ing the computational skills to algorithmically derive from the “theory” numerical “predic¬ 
tions”. Such practices require the uncritical acceptance of a series of computational “work-? 
ing rules”, or, at the very least, the acceptance of the most subjective types of criteria for 
their mathematical validity - even when those criteria run counter to all deductive norms ac¬ 
cepted in contemporary mathematics. In Dirac's words, these practices represent “a drastic 
departure from ... logical deduction to a mere setting up of working rules.” (Dirac, 1965, 
p. 685). In fact, as we shall see from the examples cited in the next section, ever since the 
advent of renormalization theory, the prevailing attitude became to ignore objective mathe¬ 
matical criteria of truth and consistency, and to substitute instead conventionally acceptable 
mathematical procedures, i.e., formal computational rules conventionally deemed to pro¬ 
duce valid results as long as they were declared as acceptable by those whom Dyson (1983) 
describes as the “mandarins” of the post-World War II generation of physicists 14 . 

It therefore seems appropriate to categorize this kind of approach to science by the 
more precise label of conventionalistic instrumentalism. This label is intended to reflect the 
fact that its general practices ignore or dismiss not only all the truth-values which scientific 
realism expects to be fulfilled by physical theories (cf. Murdoch, 1989, pp. 200-201), but 
even the most basic forms of mathematical truth - replacing them with mere conventions. 
As reflected by the activities of the “mainstream” in quantum theory, such conventions are 
primarily based on the consensus prevailing amongst the leading physicists of the present 
instrumentalist period in quantum physics as to what types of computational procedures are 
“acceptable”. As such, the conventionalistic aspects of this form of instrumentalism should 
be strictly distinguished from Poincare's type of conventionalism, mentioned in Sec. 1.2 
(which indeed viewed the choice of geometries suitable for the description of the physical 
world as being a matter of convention, but otherwise reflected a deep respect for objective 
mathematical truth, and a love for mathematical beauty on a par with that displayed by 
Dirac 15 ), or from contemporary forms of conventionalism in philosophy, which view all 
statements in logic and mathematics as being purely analytic, and as such emerging from 
linguistic conventions (Quine, 1949). It should also be distinguished from logical posi¬ 
tivism, especially in view of the fact that when some contemporary authors discuss the 
foundations of quantum theory, they tend to identify the term “instrumentalism” with the 
so-called “positivism of physicists” (d'Espagnat, 1989, p. 28). Indeed, although when 
viewed as general philosophies, as well as working philosophies applied to science, logical 
positivism and instrumentalism share some common points, they are fundamentally distinct 
in many aspects - as will become apparent from the considerations in the next section. ^ 

Is conventionalistic instrumentalism an intrinsically unavoidable feature of contempo¬ 
rary quantum physics? \:;£| 

The preceding nine chapters of this monograph are meant to prove that it is not. On 
the other hand, some other critics of instrumentalism in contemporary quantum physics 
seem very anxious to affirm that the brand of instrumentalism which has become “the 
foundation stone of contemporary physics” in the second half of this century, “has been 
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astonishingly successful in various fields, from elementary particle physics to astrophysics, 
quantum optics, solid state physics” (d'Espagnat, 1989, p. 28). It is therefore argued that 
“it is hardly surprising that physicists should see this foundation stone as being very solid 
and providing a basis for objective reality, [so that merely] a number of philosophers of 
science are not of the same opinion. ... The truth here is perhaps that since there is a high 
level of instrumentalist technical sophistication which science apparently cannot legitimately 
avoid, there is a gap of some kind between the theoretical physicist's activities and his 
thinking. Either he thinks or he develops physics” (ibid, pp. 28-31) - emphasis added. 

The above type of rationalization of the prevailing instrumentalist attitudes in quantum 
physics seems, however, to ignore a fact amply demonstrated by the founders of relativity 
and quantum theory, namely that a theoretical physicist can both think and develop out¬ 
standing physics - and, in fact, that the first activity is necessary for the second. This 
monograph is dedicated to the memory of P. A. M. Dirac, since he was the most outspoken 
and persistent of the critics of the values and practices of conventionalistic instrumentalism 
in quantum field theory. However, he most certainly was not alone in his critical attitude 
towards these types of developments in post-World War II physics (cf. Note 23 to Chapter 
9). Indeed, it is an acknowledged historical fact that “the workers of the 1930s, particularly 
Bohr and Dirac, had sought solutions to the problems [of quantum field theory] in terms of 
revolutionary departures. ... The solution advanced by Feynman, Schwinger, and Dyson 
was at its core conservative: it asked to take seriously the received formulation of quantum 
mechanics and special relativity and to explore the content of [their] synthesis. A genera¬ 
tional conflict manifested itself in the contrast between the revolutionary and conservative 
stances of the pre-and post-World War II theoreticians.” (Schweber, 1986, p. 299). 

In Chapters 3,5,7,9 and 11 we have provided extensive evidence that no consistent 
“synthesis” of these two fields was ever achieved in the context of conventional theory - 
albeit a public relations campaign was launched after the advent of conventionalistic renor¬ 
malization theory, meant to convince everybody that such a “synthesis” had already become 
fait accompli. In the next section we shall demonstrate that the problems that have been left 
open by this “renormalization” theory are deep rooted. Until recently this PR campaign 
had, however, by and large succeeded to gloss them over with a glittering veneer of formal 
manipulations, protected from closer scrutiny by the nurturing of a cavalier attitude towards 
all the basic tenets of mathematical truth and deductive validity. Indeed, amongst many 
“mainstream” quantum physicists, it only very recently became true that “suggestions that 
the foundations of quantum mechanics might be subject to critical scrutiny and alteration 
[are] no longer taken as signs of mental incompetence” (Stachel, 1989, p. 2). In the mean¬ 
time, “old” unsolved problems remained deeply entrenched, but were left untouched, due 
to a systematic neglect of the foundations of quantum physics. That neglect can be clearly 
perceived (Bell, 1990) in the mainstream textbooks on quantum mechanics and quantum 
field theory. In particular, as will be illustrated in the next section, it is especially evident in 
the manner in which much of the required mathematics is treated in them. 

12.3. Inadequacies of Conventionalistic Instrumentalism in Quantum Physics 

In contemporary philosophy, the term “instrumentalism” is primarily applied to the theory 
about the nature of truth and falsehood advocated by John Dewey, which emerged on the 
North American continent as a natural extrapolation of the pragmatism of C.S. Peirce and 
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William James (1970) - cf. (Mackay, 1961). As seen by a contemporary elementary parti- J 
cle physicist: “James argued at length for a certain conception of what it means for an idea H 
to be true. This conception was, in brief, that an idea is true if it works.” (Stapp, 1972, p. II 
1103). In turn, John Dewey adapted this pragmatic criterion for truth in philosophy and 
science, as well as in everyday life, as being that which “works satisfactorily in the widest ‘H 
sense of the word”, and based his instrumentalist concept of “truth” on the achievement of 
consensus. Thus, in scientific applications: “The significance of this viewpoint for science 'isl- 
is its negation of the idea that the aim of science is to construct a mental or mathematical S 
image of the world itself. According to the pragmatist view, the proper goal of science is to ' 

augment and order our experience. A scientific theory should be judged on how well it |J} 
serves to extend the range of our experience and reduce it to order.” (ibid., p. 1104). jUj 

Such a principal criterion for judging a scientific theory can have some rather undesir- 
able social consequences. Indeed, in his “History of Western Philosophy” Bertrand Russell 
writes that Dewey “quotes with approval Peirce’s definition: ‘Truth’ is ‘the opinion which ifll l 
is fated to be ultimately agreed to by all who investigate’.” (Russell, 1945, p. 824). Then, I 
upon demonstrating the logical untenability of the criterion that “an idea is ‘true’ so long as * jfjjl. 
to believe it is profitable to our lives” 16 , he concludes the chapter on the philosophy of ;j 
John Dewey with the following critical observations: “The concept of ‘truth’ as something i|j|8 
dependent upon facts largely outside human control has been one of the ways in which | J 
philosophy hitherto has inculcated the necessary element of humility. When this check f|| 
upon pride is removed, a further step is taken on the road towards a certain kind of mad- 
ness - the intoxication of power which invaded philosophy with Fichte, and to which mod- I ■ 

em men, whether philosophers or not, are prone 17 .1 am persuaded that this intoxication is "ill I 
the greatest danger of our time, and that any philosophy which, however unintentionally, : $m | 
contributes to it is increasing the danger of vast social disaster.” (Russell, 1945, p. 1828). . ff||l 
Thus, the emergence of conventionalistic instrumentalism as the officially undeclared, lljjp 
but functionally prevalent philosophy amongst quantum physicists of the post-World War -\j 

II generation, might indeed represent a manifestation 18 of the “general anti-rationalist atmo- s| 
sphere which has become a major menace of our time” (Popper, 1982a, p. 156). And thai ! 
in the eyes not only of such advocates of realism as Popper (1983), but also of those who 
accept the standard criteria of truth and deductive validity in mathematics 19 , and yet believe J1 
that quantum mechanics and quantum field theory are very important and fundamental ^ 
theories in science, in which the traditional standards of Truth should be preserved. 

Indeed, the initial indifference of the undeclared adherents to conventionalistic in- 
strumentalism towards the criticisms from Dirac, Heisenberg, and other leading physicists m 
of the pre-World War II generation (i.e., from the very founders of quantum mechanics|^^p 
and quantum field theory), ultimately proved to be only a preamble to the eventually P r e- iff||p 
vailing institutional intolerance in the most active areas of quantum physics towards any- j 
thing that was out of step with the prevailing instrumentalist conventions. This intolerance.J||^p; 
manifested itself most clearly in the new criteria for acceptance of papers in major physics 
journals - which began to favor those based on sheer formal computations at the expense- |j 
of those emphasizing mathematically and conceptually sound arguments - as well as by the I 
cavalier manner in which relevant mathematics was treated in the most popular textbooks i® | 
on quantum theory. It also manifested itself as a breakdown of the close contact and com- . 
munication 20 between physicists and mathematicians, which, from Newton's era to Ein- vj' 
stein's time, has been underlying all significant progress in theoretical physics 21 . In fact, it ■ ; : -j 

is only in the course of the 1980s that new channels of communication have re-opened 1 
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between some of the leading physicists of the younger generation and some leading mathe¬ 
maticians - cf., e.g., (Witten, 1988), (Atiyah, 1990), (Nahm et al, 1991). On the other 
hand, in addition to exhibiting foundational weaknesses (Bell, 1990), many of the mathe¬ 
matical standards exhibited by conventionally oriented quantum theoretical textbooks and 
practices are still rather distant from those acceptable in contemporary mathematics 22 . 

The most serious breaches of basic mathematical standards of consistency occur in 
relativistic quantum theory. However, telltale signs are already apparent in the nonrelativis- 
tic context. Since, in some of the preceding chapters, we have extensively discussed and 
analyzed the main failings of conventional relativistic quantum theory, let us now focus our 
attention for a while on the deficiencies of the conventionalistic approach to nonrelativistic 
quantum mechanics — illustrating in the process how, by violating the laws of standard 
mathematics, even some rather basic and crucial physics can be misrepresented. 

We shall devote most of that attention to the deficiencies exhibited by the treatment 
which this subject receives in mainstream textbooks. Indeed, such textbooks not only re¬ 
flect prevailing standards, but also shape and instill them in the minds of new generations 
of physicists. We shall strive to provide by means of readily comprehensible, and therefore 
of necessity elementary examples, a demonstration of the fact that the indiscriminate use, in 
professional practice, of the instrumentalist idea of “truth” can lead to a poor understanding 
of fundamental issues. In everyday practice, such a misunderstanding is then maintained by 
institutionally reinforcing conformity (namely what Feynman (1954) colorfully called the 
“pack effect”) by a variety of means - ranging from the criteria used in the refereeing of re¬ 
search papers submitted for publication in leading professional journals, to the standards 
applied during the allocation of research grants and other forms of financial support 23 . 
Naturally, with such means of “persuasion”, the criterion that “truth” is “the opinion which 
is fated to be ultimately agreed to by all who investigate” is certainly “destined” to prevail. 

Two years after Dirac published his justly famous textbook entitled “Principles of 
Quantum Mechanics”, the German original of the “Mathematical Foundations of Quantum 
Mechanics” by von Neumann (1932) made its appearance. In it, von Neumann provided 
rigorous mathematical justification for many of the heuristic procedures used by Dirac — 
who, naturally, as a physicist totally involved with the various very rapidly expanding 
fields of quantum theory, was in no position to follow developments in functional analysis, 
which was emerging at that time as a new and separate discipline in mathematics. It might 
have been expected, however, that once the period of rapid growth in nonrelativistic quan¬ 
tum theory had came to an end - as it most certainly did by the end of the 1940s - all the 
subsequently written and published textbooks in quantum mechanics would begin to reflect 
at least the main lessons that could be learned from von Neumann's outstanding mono¬ 
graph - whose translation in English was eventually published in 1955. 

That, however, did not take place at that time - and has still not taken place even in 
the most recent mainstream textbooks on nonrelativistic quantum theory 24 . This clearly 
demonstrates how the instrumentalistic identification of mathematical and other forms of 
“truth” with “generally held opinion” and “professional consensus” can act as a bulwark 
against true progress in the understanding of the basic structure of quantum theories. 

An elementary but notable example of the deficient mathematical standards prevalent 
in mainstream textbooks is the treatment of those quantum mechanical observables which 
are represented by unbounded self-adjoint operators - such as is the case with the majority 
of important observables, namely energy, position, momentum, (external) angular momen¬ 
tum, etc. According to a theorem by Hellinger and Toeplitz 25 , no such operators can be 
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defined on the entire Hilbert space of a quantum system, which as a rule is separable but 
not finite-dimensional. However, not only is this most basic mathematical fact, which was 
very clearly emphasized already by von Neumann (1932,1955), not mentioned at all in any 
of the mainstream textbooks on quantum mechanics, but the student of quantum theory is 
as a rule left with th t false impression that every state vector of the quantum system is in 
the domain of definition of these operators. 

While the failings of the conventionalistic approach to this type of problem might be 
deemed innocuous - as it rarely gives rise directly to physically incorrect conclusions - we 
shall see that there are other closely related problems which lead to physically questionable, 
and even to false physical conclusions. In fact, one of the sources of the foundational diffi¬ 
culties encountered by conventional relativistic quantum mechanics can be traced to its 
purely conventionalistic treatment of eigenfunction expansions for position and momentum 
operators in nonrelativistic quantum mechanics, which ignores some very essential math¬ 
ematical as well as physical points. Let us therefore first examine the key aspects of this 
treatment on a few simple examples. _ . * 

As is well-known, in the configuration representation the elements of eigenfunction 
expansions for position and momentum are given by ^-“functions” and plane waves, re¬ 
spectively. Thus, in the simple case of a single nonrelativistic quantum particle of zero 
spin, one conventionally writes: 

<x'|x) = <5 3 (x-x') , (x'|k) = (2/cr 3/2 exp(£k■ x') , x,x',keR 3 . (3.1) 

It is clear, however, that neither the 5- “functions”, nor the plane waves, are Lebesgue 
square-integrable functions [PQ], so that they do not belong to the Hilbert space with the 
inner product defined in (3.1.1). For that reason, von Neumann (1932) avoided the use of 
5-“functions”. Eventually their mathematical nature was, however, totally clarified by L. 
Schwartz (1945). The mathematically correct general treatment of the objects in (3.1) was jjtp 
subsequently supplied by the theory of rigged Hilbert spaces (Gel fand et al., 1964,1968), 
as well as that of equipped Hilbert spaces (Berezanskii, 1968, 1978). These mathematical 
frameworks pinpoint the objects in (3.1) as elements of eigen function expansions — and w| 
as eigenvectors of Hilbert space operators. Adaptations of both these general frameworks 
to the needs of quantum physics have actually been in existence for quite a while (cf., e.g., 
Antoine, 1969, 1980; Prugovecki, 1973). Regardless of which one of these particular 
frameworks one adopts, they all underline the fact that 

, (x|,(k|«J/ = £ 2 (R 3 )2JC > < =« . (3-2) 

where Of. is, in general, a topological vector space which provides an extension of the 
Hilbert space Of of state vectors. The space 0f + is dense in 0( in the norm topology of # 
and it is equipped with a topology that is finer than the norm topology of Of, and which 
makes Of. equal to the dual of (whereas Of can be identified with its own dual Of ' )0M 
The key point, that had become clear a couple of decades after the appearance in 1930 
of Dirac’s famous textbook, is that these eigenfunctions do not provide resolutions of the 
identity operator 1 in the Hilbert space Of of state vectors, but, strictly speaking 26 , only 
the identity operator 1+ in 0f + , i.e.. 
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yx)dMx|=i + , yk)d 3 k(k|=i, . 0.3) 

Furthermore, the choice of 0f+ is generally dictated by mathematical convenience, rather 
| t han by general physical principles. The use of the round brackets in (3.3) is, therefore, 
meant to emphasize that, although the theory of equipped Hilbert spaces allows us to write 

(x| y) = yr(x) , Vye0f + cz0f = L\ R 3 ) , (3-4) 

|i the sesquilinear form on the left-hand side of the above relation is not an inner product. In 
I fact, the domain of definition for the variable y on its right-hand side cannot be extended 
to the entire Hilbert space Of - as is the custom in all conventional literature which adopts 
I an instrumentalist attitude towards mathematical truth. However, that this feature of the 
sesquilinear form in (3.4) is an unavoidable mathematical fact follows from another basic 
f mathematical fact: the generic element of Of is not a single function, but rather an equiva¬ 
lence class of almost everywhere (in the Lebesgue sense [PQ]) equal functions, which are 
| such that one can change the value of any one of these functions y/(x) at any given point x 
I without leaving that equivalence class - namely, in physical terms, without changing the 
quantum state vector. Upon restricting oneself to mathematically convenient 27 dense sub¬ 
spaces 0f+ , one can choose representative functions for which (3.4) holds true - but that 
is not possible globally on Of. Thus, strictly speaking, one can speak of the probabilities 
(3.1.7) for sharp position measurement outcomes within Borel regions B in configuration 
|| space, but not of probability densities for arbitrary wave functions at single points in con¬ 
figuration space. For that reason, von Neumann concentrated on the probability measures 
in (3.1.7), rather than on the probability densities in (3.5.1). 

This seemingly innocuous mathematical point has significant physical repercussions. 
Thus, although the conventionalistic custom is to refer to jx) as an “eigenvector” of the 
nonrelativistic position operators, and to consider the left-hand side of (3.4) a “transition 
probability” purportedly corresponding to a sharp measurement of position, we see that 
actually these “transition probabilities” are not genetically well-defined at the mathematical 
level. Does that mean that they are not well-defined also operationally, at a physical level? 

That does not immediately follow, but the above points indicate that caution should 
be exercised even in nonrelativistic quantum mechanics, and that one should regard sharp 
localization as a limit of realistic measurement procedures, which necessarily entail only un¬ 
sharp localizations. In fact, the adaptation to position measurements of the Wigner-Araki- 
Yanase (1952,1960) arguments on the impossibility of arbitrarily precise measurements of 
quantities which do not commute with an additive conserved quantity (i.e., with momen¬ 
tum, in the case of position measurements), shows that sharp localization is unachievable 
not only in practice, but also in principle, even in the context of the nonrelativistic quantum 
theory of measurement (Busch, 1985b). Hence, the fundamental impossibility of sharp 
relativistic localization of quantum systems, discussed in Secs. 3.3 and 3.5, has its roots in 
nonrelativistic quantum mechanics - but that fact is conventionally ignored. 

It might be believed that these rather elementary observations are of no deeper conse¬ 
quence, since the conventionalistically predisposed quantum theorist can in practice easily 
avoid all the ensuing pitfalls. We shall, therefore, now present two elementary examples 
| which demonstrate that this is not always the case. 
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First, it should be recalled that the EPR paradox was originally formulated (Einstein 
et al., 1935) in the language of sharp position and momentum measurements, based on the 
above interpretation of the quantities in (3.1) and (3.4) as bona fide transition probabilities, 
and that it was only later adapted by Bohm (1951) to measurements of spin ~ but with the 
original epistemic assumption of (an arbitrarily close) realizability of sharp measurement 
outcomes retained. This led to Bell's inequalities, whose first experimental tests were per¬ 
formed in the 1970s. However, it was only with the experiments of Aspect et al. (1981, 
1982) that the basic issue of nonexistence of local hidden variables was settled in favor of 
quantum mechanics. On the other hand, the discussion of the consequences of those exper¬ 
iments for the concept of locality is still going on unabated as if the macroscopic concept of 
arbitrary precise localization could be transferred without major revisions to the micro-do¬ 
main, so that microscopic localizability could be identified with macroscopic separability 
(Selleri, 1990, p. 202). However, in Chapters 1 and 3 we reviewed conclusive evidence to 
the effect that such a transference leads to definite contradictions with the concept of 
Einstein causality - which is the hub of the ongoing disputes (van der Merwe et al, 1988; 
Tarozzi and van der Merwe, 1988; Kafatos, 1989) about the significance of the EPR para¬ 
dox. Once the impossibility of such transference is generally acknowledged, the focus of 
these debates could be shifted to posing the EPR problem in an epistemologically correct 
manner - namely as a natural by-product of the need for using at the microlevel geometries 
specifically designed to take the fundamental quantum features of localizability into account 
from the outset, and dispense with the interpretation of (3.4) as a literal representation of a 
transition probability amplitude for “observing” a “quantum particle at x”. 

A second illustration of physical misconceptions that have resulted from the same 
type of interpretation of elements of eigenfunction expansions as “transition probability 
amplitudes” is provided by the conventionalistic derivation of such a most basic formula as 
that for the differential cross-section in two-body nonrelativistic scattering theory. 

First of all, it should be noted that the conventionalistic approach tends to favor the 
stationary, i.e., time-independent formulation 28 , despite the fact that the time-dependent 
approach comes much closer to reflecting physical reality by treating the scattering operator 
S as related to an idealization of a scattering process - namely as a process which evolves 
in Newtonian time t, but entails the physically unachievable limits / —> . This prefer¬ 

ence of stationary methods is, however, not accidental, since the 5-matrix program of the 
1960s (cf. Notes 35-36) was headed by elementary particle physicists whose advocacy of ‘ : 
instrumentalist standards in physics eventually led to the conjecture that the entire concept 
of spacetime might be just a macroscopic “illusion” (Kaplunowski and Weinstein, 1985). fy 

In keeping with such attitudes (which for a while threatened to prevail in all of quan- : 
turn physics), in mainstream textbooks on quantum mechanics one typically begins the 
derivation of the aforementioned differential cross-section by considering the asymptotic 
expansion (cf., e.g., Messiah, 1961, p. 371) 



- mH density k fm. This current density is again conventionalistically interpreted as representing 
.||§r “ the incident flux of an incoming beam; whereas the term between square brackets is simi- 
1 larly inteipreted as a probability amplitude of an outgoing (scattered) spherical wave. Then, 
Jife" - treating, again by convention, the plane wave and the spherical wave as if they were not 
: \ superimposed, and hence neglecting the cross term resulting from that superposition - 

typically on grounds that it “oscillates very rapidly as a function of r as r becomes large” 
(Joachain, 1975, p. 51) - one arrives at the well-known formula 

(J k (0,^) = |4(0,^)| 2 , 0 <0<7t , 0<(p<27t , (3.6a) 

f k (6,(p) = -(2n:) 2 7n(k'|7 1 |k) , |k| = |k’| , k- k'= |k| 2 cos<? , (3.6b) 

for the differential scattering cross section in the “center-of-mass reference frame” of the 
two-body system - where the expression on the right-hand side of the first equation in 
(3.6b) is the so-called ^-“matrix”. 

The physical meaning of the “center-of-mass reference frame” is not questioned in 
such derivations, as it is taken for granted that “somehow” classical concepts still apply. 
When some fundamental difficulties with this type of conventionalistic derivation of (3.6) 
were pointed out by Band and Park (1978), it was, however, acknowledged by the author 
of one of the leading mainstream textbooks on quantum scattering theory that: “The tradi¬ 
tional derivation (as given, for example, by Goldberger and Watson, 1964, or by Newton, 
1966) involves a bit of fakery that hides the issue of pure states versus mixed states. A cor¬ 
rect derivation uses a beam represented as a mixed state of packets with different impact pa¬ 
rameters. Such a derivation (Taylor, 1972) is analogous to the classical one, in which it is 
also necessary to assume that the incident beam consists of particles whose impact parame¬ 
ters are uniformly distributed.” (Newton, 1979, pp. 929-930). 

The response of Band and Park to the above statement was: “Newton’s revelation of 
‘fakery’ in orthodox pure-state collision theory and admission of an analogy with the 
coarse-graining device used classically to suspend basic mechanical laws are welcome con¬ 
firmations of our main contention, that, if collision theory is followed consistently with 
quantum mechanical unitary evolution, it is impossible to explain thereby the approach to 
equilibrium in a gas.” (Band and Park, 1979, p. 938). 

It turns out, however, that an alternative to the “suspension of basic mechanical laws” 
is possible, on account of the existence 29 of single-target differential cross-section, whose 
derivation does not involve coarse-graining. This type of cross-section is therefore given 
by a formula that is distinct from (3.6), since it involves a 7’-“supermatrix” (rather than a T- 
“matrix”), as well as the confidence function in (3.5.3) (cf. [PQ], p. 518; [P], p. 170): 
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of an incoming distorted plane wave, which represents an eigenfunction (in the extension to 
M-) of the total internal Hamiltonian of the two-body system (cf. [PQ], pp. 425-436 and' ,|§|§| 
553-556). One then conventionalistically interprets the plane wave on the right-hand side of- 
(3.5) as a “probability amplitude” that gives rise, in accordance with (3.5.7), to a current 


Indeed, it is not true that any of the rigorous derivations of (3.6), namely those based 
on wave packets, rather than on plane waves and spherical waves (cf. [PQ], pp. 430-436; 
[Messiah, 1961], Ch. X, §§5-6; Taylor, 1972], Sec. 3-e; [Newton, 1979]), are “analogous 
to the classical” derivation. In fact, in the classical context it is not at all necessary to 
assume that the “incident beam consists of particles whose impact parameters are uniformly 
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distributed” in order to derive the classical scattering differential cross-section formula in its 
most basic form, namely in the form (cf., e.g., Balescu, 1975) 


C d (0,<p) = ( bdbd(p)!dQ 





On the other hand, if one does make the transition from classical mechanics to classical sta¬ 
tistical mechanics, one obtains from (3.8) a formula which is the equivalent of (3.7), and 
not of (3.6). This was actually proved by developing a common framework for classicalas 
well as quantum statistical mechanics (Prugovecki, 1978a,b), in which it is possible to 
derive (3.7) and its classical counterpart within the same Liouville superspace. Under rea¬ 
sonable assumptions on the orders of magnitude of basic parameters in a scattering experi¬ 
ment, (3.6a) and (3.7) appear to be numerically very close, but they certainly are not equal! 

The above elementary example illustrates how “theory selection” is actually effected 
in the purely pragmatic approach to quantum theory, which has become the trademark of 
post-World War II conventionalistic instrumentalism in quantum physics. The type of atti¬ 
tude it reflects is aptly described in the following quotation (which, in its original context, 
concentrated on the modus operandi of the “new physics” from the 1960s to the present): 
“Having decided upon how the natural world really is, those data which supported that 
image were granted the status of natural facts, and the theories which constituted the chosen 
world-view were presented as intrinsically plausible.” (Pickering, 1984, p. 404). 

Thus, instead of relying on the uncovering of scientific truth based exclusively on 
analytic and rigorously formulated thought, combined with impartial observations vis-a-vis 
fashionable theories, post-World War II instrumentalism identifies “truth” with “consen¬ 
sus”, which, in turn, becomes a matter of institutionally enforced 30 “convention”. Over the 
past four decades such practices have provided dramatic illustrations of the reasons for 
Heisenberg's deep concern (which we cited already in Sec. 1.5) about the “erroneous de¬ 
velopments ... [that] are caused by a misconception by some physicists that it is possible 
to avoid philosophical arguments altogether”. That concern added to Dirac's deep distress 
about the “complacency” of contemporary “theoretical physicists [who are satisfied with the 
use of] working rules and not regular mathematics”. Clearly, in relativistic quantum field 
theory, both these concerns have to be addressed simultaneously - as demonstrated by the 
failure of the constructive quantum field theory program to establish the consistency of 
QED after more than a quarter century of effort (cf. Secs. 1.2 and 7.8, as well as Note 33 
to Chapter 7). The lesson that might be learned from that failure is that it is not sufficient to 
try to impart mathematical respectability to the algorithms of the conventional approach in 
order to arrive at a mathematically consistent and yet physically nontrivial framework for 
relativistic quantum field theory. Rather, an epistemological analysis of its fundamental 
concepts is also required, and the implemented mathematically sound techniques have to 
reflect that analysis. In other words, “one must seek a new relativistic quantum mechanics 
and one’s prime concern must be to base it on sound mathematics” (Dirac, 1978b, p. 6) - 
emphases added. 

We have already documented in appropriate sections of the preceding chapters many 
of the failings of the conventionalistic outlook on relativistic quantum theory. Hence, we 
shall only very briefly review the principal ones in the remainder of this section, and then 
indicate how the existence of the “cosmological constant problem” described in Sec. 11.12 
totally vindicates Dirac's steadfastly critical attitude towards all the developments in the 
post-World War II renormalization program. 
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Perhaps the most striking instance of a claim made in conventionalistic literature, 
which has been rigorously proved (Gerlach et al., 1967) to be false, is the assertion that the 
timelike component j°(x) of the Klein-Gordon current in (3.3.9) is positive definite if one 
restricts oneself to positive-energy solutions of the Klein-Gordon equation [SI]. This and 
other similar claims in otherwise respectable conventionalistic textbooks have influenced 
the thinking of generations of physicists, since they left them with the impression that “old” 
problems concerning relativistic quantum particle localizability have been “solved” by con¬ 
ventional relativistic quantum theory a long time ago, when actually the opposite is the case: 
-not only have those problems not been solved, but proofs exist (Hegerfeldt, 1974, 1985, 
1989) that they are not solvable within the conventionalistic framework - namely that all 
formulations of quantum particle localizability based on classical geometries give rise to 
violations of relativistic Einstein causality, albeit the opposite is maintained. 

To some of those predisposed to favor either the conventionalistic instrumentalism of 
the contemporary mainstreams in quantum theoretical physics, or the formal instrumental¬ 
ism of the dominant contemporary school in quantum mathematical physics, the answer to 
this type of insurmountable difficulty with conventional concepts for particle localization 
appears to lie in the substitution of quantum field localization for quantum particle localiza¬ 
tion. However, not only does this substitution replace one set of difficulties with another- 
namely with the still unresolved fundamental problem of a mathematically cogent concept 
of (interacting) quantum fields, that can be mathematically localized in arbitrarily small re¬ 
gions of classical spacetimes, e.g., by using test functions of arbitrarily small supports in 
the Wightman formalism [BL] - but the following physical question is then not asked and 
answered: how does one operationally localize a classical or a quantum field? 

If, however, the above question is asked, then the only answer available is: by the 
use of massive test bodies. In their well-known papers on this subject, Bohr and Rosenfeld 
(1933, 1950) employed an analysis of the behavior of such classical test bodies, which 
therefore necessarily have to occupy macroscopic domains. Indeed, once regions of atomic 
and subatomic size are reached, the “consideration of the atomistic structure of measuring 
instruments”, whose need they emphasized in their work, becomes unavoidable, so that 
one has come full circle: a consistent theory of localization of material quantum objects is 
needed in order to be able to formulate, in a physically meaningful manner, the concept of 
quantum field localization. 

Until the last decade, conventionalistic instrumentalism tended to ignore such founda¬ 
tional questions on the pragmatic grounds that the agreement of its theoretical predictions 
with experimental results is all that matters. However, it has been demonstrated in a 
number of recent studies (Cushing, 1990; Franklin, 1986, 1990; Pickering, 1984, 1989) 
that experimental technique is itself highly conditioned by theoretical outlook. Furthermore, 
as illustrated in an extensively documented sociological history of post-1960 developments 
in high-energy physics, “the idea that experiment produces unequivocal fact is deeply 
problematic. ... [Actual experiments] are better regarded as being performed upon ‘open’, 
imperfectly understood systems, and therefore experimental reports are fallible (Pick¬ 
ering, 1984, p. 6). Therefore, fundamental faults in theoiy can give rise to fundamental de¬ 
ficiencies in experimental design and technique, thus creating a vicious circle of feedbacks. 
In fact, as we have seen already in Sec. 9.6, when we discussed Dirac's critical attitude to¬ 
wards the experimental confirmation of QED predictions that are very highly acclaimed in 
conventional literature, in the absence of-a mathematically sound theory it becomes a matter 
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of subjective belief whether such apparent agreement represents confirmation of a theory 
intrinsically based on conventional “working rules”, or just mere coincidence. 

This becomes especially evident when closer scrutiny reveals that some such 
“coincidences” could be ascribed to fortuitous theoretical manipulation, since conven- 
tionalistic instrumentalism has facilitated the fine-tuning of theoretical computations to fit 
the experimental results by simply ignoring or discarding what is undesired, under the 
heading of such typical rationalizations as that it might be “naive”, or “irrelevant”, or 
“renormalizable”, or “compactifiable”, etc., etc. For instance, in the earlier cited carefully 
documented study of the development of the “new physics” in the 1960s and 1970s, we-are—.' 
provided with example after example of the following sociological high-energy phe¬ 
nomenon: “Discrepancies between prediction and data were taken as important results 
rather than serious problems: topics for further work rather than objections to the model.” 

(ibid., p. 266). Moreover, “fine-tuning” in such “further work” was greatly facilitated by 
the fact that theoretical error bounds were intrinsically unavailable in the computation of the 
“predicted” values of fundamental physical quantities, such as the 5-matrix elements of 
conventional quantum field theories. Indeed, what would be the possible use and meaning mt 
of such traditional theoretical tools to the theorist who deals with theoretical constructs y^J§P 
whose very mathematical existence is not at all assured? Or to the theorist who can conve- ||jji 
niently stop the summation of a “perturbation” series, for constructs of undecided mathe- |||| 
matical existence, as soon as the desired agreement with experimental data is achieved? On 
the other hand, it might be asked: What if its summation were continued? And, in view of 
the presumed “asymptotic” nature (Dyson, 1952) of all “renormalized perturbation series”: 

Where should one stop the summation, from an objective point of view? 

With regard to measurements of spatio-temporal relationships at the microlevel, even 
the reliability of experimental results as a direct guide to the validity of fashionable theories 
deserves closer scrutiny. Indeed, as discussed and documented by Hacking (1983), 
Cartwright (1983), Ackerman (1985), Galison (1987), Franklin (1986, 1990), and others, 
contemporary experimental procedures are heavily theory-dependent. Hence, just as with 
Kaufmann's (1905, 1906) negative experimental verdicts on Einstein's special relativity, 
cited in the introduction to this chapter, and other similar historically well-documented cas¬ 
es, some experimental results might have to be critically reevaluated if Dirac's often repeat¬ 
ed urgings for the use of “sound mathematics” in relativistic quantum physics are eventu¬ 
ally heeded, and a mathematically souncP 1 reappraisal of some key theories is undertaken. 

The fundamental inadequacies of the conventionalistic outlook emerge with full force 
when quantum fields in curved classical spacetimes are considered: as described in Secs. jjj|§ 
7.2 and 7.3, not only do the fundamental mathematical difficulties of the conventionalistic 
approach to quantum field theory become then more pronounced, but even old and very 
well established physical principles are sacrificed in order to maintain some particularly fa¬ 
vored conventionalistic scheme. Thus, as can be seen from the review and analysis of con¬ 
ventional quantum field theory in curved classical spacetime presented in Secs. 7.1-7.3, 
some of the adherents to conventionalistic instrumentalism transform even the law of local 
conservation of energy and momentum into a matter of mere convention, which can be vio¬ 
lated in order to save the formal aspects of conventional quantum field theories in curved 
spacetime. These aspects, in turn, are disregarded at the level of quantum gravity and cos 
mology, where concern with unitarity of the 5-matrix seems to take precedence over for¬ 
mulating a concept of physical time based on a consistent theory of measurement. On the 
other hand, the existence of a unitary 5-matrix solution for any realistic quantum theory of 


interacting relativistic fields has never been proved 32 even in Minkowski space (cf. Sec. 
7.6 as well as Note 31 to Chapter 9) — not to mention in any kind of curved spacetime. 
Thus, whereas conventionalistic instrumentalism has failed to meet in quantum physics 
even its own most basic criteria during the span of close to half-a-century of intense 
computational activities, its preoccupation with those criteria has derailed it on a sidetrack, 
where some of the most sensible and best established physical principles of quantum theory 
in the pre-instrumentalist era are ultimately ignored, or even violated. 

As if all these distressing inadequacies were not enough, the developments in particle 
^ physics and quantum cosmology over the past three decades indicate “a blurring of dis¬ 
tinction between physical science and mathematical abstraction ... [reflecting] a growing 
tendency to accept, and in some cases ignore, serious testability problems” (Oldershaw, 

1988, p. 1076). Thus, no less than twenty major effectively untestable problems are listed 
in (Oldershaw, 1988) - each one of which is of the type that would have been deemed a 
serious cause for concern in the pre-instrumentalist era. In view of Dirac's steadfast oppo¬ 
sition to the renormalization program, from the time of its inception in the late 1940s until 
his death (cf. the introduction to Chapter 7), we shall discuss only one of those twenty 
issues. It is the one which shows that his criticism of the ad hoc nature of that program, 
and of the fact that it does not provide “a correct mathematical theory at all”, has been com¬ 
pletely vindicated by some of the developments which took place after his death. 

First of all, let us remind the reader that one of the two main progenitors of the 
renormalization program has recognized from the outset that “the observational basis of 
quantum electrodynamics is self-contradictory”, and that “a convergent theory cannot be 
formulated consistently within the framework of present space-time concepts” (Schwinger, 
1958, pp. xv-xvi); whereas, the second one eventually acknowledged that “it’s also possi¬ 
ble that electrodynamics [namely conventional QED] is not a consistent theory” (Feynman, 

1989, p. 199). Furthermore, in this regard, to the end of his life Dirac's main point had 
been the following: “Just because the results [of the conventional renormalization proce¬ 
dures in quantum field theory] happen to be in agreement with observation does not prove 
that one’s theory is correct.” (Dirac, 1987, p. 196). 

The glaring observational inconsistencies^. Sec 11.12), to which the introduction of 
the Higgs boson in the offspring of conventional QED (namely in electroweak theory and 
in QCD) has led, have proven Dirac absolutely right in all respects, including the observa¬ 
tional ones. Indeed, on one hand, despite a wide-spread search (cf., e.g., Harari, 1983; 
Weinberg, 1987) there is absolutely no observational evidence in favor of such a Higgs 
“particle”, introduced solely for the purpose of making QCD “renormalizable”; on the other 
hand, its assumed existence gives rise to an enormous cosmological constant - in blatant 
contradiction to the most basic observational facts. Of course, many “solutions” to the 
cosmological constant problem” have been proposed (cf., e.g., the review article by 
Weinberg, 1989), but in the end one has to concur with the opinion that: “None of [these] 
attempts has succeeded. If anything matters have grown worse because theorists keep 
dumping more particles and fields into the vacuum.” (Veltman, 1986, p. 78). 

In fact, ever since the advent of quarks, which after the failure to be observed were 
l si m ply declared to be permanently “confined” (with no indubitable proof of confinement 
yet in existence), there has been such a proliferation of ad hoc theoretical devices, designed 
solely to remove flagrant disagreements between conventional theories and experimental 
facts, that the above cited leading researcher in the theory of quantum Yang-Mills fields 
figuratively exclaimed in a tone of utter exasperation: “Indeed, modem theoretical physics 
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is constantly filling the vacuum with so many contraptions such as the Higgs boson that it 
is amazing a person can see the stars on a clear night!” (ibid., p. 76). The following are just 
a few examples of the “contraptions” that have highlighted the “progress” from the 1960s 
to the late 1980s: “Instead of one photon we have 12; three of them have acquired masses 
from spontaneous symmetry breaking, and eight of them are trapped. Instead of one 
electron, we have a whole menu of quarks and leptons defined by their representations with 
respect to the weak and strong gauge groups, and this menu is replicated three times: There 
are three generations.” (Weinberg, 1987, p. 7). It is therefore of no surprise that when 
faced with such a cornucopia of offerings from particle physicists, a noted astrophysicist 
felt compelled to remark: “Indeed I sometimes have the feeling of taking part in a vaudeville : 
skit: ‘... You want massive weakly interacting particles? We have a full rack. You want an 
effective potential for inflation with a shallow slope? We have several possibilities. This is 
a lot of activity to be fed by the thin gruel of theory and negative observational results, with 
no prediction and experimental verification of the sort that, according to the usual rules ofi 
evidence in physics, would lead us to think we are on the right track of the physics of the 
universe at [a redshift epoch] z > 10 10 .” (Peebles, 1987, p. 236). 

So, in the end one can ask, who was proven right by all these developments: Dirac, 
or the multitude of “dynamically acquiescent” (Pickering, 1984, p. 272) theorists, whom 
Dirac often described (cf. Sec. 9.6) as being too “complacent about the faults” of the renor-g 

malization programme instituted after World War II ? . vjl 

Keeping all of the above points in mind, we can summarize the situation by saying 
that, at the foundational level, contemporary conventionalistic instrumentalism is con-1 
fronted with two fundamental types of problems. 

1) Mathematically, there is the one of logical consistency : as is well-known, from an j 
inconsistent set of statements any other statement can be in principle derived. Thus, the de-| 
ductive power of the scientific method can be in practice unwittingly undermined by ad hoc 
manipulations that are not dictated by logical necessity, but rather by the desire to achieve 
agreement with experiment - not to mention professional recognition This was obviously 
central to Dirac’s often expressed concern that the laws of “regular”, “sound” and ‘sensi¬ 
ble” mathematics be followed in contemporary relativistic quantum field theory. 

2) Physically, there is Heisenberg's concern with posing tilt epistemologically cor¬ 
rect questions: the use of formal analogies can lead to the introduction and development of 
concepts in a new context where such concepts no longer have a legitimate physical mean¬ 
ing, and lead to physically meaningless “scenarios”. Perhaps the most extreme example of 
this type is provided by the ex nihilo “scenario” of the creation of our Universe. Indeed, the 
concept of a wave function, representing a quantum particle, “tunneling through” the po¬ 
tential barrier to which another system of existing quantum particles gives rise, is opera¬ 
tionally well-defined, and it makes physical sense; however, what is the possible physical 
meaning 33 of Nothing tunneling through a potential barrier produced by Nothing, m order 
to “create” our Universe in some present-day cosmological “scenarios”? Even though such 
a “phenomenon” can b o formally described (Tryon, 1973; Vilenkin, 1982,1988), and cer¬ 
tain features of inflationary cosmological models that are currently in fashion can be then 
reproduced by the mathematics employed, does that physically validate such a “scenario 
The fact that there are some features of the inflationary model that can be “deduced front 
such a “scenario” cannot establish its physical meaning and validity any more than the exis¬ 
tence of Santa Claus can be established by the mock argument of Bertrand Russell, cited m 
Note 16, which was aimed at demonstrating the utter fallacy of the principal instrumentalist 
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criterion of “truth” for a hypothesis - namely that “an idea is true if it works” (Stapp, 1972, 
p. 1103). Indeed, if that were so, then as Bertrand Russell pointed out with refined irony, 
the application of this most basic instrumentalist doctrine would allow us to infer that 
“Santa Claus exists” from the obviously correct statement that “the hypothesis [of the exis¬ 
tence of] Santa Claus ‘works satisfactorily in the widest sense of the word”’! 

It would appear that one of the basic methodologies of conventionalistic instrumen¬ 
talism is to pick fundamental techniques and results from a domain of quantum physics, 
where those results have a consistent and well-defined physical and mathematical meaning, 
and then transfer them to some new area of quantum physics, where both those types of 
meanings might be lost, and where only entrenched conventionalism provides the thread 
that holds together a thus newly created theoretical framework. Of course, as long as 
“truth” is to be found in the “wide acceptance of a theoretical idea”, which can be secured 
by a variety of means (such as skillful promotional techniques, which in pre-instrumentalist 
times would have been more characteristic of practices in business and commerce, rather 
than in science), then there is nothing wrong with such an approach. 

On the other hand, we have seen from the numerous quotations presented in this 
monograph, that Dirac and Heisenberg have criticized in print many of the post-World War 
II developments in conventional relativistic quantum theory which, as we approach the end 
of this century, have become entrenched in “pragmatic” attitudes towards what constitutes 
“truth” in many key areas of what Pickering (1984) and others have described as the “new 
physics”. Popper ascribes such attitudes to “a tradition which may easily lead to the end of 
science and its replacement by technology” 34 , and which is based on a “fashionable philos¬ 
ophy [which] may in fact be uncritical, irrational, and objectionable” (Popper, 1982a, pp. 
100-103). 

These are unequivocal and strong statements. They have to be weighed, however, 
against the fact that the protracted and practically unchallenged dominance of conventional¬ 
istic instrumentalism in quantum theory has given rise to a situation without exact precedent 
in the history of science. One commentator, who finds some of the latest manifestations of 
this phenomenon to be “a cause for concern”, rhetorically asks: “If the empirical foundation 
of the new physics is so insecure, and if it is still an axiom of science that without an 
empirical foundation a paradigm is dangerously adrift in a sea of abstraction, then why is 
there an unquestioned faith in the new physics? How can we understand the remarkable 
optimism and credulity demonstrated by theorists, experimentalists, peer reviewers, 
editors, and science popularizers?” (Oldershaw, 1988, p. 1080). 

As illustrated in this section, and as demonstrated in some other specific instances 
discussed in appropriate previous sections of this monograph, to this “insecure empirical 
foundation” has to be added the fact that the mathematical and epistemological foundations 
of this “new physics” are at least as “insecure”. So, instead of answering the above two 
questions, let us merely pose a counter-question: Sociologically speaking, what else can be 
expected when traditional standards of epistemological soundness and mathematical truth 
have been uprooted, and replaced by purely instrumentalist standards of “truth” which 
encourage, and in many key institutional settings even enforce, the type of conformity 
whose manifestations Feynman (1954) has so colorfully described as the “pack effect”? 

As witnessed by the earlier cited public statements of Dirac, Einstein, Heisenberg, 
Popper, Russell, and many other outstanding physicists and philosophers of this century, 
those men of vision have given proper and timely warnings as to what can be expected to 
happen. And what they foresaw and feared has been happening with increasing frequency 
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and intensity ever since “World War II altered the character of science in a fundamental and 
irreversible way” (Schweber, 1989 - cf. also Note 47). 

Perhaps it is time that those warnings were heeded. 


12.4. General Epistemological Aspects of Quantum Geometries 

The quantum geometry framework described in the present monograph grew out of a sys¬ 
tematic effort at trying to see whether the numerical successes of the conventional approach 
to relativistic quantum theory could be explained from a mathematically and physically 
cogent point of view. It appeared obvious from the beginning that, at the epistemological 
level, such a point of view would have to reexamine the very foundations of relativity and 
quantum theory. It was also clear that, in so doing, it would have to reconcile Einstein's 
“realism” with Bohr's “positivism”, by concentrating on the epistemological issues that 
united those two giants of twentieth century physics, and possibly ignoring the others - or, 
if absolutely necessary, even contradicting them on those issues that separated their distinct 
but not at all totally irreconcilable points of view. 

Indeed, it was pointed out in Sec. 12.1 that the basically operationalist attitude of 
Bohr was very much shared by Einstein during the period when he created special as well 
as general relativity. On the other hand, it should be obvious to readers who have read most 
of Chapters 3-11, that the operationalism of Bohr, as well as that of the pre-1920 Einstein, 
is retained in the formulation of the quantum geometries studied in those chapters. The con¬ 
cept of frame of reference, already so crucial to Einstein in the formulation of special rela¬ 
tivity, and of “event”, defined as a spacetime coincidence, and viewed as the fundamental 
building block of all our observational constructs, namely all measurable physical quanti¬ 
ties, were instrumental in those formulations. Such formulations are, therefore, also in 
agreement with Bohr’s point of view - except that Bohr might have insisted on a classical 
description of all frames of reference. 

On the other hand, a form of quantum realism decidedly manifests itself in the present 
framework in the form of the, until now, implicit premise that there is a physical reality, 
which is independent of any operational or linguistic conventions which any group of in¬ 
dividuals happen to adopt. In other words the present work is founded on the belief that 
there is a single reality, which is quantum in its manifestations at the most fundamental 
level, and totally independent of any theoretical or experimental conventions. Hence, the; 
quantum geometry framework presented in this monograph strives to remove the artificial 
dividing line which Bohr imposed between “system” and “apparatus”: there is only one re 
ality, and that reality is quantum; ergo , any apparatus should be described at the most fun¬ 
damental level in purely quantum terms. In particular, that conclusion is applied to frames 
of reference, which are viewed as quantum “objects”. However, as we have seen in Secs. 
3.7 and 3.9, that does not preclude in some such frames the possibility of approximations 
of classical behavior: as we discussed in Sec. 3.9, such behavior is indeed manifested by 
sufficiently massive quantum frames. Thus, Bohr’s teachings on the significance of classi 
cal concepts in the quantum theory of measurement are not ignored, but rather modified. J 

Bohr's insistence on the importance and the role of language is not ignored either. In 
this respect the present approach is at odds with Popper's (1976, 1982, 1983) type of 
classical realism, which downgrades that role. However, there is absolutely no contradic 
tion in maintaining that, on one hand, there is a m/crareality, and that the purpose of quan- 
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turn theory is to reflect that reality as closely as possible, but that, on the other hand, in so 
doing it should employ the type of language best suited for that task, by incorporating all 
essential aspects of microreality, and at the same time avoiding, in accordance with Bom's 
second maxim cited in Sec. 1.1, the introduction of redundant theoretical notions with no 
empirical counterpart. Consequently, the fundamental stance of quantum realism is episte¬ 
mologically totally opposed to that of a “microrealism, according to which entities such as 
electrons, quarks, and the like, to which the name ‘particle’ is ascribed, are deemed to have 
a specific position at all times (and in terms of this conception, should also have, ‘for rea¬ 
sons of symmetry’, a specific velocity)” (d'Espagnat, 1989, p. 83). 

Indeed, the type of “microrealism” defined by d'Espagnat tries to understand the 
behavior of such “objects” as molecules, atoms, elementary particles, etc. exclusively in 
terms of concepts that have grown out of the fertile soil of our experiences with the 
macroscopic world, which we routinely encounter in our everyday lives. Of course, such 
concepts are perpetually nurtured by those experiences, so that they are our principal source 
of physical intuition - as rightly emphasized by Bohr. On the other hand, that does not 
mean that they have to remain our only source of such intuition, and that the human mind 
cannot grasp concepts and relationships that transcend the most immediate types of sense- 
impressions that reach it. Hence, the quantum realism underlying the present work tries to 
understand the microworld on its own terms, by developing the conceptual, linguistic and 
mathematical tools best suited for that task - irrespective of whether or not they are in 
accordance with the commonsensical ideas rooted in our everyday experiences. 

It could be said that as a conceptual and mathematical framework , rather than as a 
family of quantum theories, the purpose of quantum geometry is to supply a precise opera¬ 
tionally-based mathematical language, as well as a metalanguage, for the description of 
quantum phenomena in purely quantum mechanical terms. In this context, the concept of 
informational completeness (cf. Sec. 3.7) emerges as fundamental, and it supersedes the 
EPR-type of classical realism, as applied to the quantum domain: a quantum theoretical de¬ 
scription is not considered complete “if, without in any way disturbing the system, we can 
predict with certainty (i.e., with probability equal to unity) the value of a physical quantity” 
(Einstein et al., 1935, p. 777); on the contrary, at the most fundamental quantum level, 
Wigner-Araki-Yanase types of arguments (discovered long after the advent of the EPR pa¬ 
per) indicate that in quantum theory there is no place for sharp stochastic values (i.e., for 
values predictable “with probability equal to unity”), so that the EPR formulation cannot 
possibly lead to valid criteria of completeness for the theoretical description of any quantum 
reality. Thus, since even in principle, and not only in practice, all values of physical 
quantities are unsharp at the quantum level, one of the basic principles adopted in quantum 
geometry is that of informational completeness (cf. Principle 2 in Sec. 1.3) at the local 
level, i.e., in the quantum fibres above the points of a base spacetime manifold (cf. 
Principle 3 in Sec. 1.3). In other words, any quantum state in those fibres is completely 
determined by the measurement of its Fubini-Study distance from the elements of an infor¬ 
mationally complete quantum frame in that fibre, which in turn is given in terms of opera¬ 
tionally directly measurable “transition” probabilities - cf. Eqs. (3.7.10) to (3.7.15). 

This fundamental feature also dispenses with the need for von Neumann's question¬ 
able postulate about the identifiability of the set of quantum observables with the set of all 
self-adjoint operators in a Hilbert space (cf. Note 27 to Chapter 7). Furthermore, in the 
presence of quantum frame analyticity, only measurements of Fubini-Study distances of the 
local quantum state of a system to frame elements within arbitrarily small neighborhoods of 
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the point of contact between tangent space and base manifold are required for the complete 
determination of that state. Therefore, such measurements are in principle implementable in 
the presence of arbitrarily strong gravitational fields. Thus, quantum realism is opera 
tionally based only in the context of measurement theoretical concepts (cf. Sec. 12.5). 

On the other hand, by introducing the concepts of proper quantum state vector and of 
quantum frame as fundamental, it clearly recognizes that not all basic elements in its 
theoretical superstructure can possess direct operational counterparts, which, as such, 
would be simply groupings of our sense-experiences. Indeed: “In order to be able to 
consider a logical system as a physical theory it is not necessary to demand that all of its 
assertions can be independently interpreted and ‘tested’ ‘operationally’; de facto this has 
never yet been achieved by any theory and can not at all be achieved. (Einstein, 1949, p 
679,). Rather: “Although [theoretical] conceptual systems are logically entirely arbitrary 
they are bound by the aim to permit the most nearly possible certain (intuitive) and complete 


undefined concepts and underived (postulated) propositions. (Einstein, 1949, p. 13) 

emphasis added. , 

The fundamental role played by measurement theoretical aspects brings, however, to 
the fore the question of where the present quantum geometry framework stands in the on¬ 
going realism—anti-realism dispute over the ontological status of the measured quantities 
The following quotation succinctly reviews the issues in question: | 

“Anti-realism with respect to measurement can assume a variety of forms. The sim ; 
plest is an austere operationalism [expressed by the idea that measurable quantities] derive 
their meaning entirely from our measurement practices— This outlook is a species of a l- 
more general and widespread view, according to which the fundamental facts about mea-, 
surement are grounded in conventions ... .A much more sophisticated conventionalism - - 
... [is the] carefully qualified development of the idea that measurement operations can be .; , 
said to measure the same thing if they give rise to the same ordering of objects under the 
same conditions. By contrast, I take realism with respect to measurement to be the vie| 
that in many cases measurement can give information about objective features of phenon£ 
ena that is tinged with interesting elements of convention. .. . The realist's thesis is that 
there are objective facts about what the length of something is, facts that are — within pre 
cisely specifiable limits - independent of our linguistic and scientific conventions, the par¬ 
ticular theories we happen to accept, and the beliefs we happen to hold. Length can be mea 
sured on a ratio scale, and that means once a unit (e.g., the meter) is conventionally se¬ 
lected, there will be an objective fact as to how many meters long any given object is (since 
this will just be a fact about the ratio of its length to that of the meter bar). The realism-antf 
realism dispute over measurement is not usually cast in terms of semantic issues, but it is 
important to realize that they are just there beneath the surface.” (Swoyer, 1987). 

This and other publications (Bergmann, 1960; Reichenbach, 1961) on these issues i| 
contemporary philosophy of science reveal that “semantic issues” are indeed at stake in 
much of the ongoing polemic. For those concerned with more substantive issues, there axe 
merits and demerits in both the operationalist as well as in the realist points of view. It is, 
therefore, tempting for a scientist to completely ignore such polemics, and dismiss them as ■ 
totally “irrelevant” to the actual practice of science. _ . 

The history of science teaches us, however, that utterly erroneous opinions were 
sometimes held because certain beliefs as to what is actually measurable, and how it is to Kopsmm 


measured, were uncritically held in the face of existing strong evidence to the contrary. For 
example, since quantum geometry is applicable, amongst other fields, to quantum cosmol¬ 
ogy, the following comments might be of interest: “On various occasions in the history of 
cosmology the subject has been dominated by the bandwagon effect, that is, strongly held 
beliefs have been widely held because they were unquestioned or fashionable, rather than 
because they were supported by evidence. As a result, particular theories have sometimes 
dominated the discussion while more convincing explanations were missed or neglected for 
a substantial time, even though the basis for their understanding was already present.” 
(Ellis, 1989, p. 367) - emphasis added. 

Thus, “strongly held beliefs” can color 35 one's perception as to what observational 
evidence supports and what it does not, and, in fact, even shape one's beliefs as to what is 
observable and what is not. For example, in the heyday of 5-matrix theory in the 1960s the 
opinion that the description of quantum phenomena did not require any concept of space- 
time was not only widely held in elementary particle circles, but became thoroughly institu¬ 
tionalized 36 . In fact, opinions to this effect were heralded at international conferences and 
in review articles as the only acceptable approach to the physics of fundamental quantum 
phenomena 37 - without such basic questions being asked and answered, as to how such a 
belief could be reconciled with the fact that a spacetime background was essential to the rest 
of physics. In fact, even nowadays, residues of that belief condition research in conven¬ 
tional quantum gravity and instrumentalistically motivated quantum cosmology, where the 
question of “renormalizability” of the so-called “perturbation” series for the 5-“matrix” still 
occupy center stage. However, in such cosmological pursuits, the following elementary 
question is not asked: what is the possible literal physical meaning of the concept of 5- 
matrix in the real universe in which we live, namely in a universe in which, according to all 
evidence, asymptotic flatness of spacetime is certainly not present in the “cosmic” past, 
and, by all accounts, will never become realized in the “cosmic” future. 

This is not to say that, if one subscribes to the point of view of quantum realism, ac¬ 
cording to which spatio-temporal relationships have an objective existence, which is inde¬ 
pendent of prevailing theories and operational procedures, then those operational proce¬ 
dures are automatically provided by the quantum reality. Rather, the opposite is true in 
practice: operational procedures are heavily theory-dependent, even to the extent that modi¬ 
fications of the underlying theories entail radical modifications in the measured values. 

Consequently, one of the key questions from the point of view of a quantum realist, 
concerned with empirical reality (rather than with so-called “intrinsic reality” - cf. 
d'Espagnat, 1989), is what are the truly fundamental units for the measurement of space- 
time separations in Nature. In other words, special relativity was grounded in an opera¬ 
tionalist attitude, which stipulated that spatial distances are to be measured with “rigid” 
rods, and temporal separations with “standard” clocks (Einstein, 1905). Although the con¬ 
cept of strictly rigid rod is actually untenable in relativity (Stachel, 1980), that of standard 
clock suffices under the assumption of the constancy of the speed of light with respect to all 
Lorentz frames. That raises the question, however, as to what choice of clock should be 
made for that standard; and, even more importantly, why would Nature abide even at the 
microlevel by any particular choice of macroscopic clock, made on technological or other 
anthropic grounds? In other words, except if real (as opposed to operational) time is some¬ 
how an intrinsic property of all matter in existence, it would be unrealistic to expect that 
Nature would abide by any purely conventional (Jammer, 1979) choice at all of its levels of 
magnitude, from the very smallest subnuclear processes, to the large-scale structure of our 
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Universe. Indeed, in practice, totally different units and operational procedures arc used at 
the two ends of this scale of magnitudes, as well as at many particular stages in between. 

The present quantum geometry framework is based on the premise that a fundamental 
choice, independent of all conventions, does exist for the specification and measurement of 
spatio-temporal relationships, and that, therefore, it has to be inscribed in every single bit 
of matter in existence. That natural choice can be found by simply tracing the origins of de 
Broglie's idea, which heralded the emergence of quantum mechanics 38 : namely that, on ac¬ 
count of its rest mass m, each massive elementary quantum object represents a natural clock 
with period T = 2 n/m in Planck natural units. The universal constancy of the ratios of the 
observed rest masses of elementary particles vouches that all the elementary particles in 
Nature keep the same local time, so that any geometro-stochastic propagation can take place 
under well-specified spatio-temporal conditions. Without that assumption, the proposed 
idea of any quantum geometry would make no sense at all as a candidate for a physical 
geometry. But, without the hypothesis of cosmic constancy of the ratios of the rest masses 
of all “elementary particles”, elementary particle physics would not make any sense either! 

So, those in elementary particle circles who argue that at a fundamental level the con¬ 
cept of spacetime might not be meaningful (Chew and Stapp, 1988), or that it might be a 
mere illusion (Kaplunowski and Weinstein, 1985), are simply ignoring the most funda¬ 
mental evidence in their own field: the existence of quantum entities which conventional 
terminology has labelled as “elementary particles”. The fact that it might eventually turn out 
that all of these massive “objects” are neither “elementary” nor “particles” is irrelevant: the 
main point is that they do possess rest masses, and therefore they are Realizable in reality, 
and that they do keep their own proper time. It is, therefore, a matter for theoreticians to 
display enough imagination in the creation of theories which properly reflect these quantum 
facts. In particular, this intrinsically fundamental physical significance of the concept of 
spacetime has to reflect the measurement-theoretical limitations imposed by the existence of 
the Planck length and of the Planck time. 

For this very reason, these basic constants are embedded, in the form of the funda¬ 
mental length £ ( = 1 in Planck natural units), into the very structure of the fibres of quan¬ 
tum geometries. This is very much in keeping with Einstein's epistemology (albeit it would 
not have been in keeping with his predilection for classical realism): 

“The relations between the concepts and propositions [of a theoretical framework] are 
of a logical nature, and the business of logical thinking is strictly limited to the achievement 
of the connection between concepts and propositions among each other according to firmly 
laid down rules, which are the concern of logic. The concepts and propositions get 
‘meaning’, viz., ‘content’, only through their connection with sense experiences. The con¬ 
nection of the latter with the former is purely intuitive, not itself of a logical nature. The de¬ 
gree of certainty with which this connection, viz., intuitive combination, can be under¬ 
taken, and nothing else, differentiates empty phantasy from scientific 'truth'.” (Einstein, 
1949, pp. 11-13) - emphases added. . - ■'£ 

Finally, the retention of the equivalence principle in the relativistic quantum regime is 
the last, but certainly not the least, of the epistemological cornerstones in the formulation of 
the quantum geometries in the preceding seven chapters. In fact, the simplest type of exper¬ 
imental test, helping to choose between theories formulated within the present quantum ge¬ 
ometry framework and those based on conventional frameworks (cf. Secs. 7.2 and 7.3V 
lies in the verification of this very principle in the quantum regime: is there, or is there not, 
actual (as opposed to conventionally agreed upon) Rindler particle production in Nature? Is 
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there spontaneous particle production ex nihilo in Nature, that as such can be observed by 
inertial observers under very different free-fall conditions? Is there, therefore, local energy- 
momentum violation that such observers can witness? 

The answer of the present GS framework, based on the application to general relativ¬ 
ity of ideas anchored in the epistemology of quantum realism, is a firm: No! Some of the 
papers cited in Secs. 7.2 and 7.3 (cf., e.g., Unruh, 1976; Unruh and Wald, 1984), based 
on conventional instrumentalist conceptualizations of relativistic quantum theory in curved 
spacetime, claim: Yes! Hence, this is a very clear-cut case where experiments, performed 
under carefully and properly controlled conditions (cf. p. 203), should decide the issue. 

12.5. The Concept of Point and Form Factor in Quantum Geometry 

At the most fundamental epistemological level, the distinction between classical geometries 
and the quantum geometries treated in this monograph lies in the treatment of the concept of 
“point”. From a purely mathematical perspective, the distinction does not appear that great: 
the points of classical geometries belong to finite-dimensional manifolds; whereas, those of 
quantum geometries belong to fibre bundles which constitute infinite-dimensional mani¬ 
folds or supermanifolds. However, physically, the distinction is considerably greater. It 
can be described by saying that the points of classical geometries are “sharp” and 
“structureless”; whereas, those of quantum geometries are “unsharp” and can possess an 
internal structure. In the quantum geometries that describe quantum spacetimes, that 
structure is embedded in their quantum spacetime form factors. It therefore seems manda¬ 
tory to single out a. fundamental quantum spacetime form factor, which distinguishes itself 
by an outstanding simplicity of its internal structure, as well as some very special physical 
characteristics vis-k-vis some model of universal significance in quantum physics. 

At the very foundations of quantum physics lie the canonical commutation relations 
between position and momentum. The harmonic oscillator is the simplest as well as the 
most fundamental physical model that embeds the constituents of those canonical relations 
into the eigenvalue equation for its energy spectrum. In the case of the relativistic harmonic 
oscillator that equation assumes the form 


D 2 f = -lf , 


X gR 1 , 


D z -Q^Qp + P^Pp , Q>‘ = rTQ, , P„ = V pV ’ (5.1b) 

into which the Minkowski metric enters intrinsically, and into which the relativistic canon¬ 
ical commutation relations are also intrinsically embedded: 


[Q/x>^v] — i% v > 


[Q,.Qv] = [p„.p.] = o . 


For that reason, as well as on account of the formal symmetry played in (5.1) by the Q’s 
and the P's, Bom (1949) adopted (5.1a) as the basic eigenvalue equation for his quantum 
metric operator. 

Naturally, as they stand, (5.1) and (5.2) do not constitute a well-posed eigenvalue 
problem without the stipulation of boundary conditions on the eigenfunctions. Such bound- 
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ary conditions can be imposed in the traditional manner by the requirement that the eigen¬ 
functions be square-integrable in R 8 with respect to the Lebesgue measure. However, such 
a stipulation cannot be justified from the point of view of a relativistic “quantum metric op¬ 
erator”, since it is obviously related to the Euclidean regime 39 , and, moreover, it leads to an, 
eigenvalue spectrum which is unbounded from below. On the other hand, if (5.1a) is inter¬ 
preted as an eigenvalue equation for quantum metric fluctuation amplitudes which result in 
local exciton propagators (cf. Sec. 7.4), then it turns out (cf. [P], Sec. 4.5) that its spec-. 
tram consists of eigenvalues bounded from below by a unique minimum eigenvalue, which 
corresponds to the fundamental quantum spacetime form factor ft in (5.5.5). 

In view of the close connection between oscillator states and the realizations of 
Virasoro algebras emerging from some of the older treatments of string quantization 
(Green et al.., 1987, Sec. 2.2), a treatment of the eigenvalue problem in (5.1) can be de¬ 
vised which results in an entire family of “stringlike” quantum metric fluctuation ampli¬ 
tudes. Of course, although such possibilities of interpretation of excited states of the quan¬ 
tum metric operator in (5.1b) are intriguing, they are not particularly compelling, since the 
conjectures that excited string states might have occurred only during the “Planck era after 
the Big Bang” represent sheer speculation, which is unlikely to receive any direct experi¬ 
mental support in the foreseeable future. Nevertheless, in view of some still prevailing 
popularity of string theories, we shall briefly review them, before turning in the last part of 
this section towards the much firmer ground which underlies the choice of fundamental 
quantum spacetime form factor in this monograph. Hence, this review is intended primarily 
as an illustration of the fact that, although there are many other technical as well as concep¬ 
tual differences between string theory and the present geometro-stochastic framework, 
there is also a certain underlying affinity of heuristic physical ideas, which could be used to 

establish closer theoretical links. ' . , ’$ 

The incorporation 40 of massless oscillatory exciton states into a previous adaptation 
(Prugovebki, 1981b) of Born's (1949) quantum metric operator to GS quantum theory 
leads to a quantum relativistic harmonic oscillator, whose eigenstates display some of the 
features of string modes that are present in the fibres of a prequantum bundle oyer a ten¬ 
dimensional base space embedded in the bundle T*M © T*M over the Lorentzian mani¬ 
fold M. In such a model for GS excitons the proper wave function for a graviton at any 
base location x e M can be identified with the spin-2 ground state of the quantum metric 
operator D 2 (x) = Q 2 (x) + PKx ) at that location. 

From a semiclassical point of view, this treatment envisages a stringlike GS exciton 
at x e M to be an excited eigenstate of a relativistic harmonic oscillator at that location. At 
such a heuristic level, a GS exciton above the base location x eM can be visualized as a 
string of points q e T^VI executing, in general, vibratory as well as rotational motions with 
respect to a local Lorentz frame [e^x)}. The ground modes of such stringlike GS excitons 
would correspond to stochastic vibrations in the direction of motion specified by its 3-mo-; 
mentum k, transversal oscillations in the polarization planes orthogonal to k, and rotations 
around the direction in which k points. As a result of all these motions, its suitably renor¬ 
malized probability wave amplitudes J;|g 

f A (q,v) - Um^N fi ^jexp(.-iq-k)f A (A~ 1 k)f A (k)8(.k 2 -pl)d 2 k , (5.3) 


satisfy the string equation 
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{d 2 /do 2 -d 2 /df 2 )f A {q,v)=: 0 , 


G = q m 


-r = q (3) 


ffy in the frontal localization frame (Prugovecki, 1978c) determined in T X *M. by (& 0 >0) and 
I; - (0,k). In general we can also expect, however, more complex internal motions, involving 
]v : additional rotational degrees of freedom that are not around the axis provided by their di- 
% rection of motion k. If it is assumed that all GS exciton transition amplitudes (cf. [P], Sec. 
4.5) to excited modes for such motions are eigenfunctions of Bom's quantum metric opera- 
—tor, and that they satisfy the equation proposed in the context of Bom's reciprocity theory 
§ ‘ by Yukawa (1953), then the proper state vectors f BA describing these higher exciton states 
§’ ;■ satisfy the relativistic harmonic oscillator equation 

[~d 2 /du i du i +u i u i )f B (u) = X BiA f B (u) , (5.5) 

jfe 

1 in the variables u t = p L -k { , representing relative internal 4-momentum components with 
ip respect to the dual {0 £ (x)} of the local Lorentz frame [efx)}. The rest masses m B;A car- 
•t ried by these excited modes f BA are then given, in Planck natural units, by the following 
j§t> equation, 

m B,A ~ ^-B,A — ^ ’ (5-6) 

Wifi 

H/'i relating them to tire eigenvalues in (5.5), whose explicit values will be provided in (5.12). 

K Indeed, the eigenvalues and eigenstates of the relativistic harmonic oscillator equation 

in (5.5) can be computed by the standard use of raising and lowering operators, provided 
'. in the present context by the following expressions: 

a] = 2~' l2 i(uj + d/3u J ) , a j ^2-' l H(-u j + d/du J ) . (5.7) 

f . ■ 

m f-- In the present context these operators satisfy relativistic canonical commutation relations 
that are equivalent to those in (5.2): 


[oi,aj] = TUj , [ a /> a y] = [ a i> a jj = 0 


i>j - 0,1,2,3 


However, the ground state is degenerate since it corresponds to zero mass, so that various 
polarization modes exist that give rise to a great variety of internal gauges - as exemplified 
in Chapter 11 in the case of the graviton. Indeed, these ground states display invariance 
under the SO(2) group of motions that leaves k invariant. Consequently, they can be 
factorized as follows 

/ a ( U;Sa ) = Z a ( Sa )/ a ( !i ) . (5.9) 

where each Z(s A ) is constructed from polarization frames, such as those in Chapters 9 and 
11, so that they can be grouped into sets {Z(s A )} providing integer-spin frames. The spin 






s a =1 and s A =2 cases provide ground exciton states that are capable of representing 
photons and gravitons, respectively. 

All ground GS exciton states share the common form factor 

f A (u) = exp(~u i u l /2) , (5.10) 

reflecting a string length = 2 in Planck units, and supplying the fundamental quantum 
spacetime form factor in (9.2.14) upon setting = u, - k t , and then renormalizing as 
If A —■► +0. The higher exciton modes can be obtained from the solutions for the eigenstates 
in (5.5) in the following simple manner (cf. [P], p. 204): 

c i n 0 "f^l t n 2 t n 3 r A / 

/B(n) = ^2 °3 /A > ^ = ~ 0,1,2,... . (5.11) 

Since by (5.6) these states are massive, they reflect a breaking of the SO(2) symmetry that 
left k invariant. However, in order to be physical GS exciton modes, they have to display 
an SO(3) invariance that reflects the presence of specific internal spin value. Thus, they 
correspond to the following eigenvalues of the quantum metric operator D 2 (x) at each x 
eM (cf. [P], p. 205): 

^b,a = 2(2 + n 0 + 2n + s B>A ) , n Q ,n, s B>A =0,1,2. (5.12) 

The proper state vectors describing their internal stochastic motion with respect to the local 
Lorentz frame (e^x)} can be then computed as in (Brooke and Prugovecki, 1984). 

As mentioned earlier, much more compelling than the above string-motivated type of 
heuristics is the adoption of the quantum spacetime form factor f t in (5.5.5) as fundamen¬ 
tal to any model of quantum spacetime - regardless of whether it manifests itself as the 
ground state of a quantum metric operator, or simply as the only quantum spacetime form 
factor in existence. Indeed, as we pointed out in Sec. 1.5, quantum geometries do not re¬ 
quire the existence of physical “objects” and test “bodies” which exactly “fit” into their 
points, any more than classical geometries require truly pointlike test particles that exactly 
fit into theirs: in either case, the concept of point can be viewed as an abstraction, suggested 
by an empirical reality which is quantum in the former case, and classical in the latter, but 
without necessarily faithfully reflecting those respective realities. On the other hand, the 
adoption of ft as the quantum spacetime form factor can be justified purely on grounds of 
mathematical simplicity and aesthetics, combined with the fact that, as demonstrated in Sec. 
11.4, it assures the informational completeness of the ensuing quantum frames . 

Indeed, it is well known that, as a methodological guide to uncovering new physical 
laws and features of Nature, the principle of mathematical simplicity was already advocated 
by Newton, and that Einstein championed it throughout his life. The idea of mathematical 
beauty as methodological guide had its recent advocates in Poincar6 and Weyl, and perhaps 
its strongest champion in Dirac: “For Dirac the principle of mathematical beauty was partly 
a methodological moral and partly a postulate about nature's qualities. It was clearly 
inspired by the theory of relativity, the general theory in particular, and also by the 
development of quantum mechanics.” (Kragh, 1990, p. 277). 
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Of course, both these principles should be used only sparingly and judiciously, as 
they have been (justifiably) criticized on the basis that not all mathematicians or physicists 
share the same idea of either mathematical simplicity or beauty. In other words, mathemati¬ 
cal beauty as well as simplicity might exist only “in the mind of the beholder”. But then, we 
have seen in many previous examples that, to a certain extent, the same can be said even of 
the appraisals of the degree of support received by a very popular theory from various ex¬ 
periments. In fact, there are cases in which a compelling simplicity and beauty can be even 
more universally “obvious” in a theory than its purported agreement with experiment, since 
in the latter case, one often merely tries “to make sense of the mass of data provided by the 
experimentalists” (cf. Note 28); whereas, the former might almost be “able to speak for it¬ 
self’, on account of elegant features in its appearance as well as in its underlying ideas - as, 
most certainly, is the case with the Dirac equation. Hence, it is not at all surprising that 
Dirac “asserted that mathematical-aesthetic considerations should (sometimes) have priority 
over experimental facts and in this way act as criteria of truth” (Kragh, 1990, p. 284). 

The adoption of the quantum spacetime form factor f t in (5.5.5) as fundamental em¬ 
bodies the criterion of mathematical simplicity in a most direct and evident form. It also 
incorporates one of Dirac’s favorite paradigms of mathematical beauty - namely the theory 
of functions of one or more complex variables. Indeed, upon adopting ft as being the 
fundamental quantum spacetime form factor, the following straightforward substitution can 
be carried out in all local quantum fluctuation amplitudes (cf., e.g., (9.2.22), or (9.6.3) 
and (9.6.4)), whereby real Poincare gauge variables are replaced with complex ones: 

(q,v) £ = q + iv , qe R 4 , ueV + . (5.13) 

It thus solves one of the “many problems left over concerning particles other than those that 
come into electrodynamics:... how to introduce the fundamental length to physics in some 
natural way” (Dirac, 1963, p. 50). It also mediates in a most natural way the strongly- 
advocated-by-Dirac replacement in quantum theory of real with complex variables. Indeed: 

“As an interesting mathematical theory that fulfilled his criteria of mathematical 
beauty, Dirac emphasized in 1939 the theory of functions of a complex variable. He found 
this field to be of ‘exceptional beauty’ and hence likely to lead to deep physical insight. In 
quantum mechanics the state of a system is usually represented by a function of real 
variables, the domains of which are the eigenvalues of certain observables. In 1937, Dirac 
suggested that the condition of realness be dropped and the variables be considered as 
complex quantities so that the representatives of dynamical variables could be worked out 
with the powerful mathematical machinery belonging to the theory of complex functions. If 
dynamical variables are treated as complex quantities, they can no longer be associated with 
physical observables. Dirac admitted this loss of physical understanding but did not regard 
the increased level of abstraction as a disadvantage. ... Dirac never gave up his idea of 
mathematical beauty, to which he referred in numerous publications, technical as well as 
nontechnical.” (Kragh, 1990, pp. 282-283). 

The GS interpretation of the components of the complex variables in (5.13) not only 
removes any possibility of some “loss of physical understanding”, but it also harmonizes 
very well with Born's (1938, 1949) reciprocity ideas about the symmetric role played in 
nature by the position and momentum variables. At the same time, the introduction of the 
complex variables in (5.13), mediated in a most natural manner by the choice of the fun- 
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damenta! quantum spacetime form factor $ in (5.5.5), also ensures that the GS quantum 
fluctuation amplitudes (i.e., local GS propagators such as A (±) and S (J in Secs. 7.4 and 
8.1, respectively) are analytic extensions (in the sense of distributions) of their conven¬ 
tional counterparts. In view of the status of contemporary experimental high energy tech¬ 
nology, which is still far from being able to probe energies and distances of Planckian 
orders of magnitude, this feature is bound to secure numerical agreement at the formal per¬ 
turbative level, and within the domains experimentally reached thus far, between conven¬ 
tional quantum field theoretical models and their GS counterparts that are based on the fun¬ 
damental quantum spacetime form factor ft. Hence, the choice between conventional mod¬ 
els and their GS counterparts is not one that could be made, at the present technological 
level, on the basis of experiment alone. Rather, it is one that involves criteria for mathemat¬ 
ical and epistemic soundness, which reflect a long-range view of the role of a quantum the¬ 
ory that incorporates gravity, rather than the immediate gratification of some simple-minded 
instrumentalist criterion of “agreement with experiment”. 


12.6. The Physical Significance of Quantum Geometries 

The framework for quantum geometries presented in this monograph enables the embed¬ 
ding of fundamental measurement-theoretical limitations directly into the very structure of 
relativistic quantum field theories formulated in terms of such geometries. We have pointed 
out in the last section of Chapter 9 that the formal manipulations characteristic of conven¬ 
tional quantum field theoretical models can be duplicated in the context of GS models, and 
their “perturbation expansions” could be then recovered term by term in the Minkowski | 
regime by taking the limit £ -» +0 in the fundamental length L There appears to be no 
point, however, in such formal manipulations, except as paradigms in the study of the fun¬ 
damental question of relativistic microcausality. . _ , 

The central observation here is that, in the absence of a. proof of the existence of the 
5-matrix in the quantum field theoretical models, from QED to QCD, that are cuirently in 
vogue in elementary particle physics, no test of the formulation of microcausality based on 
“local” (anti)commutativity can be said to have been performed thus far. Furthermore, even 
if we grant the existence of the 5-matrix in such quantum field theoretical models, the fact 
that certain well-known properties of the 5-matrix can be formally derived (cf., e.g., 
Blokhintsev, 1973) by the use of “local” (anti)commutativity does not prove that such 
(anti)commutativity is a necessary (and not just sufficient) condition for those properties to 
hold. For example, the violations of “local” commutativity for asymptotic fields in QhU 
(Frohlich et al., 1979) provide one of the many indications that no such necessity is, in 
fact, present even within the conventional quantum field theoretical framework. Further- \ 
more, as discussed in Sec. 7.6, the mere postulation of “algebras of observables which . ; 
purportedly satisfy “local” commutativity neither proves their mathematical existence tor 
physically nontrivial conventional models, nor does it settle any fundamental measurement-. 
theoretical questions as to the operational feasibility of associating actual observables with 
arbitrarily sharply delineated domains in classical spacetime manifolds. _ _ — 

In fact, in Secs. 7.6 and 9.6 we have pointed out that the conventionalistic identifica¬ 
tion of “microcausality” with “local” (anti)commutativity has no bearing on the GS ap- 
proach, since such (anti)commutativity has no physically truly meaningful relationship to 
the question of Einstein causality any more than it would in classical relativistic theory. . 
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Indeed, in classical special relativistic theory, the commutativity of all observables is triv¬ 
ially satisfied, since all classical fields and their observables commute. On the other hand, 
in a classical general relativistic theory such commutativity for non-scalar fields is unde¬ 
fined at distinct spacetime points. Of course, in the special relativistic regime, the concept 
of locality that emerges from the “naive” realism predating modem quantum theory makes 
such a concept “plausible”. However, there has never been any serious attempt in the litera¬ 
ture to rigorously prove that the identification of “local” (anti)commutativity with some 
form of Einstein causality follows from any cogent quantum theory of measurement. 
Rather, from the earliest days this idea was introduced by postulation in the LSZ formula¬ 
tion (cf. Note 31 to Chapter 9), as well as in axiomatic quantum field theory (S treater and 
Wightman, 1964). 

On the other hand, in the GS approach microcausality is directly related to the mode 
of propagation, i.e., to the realistically posed question as to which stochastic paths are fol¬ 
lowed in GS propagation: are only those paths allowed which can be approximated by 
piecewise smooth curves, whose smooth segments are strictly causal in the classical sense, 
as in strongly causal GS propagation, or are certain types of noncausal smooth arcs also 
allowed, as is the case in weakly causal GS propagation? 

In developing a framework within which such questions can be meaningfully posed, 
the quantum geometry framework assigns total priority to geometric over variational prin¬ 
ciples. This is in contradistinction to Feynman's path-integral formulation of quantum 
propagation, which assigns the most prominent role to Lagrangians, and underplays the 
fact that each “sum-over-paths” is fundamentally a geometric concept, which can be formu¬ 
lated in a Lagrangian-independent manner. Hence, in the GS approach the entities of direct 
physical significance are the GS propagators themselves, which describe propagation be¬ 
tween base spacetime points along causally ordered 3-manifolds, rather than being the con¬ 
ventional “propagators” in momentum space representations, whose introduction is moti¬ 
vated by the computational expediency imposed by conventional “perturbation” theories. 

The ultimate question of choice between strongly and weakly causal GS propagation 
will have to be obviously answered by experiments based on properly formulated theoreti¬ 
cal predictions of measurable effects that can distinguish between these two modes of prop¬ 
agation. Such predictions will have to take advantage of the fundamentally nonperturbative 
formulation of GS propagation. Indeed, clearly specified error bounds would have to be 
computed at those base spacetime points where probability transition amplitudes for the two 
modes might be observationally distinguishable by means of present-day technology 41 . 

The fundamentally nonperturbative nature of GS propagation is a reflection of the fact 
that the quantum reality envisaged by the GS approach is based on quantum stochasticity. 
The manifestations of this kind of stochasticity are in their most essential aspects totally dif¬ 
ferent from those assumed in classical physics. This fundamental distinction emerges from 
the fact that in quantum GS formulations the concept of probability measure for quantum 
stochastic paths does not exist 42 . Hence, of necessity, GS propagation has to be formu¬ 
lated in terms of probability amplitudes over broken paths, with a subsequent specification 
of limits - the same type of limits as in Riemannian integration - rather than in terms of 
probability measures over stochastic paths that employ Lebesgue integration, as is the case 
in the theory of classical stochastic processes. 

These GS probability amplitudes are superimposed in a coherent manner, due to the 
intrinsic proper time kept by proper state vectors, represented by local coherent states, as 
they propagate along such paths. As discussed in Sec. 1.4, the process of observation cor- 


468 _ Chapter 12 

responds to decoherence, so that the “classical path” would be the most likely one to be 
“observed” in the sense that it might provide the best fit for the discrete set of base space- 
time locations where actual macroscopic registrations have taken place. On the other hand, a 
the existence of proper state vectors permits, by the application of the superposition princi¬ 
ple, the possibility of weak relativistic GS microcausality - a concept that makes absolutely . . 
no sense for point particles whose behavior is governed by classical diffusion processes. ' | 

The existence in the GS approach of proper state vectors also enables the formulation 
of new types of quantum models based on the adopted structures of quantum spacetime 
form factors - such as those briefly mentioned in Sec. 1.5. Thus, in the GS context the— 
problem of strong interactions can be approached from two very distinct angles: 1) with an 
external dynamics perspective in mind, which would lead to a GS counterpart of QCD, and •£: 
in which the fundamental quantum spacetime form factor ft in (5.5.5) would be the only 
quantum spacetime form factor, while the interactions between quantum fields creating and 
annihilating quarks would take place by means of the external exchange of gluons; 2) from 
an internal statics point of view, whereby new quantum spacetime form factors would be 
“shaped” either by the presence of a quantum metric operator (such as the one discussed in 
the preceding section, or by an internal “Hamiltonian” based on fundamental oscillator and 
rotator models - cf. Bohm et al„ 1988), or on account of having a ground exciton 
“trapped” in some internal geometry - such as in the de Sitter types of quantum geometries fj] < 
adopted in (Drechsler and PrugoveSki, 1991) and in (Drechsler, 1991). 

The latter type of approach based on “internal statics” has an essential bearing on the p j 
epistemological significance of the concept of congruence in physical geometries. As [ 
discussed in (Jammer, 1969), pp. 208-211, various conceptions of geometric congruence ;':|jl j 
were advanced in this century by Russell, Whitehead, Eddington, Bridgeman and others, p|, 
and their significance to the empirical role of metric in CGR was debated by Einstein, ■ 
Reichenbach and Robertson in (Einstein, 1949). The possibility of the existence of a || 
quantum metric operator that “shapes” the points of quantum spacetimes obviously opens : 
new possible perspectives on these “old” issues, by showing that the foundations of the Jj 
physical geometries used in the description of spacetime do not reside in any kind of geo- : 
chronometric conventionalism, such as that advocated by Reichenbach and Griinbaum, but ?||| 
rather in the intrinsic quantum features of spacetime. 

In general, it can be said that quantum geometries throw new light on some of the 
“old” problems, that were raised in earlier times in the context of classical geometries, and :• Vgj 
that at the same time they give rise to new physical concepts of a geometric nature, whose || 
very meaning would be nonexistent in their absence. 

The quantum geometry framework also opens new possibilities in the theory of ||| 
quantum measurement. In fact, as presented in Chapters 3-10, the GS approach has been 
in this respect quite conservative: the development of the GS theory of measurement was . : 

based on a very gradual and very careful extrapolation of the orthodox approach - so as to |||g; 
avoid any of the needless epistemological excesses encountered in some other non-ortho- | ; 
dox approaches to the quantum theory of measurement (DeWitt and Graham, 1973; Barrow _d 
and Tipler, 1986). Thus, as described in Chapter 3, at the measurement theoretical level the Sugg 
GS program began with the assumption that the existence of (previously unsuspected) f||j t 
Galilei and Poincare covariant and conserved probability currents, such as the ones in ;jg§; 
(3.5.1)-(3.5.9) and (3.5.13)—(3.5.15), respectively, were not due to sheer coincidence. Jf: 
The validity of this conjecture was reinforced by the striking similarity in external appear- I 
ance of those currents, and by the fact that the nonrelativistic ones merge in the sharp-point . 
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limit into the conventional ones in (3.5.7). As we have seen in Chapter 3, in the nonrela¬ 
tivistic regime, this assured the possibility of a gradual transition from the orthodox to the 
SQM theory of measurement; whereas, in the special relativistic regime it enabled the 
straightforward extrapolation of the basic formal aspects of the conventional theory, and the 
avoidance of the difficulties created in that theory by the absence of bona fide probability 
currents. In the presence of gravity, an interpretation that was still very close to the ortho¬ 
dox one was adopted in the semiclassical approximation, in which the gravitational field is 
treated only as an external field (cf. Sec. 5.5). 

The application of GS quantum gravity in Chapter 11 to quantum cosmology led, 
however, to the introduction of a “universal GS wave function”, which represents a GS 
counterpart of the “wave function of the universe” (Hartle and Hawking, 1983; Barrow and 
Tipler, 1986), since it is meant to describe all the matter and gauge fields in existence. This 
necessitated the consideration of very fundamental epistemological questions, traceable in 
the history of philosophy to the mind-body problem and to the question of free will (cf., 
e.g., Weyl, 1949). Historically, these questions have impinged upon the epistemology of 
quantum mechanics in the form of von Neumann's (1932, 1955) ’’psycho-physical paral¬ 
lelism”, and Wigner's (1962) subsequent analysis of the thesis that the “reduction of the 
wave packet” might take place in the mind of the “observer”. 

Whereas the empirical significance of such a thesis in ordinary quantum mechanics is 
very much open to debate, the general questions that it implicitly raises in cosmology are 
related to the issue of the freedom of the experimenter to locally change physical condi¬ 
tions, rather than act as merely a passive “observer”. Indeed, such measurement-producing 
actions can give rise to “reductions of the universal wave function” that would not have 
occurred otherwise. Hence, in any theory describing a single universe (as opposed to 
“scenarios” based on any form of “parallel universes” - cf. Barrow and Tipler, 1986), they 
give rise to profound questions concerning the nature of fundamental causality - namely of 
the forms of causality in the traditional philosophic sense (Weyl, 1949; Bunge, 1970), 
some of which predate by millennia the notions of microcausality and of Einstein causality, 
which we discussed earlier. 

Thus, as we saw in Chapter 11, the quantum geometry framework based on a GS 
conceptualization of quantum reality reverses Bohr's epistemic outlook, and asks us to en¬ 
visage how macroscopic phenomena appear from a microscopic point of view. In other 
words, it poses from a microscopic perspective the questions: What is an “observation”? 
What is an “apparatus” ? All of this provided, of course, that we grant as a basic method¬ 
ological feature that the latter must be, in some unambiguously prescribed sense, a macro¬ 
scopic object whose behavior can be approximately described in classical terms. 

In this type of GS conceptualization, any phrase providing the “probability of detec¬ 
tion of a GS exciton within a region B c M” is merely a short-hand for the descriptively 
more accurate, but cumbersome and tediously long phrase, asserting the provision of the 
“probability of a macroscopic manifestation, within a region B c M, of a given form of 
perturbation in a particular type of conglomeration of local state vectors, that constitute a 
GS wave function primarily localized in some vicinity of B”. Furthermore, any such pro¬ 
vision has to be supplemented by an unambiguous and detailed description of all the “well- 
defined experimental conditions specified by quantum physical concepts” under which such 
manifestations are to be observed. 

In paraphrasing, in this last stipulation, one of Bohr’s principal dictums (cf. Sec. 
12.1) by the simple expedient of replacing in the original text the term “classical” with the 
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term “quantum”, we wish to underline the fact that much of the essence of Bohr's philo¬ 
sophical outlook can, and must, be retained in the future developments of any quantum 
theory of measurement. It is only what might be termed “epistemological dead wood that 
has to be trimmed away, in order to arrive at a better understanding of the foundational 
issues whose study was initiated by the Copenhagen school, as well as by many of its 
outstanding contemporaries in the “opposing camp”. 


12.7. Summary and Conclusions 

As we have seen in the first section of this chapter, from the perspective of philosophy of 
science, the development of quantum theory during the first half of this cef 4ury was 
marked by the confrontation between classical realism and logical positivism. This con¬ 
frontation was personified by Einstein and Bohr, respectively - although neither of them 
fully and consistently embraced the philosophies they were supposed to represent. 

During the second half of this century the arena of such confrontations changed radi¬ 
cally. As we discussed in the second and third section, most of the basic issues which were 
the focus of attention in the historic confrontation between Bohr and Einstein became either 
irrelevant or largely forgotten soon after World War II, while a new philosophy took over, 
and has dominated, practically unchallenged, the world of quantum physics for the last four 
decades. That publicly unacknowledged, but in everyday practice of quantum physics all- 
pervasive, philosophy was identified by Popper (1976, 1982), as well as other authors, to| 
be a form of instrumentalism. This label was further qualified in this chapter a sconven- 
tionalistic instrumentalism, in order to descriptively incorporate and characterize by it also 
the new attitudes towards mathematical standards of truth and deductive validity that 
emerged in quantum physics during the first decade of the post-World War II era. _ 

Bohr, Dirac, Heisenberg, Pauli 43 , Popper and many others of the pre-World War II 
“older generation” of physicists and philosophers of science have reacted with distinct dis¬ 
approval towards the most prominent aspects and practices of this tacitly but widely ac¬ 
cepted philosophy of the new generation of physicists - especially towards its computa¬ 
tional opportunism, and its lack of commitment to the rational and objective mathematical 
and/or epistemological standards, which in previous eras represented the traditional hall¬ 
mark of the scientific outlook. In fact, disapproval became a general sounding of the alarm 
when Popper described the professional atmosphere created by the functionally uncondi¬ 
tional adoption of instrumentalism in contemporary quantum physics as “a major menace of; 
our time”, and when he stated that “to combat it is the duty of every thinker who cares for 

the traditions of our civilization”. . , 

This concern is understandable: the loss of dedication to a fundamental notion of truth 
in science - namely truth which stands above any of the temporary fashions reflected in 
whatever “conventional wisdom” might prevail in a given era in the history of mankind - 
is a very serious matter to anybody who believes that basic science is one of the very last 
bastions of rationality and integrity in contemporary civilization. Indeed, in similar caution¬ 
ary words aimed at instrumentalism in general, Bertrand Russell pointed out that “die intox¬ 
ication of power [reflected by the advocacy of an instrumentalist notion of ‘truth’], which 
invaded philosophy with Fichte, and to which modern men, whether philosophers or not, 
are prone ... is the greatest danger of our time, and any philosophy which, however unin¬ 
tentionally, contributes to it is increasing the danger of vast social disaster” (Russell, 1945, 
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p. 1828). Hence, one does not have to subscribe to all, or even to some, of the tenets of 
Popper's form of realism in order to share his misgivings about the uncontested prevalence 
of an instrumentalist attitude in contemporary quantum physics. 

The reasons for this practically unchallenged dominance of instrumentalistic philoso¬ 
phy in quantum physics cannot be attributed to either its use of carefully and rigorously rea¬ 
soned arguments, or to the revelation of some deeper and previously unsuspected funda¬ 
mental truths. The development of the 5-matrix program, which enjoyed overwhelming 
popularity in the 1960s, only to fall out of favor in the 1970s, provides a good illustration: 

“The dispersion-theory and 5-matrix theory programs of the late 1950s and early 
1960s had great appeal initially because they worked (i.e., they successfully related many 
directly measurable experimental quantities to each other). Of course, some of this success 
was ‘arranged’ (or greatly aided) since needed results (such as dispersion relations for 
massive particles and for nonforward directions, Regge asymptotic behavior, etc.) were as¬ 
sumed long before they could be proved (and many never were). ... These programs were 
characterized by a desire to ‘get on with things’, to ‘do something’. Cini (1980) and 
Pickering (1989a) have stressed the pragmatic aspect of these approaches and Schweber 
(1989) has suggested that this was a hallmark of much of theoretical physics after the 
Second World War (as contrasted with the period before the War).” (Cushing, 1990, p. 
214). 

Thus, the trademark of conventionalistic instrumentalism was, and in a large measure 
still is, computational facility based on formal manipulations that disregard deeper physical, 
mathematical or epistemological questions 44 . Since its basic appeal is not to critical facul¬ 
ties, or to a sense of mathematical beauty, or to the desire to truly understand the workings 
of Nature, the reasons for its dominance must be primarily* 5 sociological. Indeed, a prag¬ 
matism reflecting primarily the desire to “get on with things”, even at the price of ignoring 
foundational issues, would not have surfaced to such an overwhelming degree in a science 
based on a quantum theory founded by individuals, such as Bohr, Bom, Heisenberg, Pauli 
and Schrodinger 46 , with a deep concern with fundamental philosophical issues, were it not 
for a specific type of change in the social climate brought about in science, as well as in 
other spheres of human activity, by the Second World War 47 . Clearly, this social change 
has shaped a new generation of quantum physicists with a strong predisposition to 
conform, and “to follow the very latest fashion”. This was reinforced to a considerable 
extent by a tight control of institutional powers 48 , and by the exercise of those powers to 
shape mental attitudes and professional opinions, in a manner which systematically 
rewarded conformity and discouraged critical appraisals of the status quo. 

Some sociologists of science have documented these features in their studies of the 
“big science” that emerged after the Second World War 49 . However, since this sociological 
phenomenon lies outside the scope of the present monograph, it was pursued in the present 
chapter only in the context of specific instances, which dealt with the history and 
development of the pertinent ideas in. quantum theory. Readers interested in it at a general 
level are referred to the work of Mitroff (1974), Pickering (1984), Savan (1988), and other 
sociologists of science cited in Sec. 12.3, who have written and published on this subject. 

On the other hand, there are various publications which try to rationalize the reasons 
i and origins of the domination exercised by conventionalistic instrumentalism on contempo¬ 
rary quantum theory by presenting them as the natural outgrowth of the philosophy of the 
Copenhagen school. We hope that the brief historical survey in this chapter has convinced 
the reader that, although the Copenhagen school may have unwittingly created a fertile soil 
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for the seeds of such ideas, the post-World War II conventionalistic instrumentalism is not 
in the least its brainchild - as witnessed by the publicly stated opposition 50 of Dirac and 
Heisenberg, as well as others (cf. the quotation at the end of Sec. 12.2), to some of its 
practices, since its inception in the second half of the 1940s. 

Of course, some instrumentalists might argue that Bohr was on their side throughout 
his life. However, as pointed out in the most recent expository analysis of Niels Bohr's 
philosophy of physics, “it would be quite wrong to describe Bohr as a weak instrumental¬ 
ist, because for the latter the truth, as distinct from empirical adequacy, of a physical theory 
is of no concern whatever.” (Murdoch, 1989, p. 222). Another recent analyst of Bohr’s -4 
philosophical ideas has, independently, arrived at the same conclusion: “As there are vari¬ 
ous forms of realism, so there are different forms of anti-realism. The dominant one during 
Bohr’s career was that of ‘instrumentalism’, the view that theoretical terms serve only as 
constructs enabling correct inferences to predictions concerning phenomena observed in 
specified circumstances. Many defenders of anti-realism also hold the view of ‘phenome¬ 
nalism’, the assertion that the only reality of which we can form an idea with any content is 
that of phenomena, and that therefore statements about a reality behind phenomena are 
meaningless. Both of these views have been imputed to Bohr quite incorrectly ’ (Folse, 
1985, p. 195) - emphasis added. Indeed, some key correspondence between Bohr and 
Born is reproduced in (Folse, 1985), p. 248, which conclusively demonstrates that both 
these great physicists and founders of quantum mechanics were very decidedly opposed to 
the “instrumentalist standpoint”. 

There also are hundreds of publications, ranging from textbooks to popularizations of 
quantum theory in general, which are aimed at convincing their readers that giant strides 
were made by post-world War II physics not only in the realm of technology (which is 
indisputable), but also in the realm of fundamental ideas in quantum physics. Explicitly or 
implicitly, these publications ascribe all those purported successes to the conventionalistic 
outlook. The fact is, however, that if one leaves aside various extreme ideas in quantum 
cosmology 51 , then Schwinger's 1958 assessment of post-World War II developments in 
relativistic quantum physics can be, by and large, extrapolated to the present time 52 : at a 
fundamental level all post-World War II developments “have been largely dominated by 
questions of formalism and technique, and do not contain any fundamental improvement in 
the physical foundations of the theory” (Schwinger, 1958, p. xv). 

As discussed in Secs. 9.6 and 12.2, other physicists and historians of science, who 
took a careful look at those developments, have arrived at similar conclusions 53 . In particu¬ 
lar, Dirac believed that the type of renormalization theory that became fashionable soon 
after the end of World War II represents “a drastic departure from logic. It changes the 
whole character of the theory, from logical deduction to a mere setting up of working 
rules.” (Dirac, 1965, p. 685). 

Thus, from an informed and purely rational point of view, the case in favor of i 
adopting conventionalistic instrumentalism as a valid and fruitful philosophy for quantum 
theory rests exclusively with its systematically and widely advertised successes in the pro¬ 
duction of numerical predictions, which are purportedly in good to excellent agreement 
with the experiment results. When this claim is assessed, it should be recalled, however, 
that instead of deeming them as clear-cut confirmations of the advocated theories, Dirac 
suggested 54 that even the agreements between the numerically most successful of models in 
quantum field theory (namely conventional QED) with the experimental results might be 
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due to coincidence, and backed this observation with similar previous occurrences that took 
place in Bohr's semiclassical quantum theory of the 1910s. 

Indeed, when the theoretical manipulations are based on simply “discarding” unde¬ 
sired terms, and on “asymptotic” series in which the summation is carried out only as far as 
it is necessary for “agreement with observation”, the possibility of repeated occurrences of 
“coincidences” is not that easy to rule out. Furthermore, as discussed and documented in 
Sec. 9.6, as well as in this chapter, the analysis of the raw experimental data is prone to 
various types of systematic errors, whose likelihood increases dramatically once a strong 
predisposition exists to confirm a highly acclaimed theory (cf. Sec. 12.3, as well as Note 
6). Healthy skepticism is therefore called for until the theoretical underpinnings of present- 
day fashionable theoretical models in high-energy physics are considerably strengthened, 
and the basic mathematical standards are fundamentally improved. It is only when all such 
theories become founded on sound mathematics - namely mathematics based on well- 
established canons of logical deduction, rather than on the “mere setting up of working 
rules” - that those believing in the rationality of science can attain the confidence that such 
theories provide a reliable account of quantum reality. And even for those who do not be¬ 
lieve that there is a quantum reality, but that quantum theories are mere “ instruments , which 
enable us, on the basis of the observed facts, to predict either with certainty or probabilisti¬ 
cally the results of observations” (d'Espagnat, 1989, p. 27), such mathematical legitimacy 
can still provide the needed assurance of anthropic objectivity and reliability. 

The present quantum geometry framework has been formulated during the span of 
many years, with the above type of healthy skepticism in mind, but with the otherwise con¬ 
structive and progressive type of attitude that is suggested by the quotation of Bertrand 
Russell heading this chapter. Thus, as opposed to other types of stochastic approaches to 
quantum theory (cf. Note 2 to Chapter 1), it was never the intention of the GS program to 
try to turn back the clock of history, and impose in quantum theory values derived from 
some kind of “physical realism” (Bunge, 1967; d'Espagnat, 1989) with its roots in classi¬ 
cal physics. Rather, the challenge met was to try to understand the numerical successes of 
post-War War II relativistic quantum theory by developing mathematically sound methods, 
that would enable “successive approximations to the truth, [and] in which each new stage 
results from an improvement, not a rejection, of what has gone before”. On the other hand, 
another one of the principal aims of the program that eventually matured into the framework 
presented in this monograph, was to systematically reapply to quantum physics the 
traditional 55 pre-World War II criteria of “scientific truthfulness” (Russell, 1948), rather 
than to rely exclusively on instrumentalist criteria based on “conventional wisdom” and on 
“general consensus”, that have become entrenched in the conventional relativistic quantum 
mechanics and quantum field theory of the post-World War II era. 

In order to have any chance at achieving such a goal, it became mandatory to dig deep 
into the foundations of relativity and quantum theory in general, and to appeal not only to 
physical insights and intuition, but also to a wide range of ideas and techniques of contem¬ 
porary mathematics, as well as to carefully formulated epistemological studies of those 
foundations. The central conclusions reached in this manner, and which pertain primarily to 
foundations, were discussed in Secs. 12.4-12.6. Those sections also contain, sometimes 
in an explicit form, but mostly implicitly, the main tenets of a quantum realism which is 
distinct from both classical realism as well as from logical positivism, and yet incorporates 
key epistemological ideas from both these very fundamental philosophies of the twentieth 
century. Naturally, the acceptance of a philosophy that envisages a quantum reality which 
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exists independently of whether we “observe” it or not, is not necessary for the understand¬ 
ing and application of the present quantum geometry framework any more than the com¬ 
prehension and adoption of the philosophy of the Copenhagen school is necessary for ac¬ 
quiring a working knowledge of nonrelativistic quantum mechanics. However, as Heisen¬ 
berg has emphasized in his last (1976) paper, in the long run, philosophical assumptions 
can play a decisive role in the formation and development of physical theories. 

During the course of most of the post-World War II developments in relativistic 
quantum physics, concentrating one’s attention on anything but the conventional formalism 
of quantum field theory has been very unfashionable, not only amongst theoretical physi¬ 
cists, but also in the dominant mathematical physics circles. Fortunately, the last decade has 
witnessed, at least amongst certain types of theoretical physicists and mathematicians, a 
growth of interest in deeper mathematical questions, that call for the development of ad¬ 
vanced nonperturbative mathematical tools in relativistic quantum theory. It has also wit¬ 
nessed, amongst a relatively small number of yet another type of physicist, a gradual re¬ 
vival of professional concern with the deeper epistemological questions pertaining to the 
foundations of relativity and quantum physics. As a result: “Physics finds itself in recent 
years in an exciting and revolutionary phase of development: after a long intermission - and 
despite practical successes - critical questions about the proper foundations are being 
asked, and far-reaching attempts are being made to gain a deeper understanding of the 
whole structure of the theory of our time.” (Bleuler, 1991, p. 304). 

It is hoped that the epistemological ideas and mathematical techniques expounded in 
the present monograph will contribute to the future merging of the above mentioned two 
very healthy trends in contemporary relativistic quantum theory, and to their joint subse¬ 
quent development. 


Notes to Chapter 12 

1 As related by Heisenberg in a 1968 talk delivered at ICTP in Trieste, during the early stages in the de¬ 
velopment of quantum mechanics, he himself thought that the most important philosophical idea was 
that of “introducing only observable quantities”. Then Heisenberg went on to say: “But when I had to 
give a talk about quantum mechanics in Berlin in 1926, Einstein listened to the talk and corrected this 
view.... He said 'whether you can observe a thing or not depends on the theory which you use. It is the 
theory which decides what can be observed’. His argument was like this: ‘Observation means that we 
construct some connection between a phenomenon and our realization of the phenomenon. There is 
something happening in the atom, the light is emitted, the light hits the photographic plate, we see the 
photographic plate and so on and so on. In the whole course of events between the atom and your eye 
and your consciousness you must assume that everything works as in the old physics. If you change the 
theory concerning this sequence of events then the course of observation would be altered’.... Einstein 
had pointed out to me that it is really dangerous that one should only speak about observable quantities. 
Every reasonable theory will, besides all things which one can observe directly, also give the possibility 
of observing things more indirectly.... I should also add that when one has invented a new scheme 
which concerns observable quantities, the decisive question is: which of the old concepts can you really 
abandon?” (cf. Salam, 1990, pp. 98-101). 

2 As will be discussed in Sec. 12.3, this reversal was basically unrelated to any deeper epistemological 
considerations - as is illustrated most dramatically by the rapidly changing “fashions” in the elementary 
particle physics of the post-World War II era. Thus, the reasons for this rather dramatic change in basic 
attitudes were purely social and sociological, and closely related to the global aftereffects of World War 
II, whereby the focus of advanced research in basic science was shifted to societies in which pragmatic 
and instrumentalist attitudes towards science were already generally entrenched (cf. Note 12). 
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3 The text of this talk (cf. Note 36 to Chapter 7) has been reprinted in (Salam, 1990), pp. 125-143, and 
the present quote (to which italics have been added for emphasis) can be found on pp. 137-138. 

4 An amusing and yet enlightening anecdote that illustrates Feynman’s reaction to Dirac's verdict on 
renormalization theory is reported by A. D. Krisch (1987). It ends with the following observation: 
“What I concluded from this incident was that either Feynman shared Dirac’s concerns [that an inelegant 
theory, such as QED, could not possibly be correct] or that there may be levels in the Theoretical 
'pecking order’ that are not easily observable to an experimenter.” (Krisch, 1987, p. 50). 

5 Most of the sections in this chapter provide, primarily in the form of additional notes, an elaboration 
and further documentation of those previously presented in an article entitled “Realism, Positivism, 
Instrumentalism and Quantum Geometry”, due to appear in an issue of Foundations of Physics dedicated 
to the ninetieth birthday of K. R. Popper. Much of this documentation is in the form of quotations from 
historical and sociological studies. In particular, pertinent quotations are provided from a recent scientific 
biography of Dirac by H. S. Kragh (1990), from a sociological study of theory selection in contempo¬ 
rary physics by J. T. Cushing (1990), and from a historical study of developments in particle physics in 
the 1950s by S. S. Schweber (1989). We would like to thank Cambridge University Press, which holds 
the exclusive copyrights to these publications, for the permission to extensively quote from them. 

6 The somewhat shaky experimental status of CGR might have been a contributing factor, as witnessed 
by the following observations: “Before [Eddington’s famous account of the eclipse observations in] 1919 
no one claimed to have obtained spectral shifts of the [by CGR] required size; but within one year of the 
announcement of the eclipse results several researchers reported finding the Einstein effect. The red-shift 
was confirmed because reputable people agreed to throw out a good part of their observations [emphasis 
added]. They did so in part because they believed in the theory; and they believed in the theory, again at 
least in part, because they believed that the British eclipse expeditions had confirmed it. Now the eclipse 
expeditions confirmed the theory only if part of the observations were thrown out and the discrepancies 
in the remainder ignored; Dyson and Eddington, who presented the results to the scientific world, threw 
out a good part of the data and ignored the discrepancies.” (Earman and Glymour, 1980, p. 85). Indeed, 
from the 1920s to the present time, a great many observations, as well as disputes over the validity of a 
number of experimental results that were originally claimed to support Einstein's CGR and its basic 
principles, seemed at times to almost invalidate it. It was only in the summary of the 1989 General 
Relativity and Gravitation conference that it could be finally stated with confidence that: “In view of the 
now quite manifold and accurate empirical evidence it seems, then, that there is no reason, at least in the 
macro-domain, to look for an alternative to Einstein's theory.” (Ehlers, 1990, p. 493). 

7 In fact, a recent analyst of Bohr’s philosophy of physics has arrived at the following conclusions: “Thus 
Bohr was indeed a foe of the realistic understanding of particle and wave as viewed from within the 
classical framework. He was, in other words, against the realism that Einstein seemingly wanted to 
defend, what might be called ‘classical realism’. However, to conclude from this fact that he embraced an 
anti-realist understanding of science would require to assume that there is no other interpretation of 
science other than that which operates from the viewpoint of the classical framework. ... The reason for 
the common misreading of Bohr as an anti-realist lies not only in his attack against classical realism but 
also in his lack of any criticism of such an interpretation in quantum physics. But Bohr never attacked 
anti-realism not because he embraced this view but simply because he considered it foreign to the basic 
presuppositions of natural philosophy. ... He took it as empirically demonstrated that atomic systems 
were real objects which it is the goal of acceptable atomic theory to describe. At least as Bohr under¬ 
stood it, the debate was joined over the nature of the framework within which the description of such ob¬ 
jects is to be understood.” (Folse, 1985, p. 22). 

8 Naturally, Bohr was aware of this fact, but chose to underestimate its significance. Thus, according to 
Petersen (1985, p. 305), Bohr once said jokingly: “Of course, it may be that when, in a thousand years, 
the electronic computers begin to talk, they will speak a language completely different from ours and 
lock us in asylums because they cannot communicate with us.” In the same spirit, it should be noted 
that instead of a thousand years, computers have started to “talk” less than fifty years after this statement 
might have been made, so that Bohr was wrong on that count; hopefully, he will also turn out to have 
been wrong on the rest of his prediction! 

9 For example, an expert on the complementarity principle has the following to say about this topic: "In 
spite of [the] dominance [of the complementarity principle] during this period of the awesome growth of 
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atomic physics, the 'textbook' presentations of complementarity which introduced most physics students 
to Bohr's views hardly could be considered to do the subject justice.” (Folse, 1985, p. 27). 

10 Because of the extensive use in this context of the term 'regularization’, it might be thought that these 
procedures can be made mathematically legitimate by the use of the theory of distributions (Schwartz, 
1945) and of generalized functions (Gel'fand et al. , 1964-68). However, a distribution or generalized 
function is a continuous linear functional, so that die theory of distributions cannot handle nonlinear 
expressions, which are characteristic of interacting fields. This is precisely the difficulty encountered by 
the constructive quantum field theory program, whose ad hoc methods of trying to by-pass the need for 
defining directly the nonlinear terms in interactions of quantum fields represented by operator-valued 
distributions have eventually led to the conclusion that the interactions of primary interest in physics-^ 
lead to trivial quantum field theories - cf. (Glimm and Jaffe, 1987), p. 120. 

11 As opposed to a convergent series, whose partial sums approach in the limit well-defined values in its 
domain of convergence (so that they can be used to define a function in that domain as equal to the sum 
of that series), that is not the case for an asymptotic series. Consequently, in rigorous mathematics, an 
asymptotic series is always a series for an analytic function/(z), which has to be defined independently 
of that series. Indeed, in general, for a given value of z, the partial sums s„(z) of such a series approach 
with increasing n the value of/(z) up to a given optimum distance, reached for some n 0 (z), but then they 
get to be further and further away from /(z) as n becomes larger and larger. Borel summability can be 
used to reconstruct a function from a divergent power series (Hardy, 1949; Sokai, 1980), but the pre¬ 
conditions for its applicability are not satisfied in QED. 

12 According to Dyson, who was one of the principal contributors of the very first of those fashions, 
namely renormalization theory, this is a general and necessary phenomenon in science. He says of his 
own experience; “When I first came [to the Institute of Advanced Studies in Princeton] as a visiting 
member 34 years ago, the ruling mandarin was Robert Oppenheimer. Oppenheimer decided which areas 
of physics were worth pursuing. His tastes always coincided with the most recent fashions. Being then 
young and ambitious, I came to him with a quick piece of work dealing with a fashionable problem and 
was duly awarded with a permanent appointment.... Iam now, after 30 years, one of the mandarins. I 
try in a vague and feeble way to encourage young physicists to work outside the fashionable areas,... 
[but] the young people are compelled today to follow fashion by forces stronger than wording of 
contracts and the authority of mandarins.” (Dyson, 1983, p. 48). On a more general level, he states: “It 
has always been true, and it is true now more than ever, that the path of wisdom for a young scientist of 
mediocre talent is to follow the prevailing fashion.... To find and keep a job you have to be competent 
in an area of science which the mandarins who control the job market find interesting. ... Anybody 
doing fundamental work in mathematical physics is almost certain to be unfashionable.” (ibid., pp. 47 
and 53). However, while these assessments are most certainly very accurate for the post-World War II 
era, their degree of accuracy diminishes very rapidly when we look at the past history of science. The 
main work of most outstanding mathematicians and physicists in the preceding two centuries (e.g., 
Euler, Laplace, Lagrange, Gauss, Maxwell, etc.) was in mathematical physics, and yet they enjoyed 
status and recognition in their own times, whereas that would not be the case in the post-World War II 
era - cf. also (Popper, 1982a), as well as the next note. 

13 Cf. Note 5 as well as the introductory paragraphs to this chapter. Another interesting example is 
provided by the developments in cosmology in the late 1920s, when “it was taken for granted that the 
universe must be static - despite data being available that would shortly be taken to prove the contrary 
[emphasis added], with at least three published papers proposing the idea of an expanding universe” 
(Ellis, 1989, p. 379). More recent examples, related to the theory of parity violations as well as to 
electroweak interactions, are extensively documented by Franklin (1986, 1990). The philosophy behind 
the development of the 5-matrix program, which enjoyed overwhelming popularity in the 1960s, has 
been recently analyzed by Cushing (1990). 

The most significant influence on the developments of post-World War II physics was the shift of cen¬ 
tral focus from Europe to North-America, and the concurrent entrance into the era of “big science”. As 
Bertrand Russell pointed out as early as 1945, “it is natural that the strongest appeal of [John Dewey] 
should be to Americans [since all men's views] are influenced by [their] social environment.” It is 
therefore not surprising that, as documented by many studies in the sociology of science, such as those 
by Mitroff (1974) and Savan (1988), one of the corollaries of shift development was, on one hand, the 
introduction of Madison Avenue techniques in the promotion of scientific ideas, and, on the other hand, 


Historical and Epistemological Perspectives 


All 


of the elimination of ideas that challenged whatever fashionable orthodoxy the “mandarins” (cf. Note 10) 
chose to enforce at a given time. This was achieved not by means of public debates, as in the pre-World 
War II era, but rather by the tight control exerted by the North American scientific establishment over 
the publication and dissemination of scientific ideas. “I can’t find any fundamental difference between the 
scientific method and the procedures for making progress in business and the arts” says one of the North 
American physicists interviewed by Mitroff (1974, p. 65). As a natural consequence, the “selling of 
ideas” (Polkinghome, 1985) became a generally accepted practice in much of theoretical and mathemati¬ 
cal physics: “Some [people] are very successful in pure science but it really isn't pure; nobody is pure. 
... People want to sell their point of view, beat down the other guy because it means more glory, more 
ego satisfaction, more money” says another of the physicists interviewed by Mitroff (1974, p. 70). 

15 Cf. (Kragh, 1990), p. 278. On the other hand, there is no doubt that as far as mathematical rigor is con¬ 
cerned, Dirac's standards were rather lax, as witnessed by the critical remarks of Birkhoff that are cited in 
(Kragh, 1990), pp. 279-280. However, traditionally the standards of mathematical argumentation and 
proof used in physics, even in the pre-instrumentalist era, were not as demanding as those in pure math¬ 
ematics - and Dirac was certainly no exception to that rule. Hence, he insisted only on mathematically 
sound arguments, by which he obviously meant arguments in which not all details are carefully spelled 
out (as is, in fact, the case with many arguments in this monograph, as well as in [P], as opposed to 
those in [PQ]); or even arguments in which the entire deductive approach requires modification in order 
to produce a rigorous version, but which are at least capable of such modifications. Such mathematical 
“soundness”, rather than rigor, was exhibited by many of Dirac’s own mathematical concepts and argu¬ 
ments, which eventually received a mathematically rigorous treatment - the theory of distributions of 
Schwartz (1945), that emerged from Dirac’s introduction and use of the ^-“function”, being the best 
known example. In contradistinction, in conventional renormalization theory the Feynman rules reflect 
only a physical heuristics whose end products (namely the “perturbation series” for various processes in 
QED and in other conventional quantum field theoretical models) are not capable of receiving mathemat¬ 
ically rigorous justification - as was pointed out in Sec. 9.6. In fact, an acknowledgedly asymptotic 
series cannot serve as the basis for any kind of reliable computation, in the absence of an independent 
proof of existence of the function whose expansion it is supposed to represent, capable of producing in¬ 
dependent estimates for the values of that function. For example, “Dyson estimates in quantum electro¬ 
dynamics the terms of the [perturbation] series will decrease to a minimum and then increase again 
without limit” ([SI], p. 644). However, how does one know that, first of all, the 5-matrix exists in 
QED (according to Glimm and Jaffe (1987), it probably exists, but it is trivial!); and second, even if an 
independent existence proof is produced, how does one estimate how far a “perturbative” partial sum for 
a given process is from the actual total 5-malrix theoretical prediction for that same process? 

Cf. (Russell, 1945), p. 816. With characteristic wit, Russell also writes: “With James's definition [of 
truth], it might happen that ‘A exists’ is true although in fact A does not exist. I have found always that 
the hypothesis of Santa Claus ‘works satisfactorily in the widest sense of the word’; therefore 'Santa 
Claus exists 1 is true, although Santa Claus does not exist.” (Russell, 1945, pp. 817-818). On a more 
serious note, the following is a common reaction amongst those philosophers who are critical of the 
instrumentalist criteria for truth in everyday life, as well as in mathematics, science and philosophy: “To 
say that the truth of a belief or judgement depends on its practical consequences was to debase truth to 
considerations of personal profit or to other mercenary aims, while the attempt to enlarge the scope of 
the practical so as to include the abstract results of mathematical analysis or theoretical conclusions in 
pure physics was to deprive the word , practice, of any distinctive meaning.” (Mackay, 1961, p. 393). On 
a loftier plane, a systematic case against instrumentalism in science is made in (Popper, 1983), pp. 111- 
131, where the positions of some other well-known philosophers with instrumentalist leanings are 
analyzed and criticized. 

One might be prepared to believe that modem scientists are immune to the effects of such “intoxication 
of power”, even if they subscribe, either explicitly and openly, or only in the manner in which they 
conduct their professional activities, to instrumentalist doctrines. A few nagging doubts might surface, 
however, in one's mind as one reads some of the over-confident claims following the emergence in the 
1980s of superstring theory as the “Theory of Everything" - claims totally opposite in spirit to the hu¬ 
mility exhibited by Newton, Einstein, Dirac and many other truly great physicists, as they contemplated 
the limitations of their own theories, when confronted with the mysteries of Nature. For example, quo¬ 
tations in Note 24 to Chapter 11 might be compared with the following prophetic quotation from the ar¬ 
ticle “The Evolution of die Physicist's Picture of Nature” by P.A.M. Dirac: “There are a good many 
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problems left over concerning particles other than those that come into electrodynamics:... how to in¬ 
troduce the fundamental length to physics in some natural way, how to explain the ratio of masses of 
the elementary particles and how to explain their other properties. I believe that separate ideas will be 
needed to solve these distinct problems and that they will be solved one at a time through successive 
stages in the future evolution of physics. At this point 1 find myself in disagreement with most physi¬ 
cists. They are inclined to think one master idea will be discovered that will solve all these problems to¬ 
gether.” (Dirac, 1963, p. 50). 

18 The reader who desires illustrations of such an “anti-rationalist atmosphere which has become a major 
menace of our time" can easily find many examples even amongst the references cited in this mono¬ 
graph. Unfortunately for the future of some areas of quantum physics, this “menace of our time repre¬ 
sented by the practice and imposition of unadulterated instrumentalism is not only figurative, hut a very 
real threat to all researchers who oppose this trend. Indeed, after taking control of funding agencies in 
many countries that are in the foreground of pure research (cf., e.g., Note 47), instrumentalists have in 
some instances prevailed on the bureaucracies in those agencies to support their own research at the ex¬ 
pense of research dedicated to traditional values in science. As a rule, the argument offered is that tradi¬ 
tionally-oriented research, based on goals and values that used to be the hallmark of all basic research in 
the pre-instrumentalist era, is no longer “in the mainstream”. It is largely due to such practices that con¬ 
temporary instrumentalists have succeeded to eliminate in almost all areas of theoretical and mathemati¬ 
cal physics the very last traces of significant opposition to their doctrines, which set belonging to the 
mainstream” and “following the general consensus” ahead of the search for actual truth, and a deeper un¬ 
derstanding of Nature. Of course, by the systematic use of such means of “persuasion”, the assertion that 
“truth is the opinion which is fated to be ultimately agreed to by all who investigate” regrettably be¬ 
comes mere self-fulfilling and self-serving prophecy. And, unfortunately, by rewarding conformity, such 
professional practices thwart initiative and stultify the spirit of free inquiry in science. 

19 Admittedly, it cannot be said that everything is satisfactory in the world of contemporary mathematics 
for those in search of objective truth, rather than solutions to fashionable problems. A trend decreeing, 
under the banner of “mathematics for mathematics' sake”, that the ultimate arbiter of what is valuable in 
mathematics lies exclusively in the opinion of “leading mathematicians”, rather than in its potential of 
solving problems of the real world around us, had emerged and became dominant in this century soon 
after the confrontation between Hilbert and Brouwer in the late 1920's. As most mathematicians uncriti¬ 
cally sided with Hilbert (van Dalen, 1990), the aftermath practically destroyed the intuitionistic school, 
and set the cause of constructivism in mathematics back by decades - albeit such a great mathematician 
as H. Weyl, generally deemed to be the successor of Hilbert in both depth and stature, remained predis¬ 
posed to the intuitionistic as well as the applied point of view (“Mathematics with Brouwer gains its 
highest intuitive clarity.... [I]t is the function of mathematics to be at the service of the natural scien¬ 
ces.” - cf. Weyl, 1949, pp. 54 and 61). This unfortunate state of affairs was compounded by the difficul¬ 
ties which Hilbert’s ambitious program (Weyl, 1949; Reid, 1986), aimed at establishing the consistency 
of all the major areas of mathematics, encountered after the discovery of Godel's (1931) incompleteness 
theorem - cf. (Kline, 1980), pp. 260-264. On the other hand, in contemporary mathematics the pursuit 
of fashions is considerably more subdued than in quantum physics in general, and in elementary particle 
physics in particular. Furthermore, although even such a fundamental question as the consistency of 
arithmetic remains unresolved, at least as long as that consistency is accepted together with the law of 
excluded middle, an objective state of affairs prevails with regard to the criteria for mathematical truth. 
Hence, although what is at present deemed to be “deep” mathematics is very much a function of fashions 
dictated by the prevailing circles of “mandarins” (cf. Notes 10, 16, 18, 20 and 22), at least what is 
deemed to be valid and valuable mathematics is not exclusively a function of their pronouncements. 

20 The well-documented (Kline, 1980) isolation of modem pure mathematics from all applications was 
most definitely a contributing factor to this counterproductive breakdown. Courant is cited to have re¬ 
marked as early as 1927: “The predominant characteristic of American mathematicians seemed to be a 
tendency to favor abstract and the so-called areas of pure mathematics.... Applied mathematics was 
treated as a stepchild in America.” (Reid, 1986, p. 382). With the post-World War II shift of f<xus in 
mainstream research from Europe to North America, this fact no doubt became one of the major factors 
that enlarged the chasm which emerged between the physics and mathematics communities during the 
second half of this century - a chasm which has begun to be bridged to a significant degree only m the 
course of the last decade. 
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21 Indeed, all physical theories, from Newtonian mechanics onwards, were developed by individuals who 
either simultaneously introduced the required mathematical tools at a level commensurate with the 
prevailing mathematical standards of their generation, or worked in close contact and collaboration with 
competent mathematicians, who helped steer them away from deductive mathematical errors that might 
have affected the physical content and predictions of their theories. In recent history, the best example is 
the 1913-1915 period in the development of general relativity by Einstein (Norton, 1989). That period 
started with Einstein’s collaboration with his mathematician-friend M. Grossmann, and culminated in 
the triumphant final version of classical general relativity systematically presented by Einstein in 1916. 
The painstaking historical research by Norton (1987, 1989), Stachel (1980, 1989), and others, vividly 
illustrates how Einstein’s superb physical intuition for once led him astray, so that in his Entwurf 
paper (Einstein and Grossmann, 1913) he discarded, on the basis of physical misconceptions, the 
requirement of general covariance. Then, for two full years he expressed in public as well as in private 
satisfaction with non-generally covariant equations - cf. (Cattanin and De Maria, 1989), p. 179. The 
constructive criticism and suggestions of such outstanding mathematicians as Hilbert and Levi-Civita 
emerges as a major, and perhaps even as the decisive factor (cf. Cattanin and De Maria, 1989, p. 185), 
which eventually enabled Einstein to publicly present to the Berlin Academy the correct field equations, 
in their final form (2.7.3), on November 25, 1915 - namely five days after, unbeknownst to him, 
Hilbert had already presented the same equations to the Gottingen Academy (Norton, 1989, p. 150). 

22 Some of the examples which we shall provide in this chapter lead to straight contradictions,^ so that they 
would be unacceptable even to those mathematicians who accept the following evaluation: ‘There is no 
rigorous definition of rigor. A proof is accepted if it obtains the endorsement of the leading specialists of 
the time or employs the principles that are fashionable at the moment. But no standard is universally ac¬ 
cepted today.” (Kline, 1980, p. 315). In this context, it should be noted that in this monograph the term 
“mathematically rigorous” is used as a short version for “mathematically acceptable by generally agreed 
upon contemporary standards in the mainstream areas of mathematics”. The present author is highly 
sympathetic to the constructivist school in mathematics, and hopes that one day it will prevail and sup¬ 
ply constructive proofs for all theorems of relevance in applications - but that day seems to be still far 
off in the future. For the present, however, existence proofs relying on the law of the excluded middle 
are certainly preferable to no proofs at all, and to the blind application of “working rules’ for arriving at 
“theoretical results in agreement with experiments” (cf. Note 6 on this last score). 

23 Cf. (Savan, 1988) for a general analysis and documentation of this phenomenon in modem science. As 
for the situation in high-energy physics specifically, S. S. Schweber asks the following pertinent ques¬ 
tions, and then provides some answers: “Did the involvement of many of the leading American high-en¬ 
ergy theorists in defense matters reinforce a particular kind of theoretical orientation - pragmatic, phe¬ 
nomenological, with ‘S matrix theory’ as its most impressive statement - to the exclusion of others? 
Did it affect developments in theoretical high-energy physics? I would suggest that the fragmentation of 
interests by these leading theorists, stemming from their consulting and their involvement in defense 
matters, hindered — and to a certain extent prevented - their maintaining a sustained effort on fundamen¬ 
tal theory. Also, in their capacity as reviewers of research proposals, and by virtue of their dominance in 
the funding process, they tended to reinforce their dominant view.” (Schweber, 1989), p. 681. 

24 Naturally, a number of textbooks aimed at would-be “mathematical physicists” eventually made their 
appearance — of which the original 1971 edition of [PQ] represented perhaps the first attempt at 
rederiving all the major results presented in a typical “mainstream” textbook on nonrelativistic quantum 
mechanics in a mathematically acceptable manner. Unfortunately, although by the 1980s a score of very 
good textbooks and monographs published by various mathematical physicists made it easy for potential 
authors of “mainstream” textbooks on quantum theory to raise their mathematical standards to an 
acceptable level, that opportunity was ignored — and it is still being by and large ignored. Clearly, the 
underlying feeling must be that, since “truth” can be identified with the “professional consensus as to 
what works”, and since that “consensus” was reached and firmly established within the profession by the 
working practices of the leading physicists of the post-World War II generation (namely Dyson s 
“mandarins” - cf. Note 12), which "work well” due to that very same consensus, there is no room left 
for further doubts, or for any critical reconsiderations of those practices. 

25 Cf. [PQ], p. 195. The Hellinger-Toeplitz theorem is a special case of the (to mathematicians) very well- 
known closed-graph theorem (which is stated and proved on p. 210 of [PQ] for the case of closed opera¬ 
tors in Hilbert space), but which holds for much more general cases of topological vector spaces. 




26 Naturally, after the resolutions in (3.3) arc applied to all pairs of vectors from Of. , the resulting 
Lebesgue integrals can he extended to all of Of by virtue of the fact that Of. is dense in Of . But such a 
procedure merely reproduces the formula (3.1.1) for the inner product in Of , and still leaves open the 
question as to how to specify 1 //(x) at every single xe R 3 so that an extension to y<?. 0{ t of the formal 
inner product in (3.4) would be achieved. It should be noted that, for the sake of notational simplicity, 
in all these considerations Berezanskii’s (1968) nutation for equipped Hilbert spaces is being used, but 
all the presented arguments apply equally well to rigged Hilbert spaces. 

27 Such as to Schwartz 5-spaces in the rigged Hilbert space approaches (Gel’fand et al„ 1964; Antoine, 
1969). In the equipped Hilbert space approaches (Berezanskii, 1968; PrugovcCki, 1973) Of. and Of., are 
both Hilbert spaces, with Of, being the domain of an unbounded equipping operator, and Of the range of 
its extension to Of. 

2 ® In Chapter V of [PQ] it is shown how one can start, in a physically legitimate and meaningful manner, 
from the time-dependent approach to scattering theory, and then derive from it in a mathematically 
rigorous manner all the main results of the stationary approach that are formalistically derived in typical 
textbooks on conventional quantum scattering theory exclusively in the stationary context. 

This formula was originally derived in (PrugovcCki, 1978b), pp. 240-247, in the context of developing a 
quantum mechanical counterpart of the well-known Boltzmann equation - cf., c.g., (Balescu, 1975). An 
alternative derivation was subsequently provided by Turner and Snider (1980), which corresponds to 
applying the sharp-momentum limit in (3.5.5) to (3.7). However, the physical significance of such a 
' s rather questionable, and a problem of mathematical existence also emerges. 

Cf., e.g., Note 25 to Chapter 9. The documentation of such cases could easily fill volumes, of the same 
length as the present monograph - which is, however, chiefly concerned with the constructive task of 
setting the worthwhile aspects of present-day conventional theories on a solid foundation, and only 
incidentally (as well as rather reluctantly) with their critical evaluation. The fact that not many such 
volumes are in existence is not primarily due to lack of material, or even to a total absence of dedicated 
individuals willing to engage in such a thankless task. The chief explanation is that, from the point of 
view of the individual researcher striving for professional survival - not to mention professional 
recognition - it can be a professionally self-destructive enterprise to collect and document fallacies of 
institutionally strongly sponsored points of view, in the face of the multifarious devices for pressure and 
control (Savan, 1988) that are exerted in the modem era of "big science” in order to enforce and preserve 
conformity. Of course, such professional pressures would have been ineffective against such outstanding 
and well-known physicists as Dirac and Heisenberg, but their use against those who have heeded their 
open and justified criticisms has until recently made that criticism virtually counterproductive. Hence, as 
will be pointed out in Sec. 12.7, it was only in the course of the last few years that open and critical 
inquiry into the foundations of quantum mechanics and quantum field theory has begun to reassert itself 
at the international level. 

31 We use Dirac's own stipulation of “mathematical soundness”, rather than the stronger condition of math¬ 
ematical rigor (cf. Note 12). Eventual mathematically rigorous justification, rather than mere reliance on 
agreement with experiment” is, however, especially essential at the present technological frontier of 
measurements in the microdomain, where the independent and repeated verifiability of experimental re¬ 
sults becomes ever more questionable. Indeed, in contemporary elementary particle physics, very expen¬ 
sive experiments are carried out with costly experimental equipment, which, of necessity (Yaes, 1974), 
has become the monopoly of a handful of teams of experimentalists, who work in close contact with 
leading proponents of the theories they are verifying. Although such contact is in many respects 
desirable, it can be also conducive to erroneous analyses of experimental results, produced under various 
types of conscious or unconscious professional influence. A senior elementary particle physicist, who 
clearly perceives only the positive aspects of such close contact, and wholeheartedly approves of it, de¬ 
scribes its effects as follows: "Constructing modem theories also means constructing new concepts and 
abandoning old ones ... [as it] would be obvious to all if all had a chance to experience life in a great 
research center in fundamental physics. In such places ... a permanent exchange of views is observed to 
take place between the two teams of people [namely experimentalists and theorists]; they seem both to 
understand and to need each other. When we see all this going on, it is not hard to appreciate that in 
order to make sense of the mass of data provided by the experimentalists, the theorists have to create 
new concepts (d'Espagnat, 1987, p. 40) - emphasis added. Thus, in practice, the empirical verification 
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of a theory is not all a mere matter of comparing “theoretical predictions” with “experimental results”. 
And, once officially sanctioned by being accepted for publication in professional journals, such results 
tend to become uncritically accepted as unconditionally valid - with occasionally published retractions 
proving the existence of occurrences of faulty analyses of data, but not giving any ideas as to the 
frequencies of such occurrences. Hence, the impossibility of their routine reproducibility in practice, and 
therefore of plentiful and independent verification, makes the acceptance of the remaining ones to a 
considerable degree a matter of subjective faith. Relevant examples of well-documented cases where that 
faith might have been misplaced can be found in Note 25 to Chapter 9. 

22 The fact that such proofs are absolutely necessary is indicated already by mathematically rigorous results 
in nonrelativistic quantum scattering theory. Thus, contrary to assertions made in some textbooks on 
quantum mechanics that the unitarity of the ^-"matrix” (i.e., of the scattering operator S = jQ_* 42 + ) is a 
consequence of the “conservation of probability” (i.e., of the fact that the time-evolution governed by 
the SchrOdinger equation is represented by a family of unitary operators, which, as such, preserve all 
transition probabilities), such assertions are actually false: a mathematically rigorous theorem (cf. Thm. 
2.5 in [PQ], p. 443) shows that, even if the initial domains, M + and M_ , of the partial isometries Q. 
and X2_ (representing M 0 ller wave operators) are equal, a necessary as well as sufficient condition for the 
unitarity of 5 is that the ranges R + and R_ of these wave operators be equal. An early but physically 
artificial model by Kato and Kuroda (1959) has shown that it can happen that R + R_even when time- 
evolution is unitary, whereas later Pearson (1975) rigorously demonstrated that it can happen that R+ * 
R-even in physically acceptable models. Pearson's model employs a local potential that oscillates ever 
more rapidly as one approaches the origin of the center-of-mass reference system, so that a quantum 
particle in certain asymptotically free incoming states becomes forever trapped in that potential, and does 
not produce corresponding asymptotically free outgoing states. 

33 J. Gribbin recounts the amusing circumstances of Tryon's creative spark, which triggered his “creation 
ex nihilo ” idea, whereby at one of Sciama' seminars, “Tryon blurted out, to his own surprise as much as 
everyone else’s, ‘maybe the Universe is a vacuum fluctuation!’” (Gribbin, 1986, p. 376). The sober 
evaluation of its meaning and significance, outside the realm of religion or science fiction, actually does 
not encounter any problems with the superficial appearance that such a “concept of the universe being 
created from nothing is a crazy one” (Vilenkin, 1982, p. 26). Indeed, the underlying mathematics is 
rudimentary and well understood by any student of quantum mechanics (Vilenkin, 1982,1988); whereas, 
at first sight, Einstein’s ideas on relativity theory appeared much “crazier” to some of his contempo¬ 
raries. The crucial difference is that Einstein's ideas were operationally well-founded, empirically directly 
testable, and ontologically sensible. But what is it that is supposedly “tunneling”, and through a barrier 
of what does that purported “tunneling” take place in the Tryon-Vilenkin “scenario”? The fact that such 
basic questions are not even asked (not to mention answered) by conventionally-minded instrumentalists 
in quantum cosmology forcefully illustrates the general grounds for the type of concern voiced in 
Heisenberg's last paper (cf. Sec. 1.5). Indeed, instead of being provided with such questions and answers, 
we are simply authoritatively told that “the only relevant question seems to be whether or not the spon¬ 
taneous creation of universes is possible”, and that, after all, “obviously, we must live in one of the rare 
universes which tunneled to the symmetric vacuum state” (ibid., p. 27). Of course, the most conven- 
tionalistic of instrumentalists argue that we are to judge any “theory” exclusively by its "observational 
consequences”. Does that mean, however, that if ancient Greek mythology, present-day religious fables, 
or even ordinary fairy tales make “predictions” which are indeed in accordance with certain “observa¬ 
tions", then we are to accept them as serious contenders for “valid” scientific theories? 

34 Perhaps Dirac's determination to publicly condemn the replacement of science by technology can be 
traced to his experiences as a student in an engineering college: “In [the] engineering courses [which he 
then attended] the emphasis was on mathematical rules with the help of which problems could be 
solved, without giving strict proofs or asking how or why the rules worked. Dirac remembered that there 
always remained a kind of magic about these rules, and frequently he had a strange feeling about how he 
ever got answers out of them.” (Mehra and Rechenberg, 1982, vol. 4, p. 11). However, in engineering 
those rules were at least deduced from an underlying consistent physical theory based on sound mathe¬ 
matics, but that is not the case in conventional renormalization theory. Hence, six decades later he was 
to say: “Working with the present foundations [of conventional quantum field theory], people have done 
an awful lot of work in making applications in which they find rules for discarding the infinities. But 
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these rules, even though they may lead to results in agreement with observations, are artificial rules, and 
I just cannot accept that the present foundations are correct.” (Dirac 1978a, p. 20). 

35 A well-documented example of systematic propagation of errors in the analysis of the raw experimental 
data in measurements of large-scale spatio-temporal separations is provided by the changes in the 
estimates of Cepheid distances by a factor of 2.6 in 1952, and by another 2.2 factor in 1958 (Ellis, 

1989, p. 391). This led to radical changes in estimates of the age of our universe, as well as in estimates 
of all intergalactic distances. 

36 In a recent monograph, Cushing (1990) provides an exhaustive account and analysis of the rise and fall 
of the 5-matrix program in elementary particle physics. It began as follows: “Cosmic ray showers (or 
‘explosions’) and the divergence of cross-sections beyond a certain energy in a classical (nonlinear) field 
theory version of Fermi’s /3-decay formalism were taken by Heisenberg (1936,1938a) to indicate the ex¬ 
istence of a fundamental length and the need for a profound revision of elementary particle dynamics. 

Not knowing what the future theory might be, he proposed the 5-matrix theory as an interim program.' 
(Cushing, 1990, p. 33) - emphasis added. Later on Landau (1955) expressed his conviction that the only 
directly observable physical quantities were those associated with asymptotically free particles, such as 
their initial or final momenta before and after a scattering process. He therefore concluded that any quan¬ 
tum fields interpolated between asymptotic states were physically meaningless, and advocated a break 
with quantum field theory, while supporting a program similar to the one of Heisenberg. However, it 
was Chew who ultimately “made a radical break with quantum field theory” (ibid., p. 167). The role of 
sociological factors in the adoption of theories in high-energy physics receives separate attention in Sec. 

10.2 of (Cushing, 1990), where it is pointed out that “the very nature of scientific practice has changed 
significantly with the advent of ‘big science’ after the Second World War.” 

37 For example, in his talk delivered at the Twelfth Solvay Conference in Physics, M. L. Goldberger said: 

“My own feeling is that we have learned a great deal from field theory as we shall see, even dispersion 
theory came from it; that I am quite happy to discard it as an old but friendly mistress, who I would 
even be willing to recognize on the street if I should encounter her again. ... It is perhaps correct to say 
that much of the deeper philosophy of the 5-matrix approach held by some of us, in particular Chew, 
who believe that there are no elementary particles, and that there are no undetermined dimensionless con¬ 
stants in the theory, has not yet been put to a test.” (Goldberger, 1961, pp. 179-180). According to G. 

F. Chew: “The capacity for experimental predictions is the only reliable measure of a physical theory. 

... No suggestion is being made that space and time do not continue to be the basis of macroscopic 
physics; ... Does this mean that there can be no continuous connection between the microscopic and 
macroscopic worlds? The situation is no more uncomfortable than it has always been for quantum the¬ 
ory, where the conventional explanation of the relation between the classical observer and quantum laws 
leaves most people feeling queasy.” (Chew, 1963, pp. 533, 538). Of course, after the revival of interest 
in quantum field theories in the 1970s, this “uncomfortable situation” was forgotten: ‘The development 

of 5-matrix theory was characterized by a certain degree of sectarian strife_ It was not so much a 

question of its being expedient to be on the mass-shell as of its being sinful to be anywhere else. In par¬ 
ticular, (the advocates of the 5-matrix program] proclaimed the demise of quantum field theory. ... 
[However] the 5-matrix endeavor looks a good deal less beguiling (now, in the late 1970sJ than it did in 
those brave early days [namely the 1960s].” (Polkinghorne, 1979, p. 87). 

38 Louis de Broglie recalls this emergence as follows: “When, in 1922-1923, I had my first ideas about 

wave mechanics, I was guided by the vision of constructing a true physical synthesis, resting upon 
precise concepts, of the coexistence of waves and particles. I never questional then the nature of the ; 

physical reality of waves and particles. ... 1 also noticed that if die particle was regarded as containing 

the rest energy M 0 c 2 = kv n , it was natural to compare it with a small clock of proper frequency v 0 -” (de 
Broglie, 1979, p. 7). 

37 Cf. (Kim and Noz, 1986), Chapter V, where such a mathematical treatment is provided in the context of 
a quark model for mesons. However, a wave function that is square integrable in space and in time is of 
questionable physical significance even in the non relativistic regime, since it suggests that whatever 
entity is described by it spontaneously disappears from existence the further we look into the distant past 
or into the distant future. 

40 The mathematical heuristics of this procedure was presented in (PrugovcCki, 1988a), and further 
elaborated in Appendix A of (PrugovcCki, 1989b), which the present review basically reproduces. 
However, as mentioned in See. 1.5, originally such considerations were used in the treatment of hadrons 
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as GS excitons. That led to a mass formula (PrugovcCki, 1981b), which produced Regge trajectories that 
were found (Brooke and Guz, 1984) to be in otherwise good agreement with the experimental data 
available at that time. 

41 The very rough estimates in (Greenwood and PrugoveCki, 1984) do not indicate that the prospects are 
very good. However, the intrinsic non-linearity of GS models for interacting quantum fields might 
produce new and unexpected results if numerical computations are performed even by the use of existing 
lattice approximation methods. 

42 It is the neglect of this most crucial aspect of quantum propagation that causes Popper's (1967, 1982, 
1988) “propensity interpretation” of quantum mechanics not to come even close to an adequate depiction 
of quantum phenomena - as persuasively demonstrated by a number of critics (cf. Jammer, 1974, pp. 
448-453). A similar neglect also makes Nelson's (1986) “stochastic mechanics” depiction of the two-slit 
experiment to be totally at odds with quantum reality. 

43 Due to lack of space, in this chapter we have concentrated most of the attention on the principal protag¬ 
onists in the historical drama in the quantum physics of this century, that began with the confrontation 
between Einstein and Bohr in the 1920s, and after World War II developed into a historically most para¬ 
doxical situation, in which the usual stereotypes about the conservatism of “older” generations vs. the 
radicalism of “younger” generations in all walks of life are totally reversed: during the second half of this 
century, the “older generation” of theoretical physicists, incorporating all those who founded quantum 
theory, remained “revolutionary” in its outlook; whereas the “younger generation” turned out to be 
deeply “conservative”, as well as strikingly conformist in all the principal facets of its regular profes¬ 
sional practice. For example, in a recent article entitled “Wolfgang Pauli: His Scientific Work and His 
Ideas on the Foundations of Physics”, the following was pointed out by Bleuler (1991, pp. 306-307): “I 
would like to conjecture that Pauli himself already had, in an early stage of the development of quantum 
field theory, profound doubts as to its adequacy and mathematical consistency as a general theory of ele¬ 
mentary particles. He refused to be ‘renormalized’, as he expressed himself in relation to that famous 
principle of renormalisation, thus setting himself (together, however, with Dirac, Bohr and others) for a 
time into strict opposition with an enthusiastic, and at first very successful, younger generation. A 
(partial?) concession in this respect came only after Pauli’s death, firstly in connection with the 
(unsuccessful?) attempts to ‘save’ local quantum field theory by seeking recourse to ‘strings’, and sec¬ 
ondly in the recent profound and far-reaching attempts at a ‘non-commutative geometry' of A. Connes, 
D. Kastler and others. It seems to me that his most recent (as yet not generally recognized) development 
is perhaps the fulfilment of a ‘vision’, which Pauli expressed in a long and unforgettable discussion a 
few weeks before his death: ‘For a real solution of the problem of singularities (i.e. the question of 
renormalization) a step of the same size and significance as that which was taken once before in the 
twenties might be necessary’.” 

44 Ironically, it appears that only when a given inslrumentalistically motivated theory begins to “fall out of 
fashion” that the concern of its still faithful adherents starts to shift to this type of questions. For exam¬ 
ple: “At the same time that the predictive fertility of the 5-matrix program waned, it continued to have 
considerable philosophical appeal (Cushing, 1985).... The duality and superstring models also became 
theory-driven, having little contact with experiment (Schwarz, 1975, p. 67; 1982, p. 7). Consistency, 
potential scope, and hoped-for contact (in a limited regime) with an empirically adequate theory (such as 
QCD) remained the major motivations for pursuit.” (Cushing, 1990, p. 215). 

45 We italicized “primarily” since, of course, sociological factors have always played a role in science: 
“Pickering (1984) has presented the process of choice (or judgment) as a largely social exercise. In the 
tradition of the radical relativist-constructivist program in the sociology of knowledge, he has attempted 
to show that not only the form, but even the very content, of scientific knowledge is sociologically 
determined. ... However, he (1989b) has recently argued for a pragmatic realism in which not just 
anything goes. ... Galison (1987), in his study of the change in experimental practice in high-energy 
physics during the twentieth century, argues convincingly that it is not by deductive reasoning alone 
that scientists pass from the raw data of an experiment to a conviction that an effect has been seen.” 
(Cushing, 1990, p. 217). Thus, it is a matter of the degree to which sociological factors have become 
predominant in contemporary quantum physics. 

46 A vividly drawn portrait of Schrddinger can be found in (Bernstein, 1991, pp. 32-33, where the 
following is pointed out: “All the inventors of the quantum theory, as it happened, were men of broad 
culture, perhaps attributable to their European gymnasium educations, but even in this group 
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SchrOdinger stood out.” This “broad culture” is in sharp contrast to the “newly developing cult of 
narrowness” exhibited by the “many younger physicists who have grown up in [the] period of over¬ 
specialization” (Popper, 1982a, p. 100) of the post-World War II era. 

47 This change in social climate is described and documented by Schweber (1989, 1991), who states the 
following: “World War II altered the character of science in a fundamental and irreversible way: the 
importance and magnitude of the contribution of scientists and engineers, particularly physicists, to the 
American war effort changed the relationship between the scientists and the military, industry, and 
government. The Department of Defense, realizing that the security of the nation depended on the 
strength and creativity of the scientific community, invested heavily in both their support and control.” 
(Schweber, 1989, p. 670). Later on he describes how widespread this phenomenon soon became: “This 
‘American’ style of doing physics was characteristic of the great wartime laboratories: the Radiation 
Laboratory at MIT, the Met Lab in Chicago, and Los Alamos. It was in these wartime laboratories that 
many of the outstanding theoreticians of the 1950s were molded: Feynman, Goldberger, Chew, Robert 
Marshak. It is a style that became institutionalized at all the leading departments during the fifties and 
became the national norm. ... At the leading high-energy centers, [the] fortunes and future [of talented 
young people] were often determined by their skill in explaining experimental results, and more 
generally by their usefulness to their experimental colleagues: the latter had invested enormous energy, 
skills, and government resources in building their high-energy machines.” (ibid., p. 672). In the end this 
phenomenon became “hegemonic worldwide”: “The defense connection during the 1950s reinforced the 
pragmatic, utilitarian, instrumental style so characteristic of theoretical physics in the United States. 
The successes of this mode of doing theoretical physics help explain its diffusion to Europe and 
elsewhere. The pragmatic ideal of American physics that had been visible from early on now became not 
only the national norm but in fact hegemonic worldwide.” (ibid., p. 673). 

48 Indeed, "the structure of the scientific community is that of a pyramid, the apex being occupied by the 
relatively few creative people [cf. the description of Dyson’s ‘mandarins’ in Note 13] who can invent and 
sustain successful theories. They ultimately make the rules of the game.” (Cushing, 1990, p. 253). 
Another source points out the following: “It is as though most of the members of the community 
consider it worthwhile to work out the approach suggested by the intellectual leader of the moment 
(e.g., Gell-Mann, Mandelstam, Chew) than work on their own ideas or on longer-range programs of 
research. As early as 1951 Feynman called it the ‘pack’ effect. The work on dispersion relations after 
Gell-Mann's and Goldberger’s initial papers is an example of this phenomenon; the almost wholesale 
adoption of Chew's 5-matrix program is another. The community at one time or another seems to be 
dominated by a single individual. Gell-Mann, Goldberger, Lee, Yang, and Chew were the dominant 
figures from the mid-1950s to the mid-1960s, a role Steven Weinberg assumed in the late sixties.” 
(Schweber, 1989, p. 673). 

49 Cf. Schweber (1989, 1990). The controversial writings of Kuhn (1970) and Feyerabend (1975) might 
make it appear that such sociological phenomena are universal in the history of science, being part and 
parcel of its very methodology. This view is disputed, with ample documentation, by Franklin (1986), 
and implicitly also by Cushing (1990) - cf., e.g., the last quotation in Note 25 to Chapter 9. 

50 As a recent biographer of Dirac has stated: “Dirac firmly believed that a new revolution was needed. His 
lack of sympathy for the new quantum electrodynamics involved a lack of appreciation for the values of 
the new [i.e., post-World War II] generation of physicists.” (Kragh, 1990, p. 184). A similar “lack of 
appreciation” was displayed by Heisenberg (1976). 

51 We refer here to such “predictions” as those discussed in Secs. 1.2-13, to the effect that particles are 
created ex nihilo in violation of energy conservation laws. Even more “daring” is the idea that our entire 
universe was created by a tunneling of Nothing through a (potential?) barrier of Nothing (Vilenkin, 
1982, 1988) - which might indeed appear very innovative to physicists, but perhaps not so to scholars 
of various religious scriptures dealing with the creation of our world, or to science fiction writers 
specializing in “alternate realities” and “parallel universes” (Wolf, 1990). 

52 This applies even to the idea of gauge fields, which was initiated by Weyl in 1918, and extended by him 
to quantum mechanics in 1929. The idea of supersymmetry was new, but in addition to not receiving 
any experimental confirmation, it was also “dominated by questions of formalism and technique". The 
theory of superstrings (which at the present time is suffering a sharp decline on the popularity scale) 
would have been an exception, had it been originally derived from clearly stated first principles, rather 
than in a manner which left “the fundamental physical and geometric principles that lie at [its] 
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foundation . . . still unknown” (Kaku, 1988, p. viii). However, the most recent developments in 
topological quantum field theory are of definite mathematical interest. They are especially intriguing 
since they are based on the study of knot theory, which has its roots in the nineteenth century physics of 
the ether — cf. (Atiyah, 1990), Sec. 1.3. Perhaps, after all, the history of science does move in circles! 

53 For example the following quotation of M. Moravczik can be found on pp. 279 and 280 of (Cushing, 
1990): “[A]s far as strong interactions are concerned, we have not made any substantial physical progress 
since Yukawa in 1935.... [0]ld fashioned field theory, then dispersion theory, then Regge poles, and 
now QCD are simply reincarnations of the same Yukawa idea.” 

-’ 4 Dirac made many public statements to this effect. Those statements quoted in Sec. 9.6 are amongst the 
most representative. It should be also observed that Note 25 in that chapter provides additional circum¬ 
stantial evidence supporting Dirac's point of view. 

55 It is in this respect that the motivating factors behind the present work are consonant with the spirit of 
Popper (1963,1968, 1982, 1983) and his followers (Lakatos, 1976; Watkins, 1984; etc.), who maintain 
that there is rationality in science, and that the goal of science is the pursuit of an objective truth that is 
independent of transitory fashions and other social factors. Such Truth can be arrived at by the traditional 
methods characteristic of the science of Newton, Maxwell, Einstein, Dirac, and other truly great 
physicists. The attitude reflected in this monograph is therefore very much at odds with the view of 
science advocated by some contemporary sociologists and historians of science, according to whom: 
"Although philosophy of science may once have set truth as a goal to which science aspires (Watkins, 
1984, p. 155), ... closer examination of the historical record of actual scientific practice has shown that 
things are not as simple as we might hope them to be. ... A relativist or irrationalist (perhaps better, 
^rationalist in contrast to the rationalist) school sees scientific knowledge as contingent, being 
determined by social and historical factors, so that the specific laws of science become arbitrary." 
(Cushing, 1990, pp. 282-283). All that a practising scientist, who is dedicated to Truth in science, can 
provide in the way of a retort to such an assertion is the following: Whereas it might be, unfortunately, 
true that, during the present instrumentalist era, many of the advocated “laws” of “big science” have 
become indeed rather arbitrary, that is a phenomenon which characterizes the activities of many, and 
perhaps even most scientists in some areas of contemporary science - but not Science itself. As with 
any social phenomenon, this particular one will turn out to be only transitory if there is enough deter¬ 
mination and dedication to reverse the trend amongst all those who take the opposite point of view as to 
what makes Science worth pursuing: the concerted search for Truth, and ultimately its revelation. 
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